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PREFACE. 



The Series of Mathematical Exercises here oflfered to the 
public is collected from those which the author has, from 
time to time, proposed for solution by his pupils during a 
long career at the Royal Military Academy: they are, in the 
main, original; and having well ftilfiUed the purpose for 
which they were first framed, it is hoped that they may be 
made still more widely useftil. 

The aim in proposing them waa not so much to set before 
the pupil intricate and puzzling questions, as to determine, 
from the form of solution, whether his mind had fairly 
grasped the fundamental principles of the particular subject, 
and was capable of applying tho^iB'^jsrmciples: so that a stu- 
dent who finds that he is at)j[^^tgi<"«iQteri&''the larger portion of 
these exercises, may consider ;;4;i^p,t he lis thoroughly well 
grounded in the elementafy.,prin<mles.of Pure and Mixed 

Mathematics. * * c"^ ^^-"^ • • 

• • • ^ 

It has not been considered desirable to place the ques- 
tions strictly in order of presumed diflSculty; first, because, 
on such a point, no two opinions would always agree; and 
secondly, because a student should be exercised to pass from 
one style of solution to another with as little effort as his 
mental capacity will allow. 

It has been thought advisable to place the an&w^rs^ %k» 
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the end of the volume, in a form which the author hopes 
will preclude the loss of time which such an arrangement 
usually entails. For this purpose the numbering of the 
questions is continuous throughout; and at the head of each 
page of answers are placed the index numbers of the solu- 
tions which commence and terminate the page. 

Increasing attention is now being paid to the Method of 
Synthetic Division and to the Solution of Numerical Equa- 
tions by Homer s Method, neither of which processes is given, 
in a form comprehensible by any but advanced students, in 
any of the treatises of the day on Hementary Algebra. It has 
therefore been found necessary to give a short and very prac- 
tical outline of the principles upon which these methods are 
based; and the author is not without hope that his Second 
Appendix may lead to the introduction of the general nu- 
merical solution of equations in its natural position in every 
coiu*se of Elementary Algebra, unmediately after the subject 
of Quadratic Equations, where it would tend to deveiope in 
tiie mind of the student a knowledge of the nature of alge- 
braic functions, which would be of the utmost service 
throughout his subsequent course. 

For the single purpose of the determination of the 
numerical roots of an equation, a vast amount of unnecessary 
and somewhat intricate investigation of the properties of 
equations is always entered into ; and it is a real boon to the 
learner to clear away all redundancies and reduce the theory 
of solution to its simplest elements. This has been done in 
Appendix II. by basing ih.e determination <rf a root, first 
upon the law of signs, for hypothetical position, and, ulti- 
mately, upon the test-fact of its satisfying the condition 
implied by the equation ; this fact being shown in actual sub- 
stitution by a process of sjmthetic division originated by 
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Horner for this very purpose. The simple logic of solution 
then becomes this : " If the roots be all real, we have found 
by the law of signs that one of them lies between a and b ; 
treating this assumed root by Homer's process of develope- 
meat, we find that the developed root, a + &c., satisfies the 
equation more and more nearly according to the extent of 
its developement. There can be no doubt therefore that this 
value is a root, whether the remaining roots contain among 
them imaginary forms or not" By this means the mass 
of diflSculties involved in the various theorems of Newton, 
Sturm, Fourier and others, regarding the limits of the 
roots, may be safely ignored until the learner is better pre- 
pared to undertake their study. 

The method of dealing with approximately equal roots 
by a system of reciprocal equations, was first published by 
the author in 1842, and he still believes it to be the most 
efiicient algorithm yet proposed for application to those deli- 
cate cases in which two or more roots are identical to more 
than one or two places of decimals, supposing this fact to 
be unknown to the worker. 

The exercises in Practical Mechanics will, it is hoped, 
assist in calling attention to this important, though much 
neglected subject. 

To prevent the necessity of reference to other books on 
mere matters of memory, a few pages of the more useful 
tables and elementary formulaB in all the subjects comprised 
in the present work have been given in a form which, while 
perfectly intelligible to students who have really studied the 
particular subjects, will probably be of little or no use to 
those who have merely acquired a smattering. 

The collection of Examination Papers, also from original 
sources, will be useful to Instructors in ascertamvw^ ^-^5^- 
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gress from time to time; and, with this view, the answers 
to them have been omitted. 

In selecting and arranging questions from a mass of 
papers, spread over many years, it is very diflScult to avoid 
the insertion of duplicates: although every effort has been 
made to do this, the author regrets that he has not been, 
in all cases, successful. 

JAMES R. CHRISTIE, 

9, Abuitdel Gabdens, 
NoTTiNQ Hill, 
9 Fib, 1866. 
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AEITHMETIC. 

1. Supposing that a person can count two hundred in a 
minute, and that after counting incessantly for 30 years he dies, 
and his son goes on counting for 30 years and then dies, and so 
on; how many generations must elapse before one billion be 
counted ? 

2. A party of five persons agree to travel abroad, and they 
find that, after they have been absent from England a fortnight, 
they have expended 1000 francs; two of them are then obliged to 
return home ; how long can the other three continue their tour 
with their remaining fund of 1500 francs ?• 

3. An estate is to be divided between A, B and C7, in the 
ratios of 1 : 2 : 3, subject to the proviso that each of them pay to 
D one-eleventh of the whole; what would D receive, supposing 
il's share to be £550 ]» 

4. If a watch be two minutes and a half too fast by the clock 
of the R. M. Academy when the bell rings at 4 p.m. on Wednes- 
day, what will be the time by that watch when the bell rings at 
noon on Monday ] the daily rate of the watch being — 20 sec, and 
that of the clock + 18 sec. 

5. If 6580 shot of 24 lbs. cost £725, how many 42 lb. shot 
can be purchased for £2100 when iron is ^yq per cent. deare\: \ 

c. ^- 
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6. If 30^ miles of iron rails cost £15580 when iron was at 
iBlO. 58, 6d, per ton, what would be the expense of 157| miles of 
the same rails when iron is at £12. 4«. 2d. per ton 1 

7. If a battery of 6 guns, firing three rounds in ten minutes, 
will breach a certain work in 60 hours, how maxij guns must be 
employed for the same purpose, firing two rounds in five minutes, 
in order that the breach may be made practicable in 15 hours ? 

8. A can run at the rate of eight miles an hour and B at the 
rate of seven and a half miles an hour; what is the greatest num- 
ber of yards start that A may give ^ so as to beat him in a race 
of 440 yards? 

9. If two 32-pounders can render a breach practicable in 
fifty hours, in how many hours can three 24-pounders, two 
18-pounders, and one 12-pounder render practicable a breach 
requiring double the quantity of batterings supposing the effects 
of the different kinds of shot to be as 6, 5, 2 and 1 1 

10. A garrison of 1000 men was victualled for 30 days, but 
after 10 days it was reinforced, and the provisions were, in con- 
sequence, exhausted in 5 days : what was the number of men in 
the reinforcement 1 

11. A wall 1236 yards in length was to have been built by 60 
men in 21 days, but at the end of 15 days it was found that only 
824 yards had been completed; how many extra men must be 
employed in order that the work may be completed in the given 
time? 

12. The proportions of sulphur, charcoal and nitre, in the 
composition of gunpowder being as 2, 3 and 15 respectively; what 
is the value of 5460 lbs. of powder, independent of the expense of 
manufacture, when sulphur is £l. 48. 6d, per cwt, charcoal 
£l. 158. 2d, per cwt., and nitre £l. 168, Sd. per cwt. ? 

13. What is the value of five pounds Troy of an alloy of 
silver and gold, in which the weight of the gold is f the weight 
of the silver, gold being JS4. 5s. and silver 6$. per oz. ? 
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14. €funpowder being" composed of 75 per cent, of nitre, 12*5 
of charcoal, and ISI'5 of stilplinr, how nmcli of each of these sub- 
stances is there in 5 tons of powder 1 

15. If two ounces of gun-cotton produce the same effect as 
five ounces of gunpowder, and the spaces occupied hj the same 
weight of each be as 10 to 5 (the cotton being the more bulky); 
what must be the length of a musketry cartridge, filled with 
cotton, which is to be used instead of a gunpowder cartridge two 
inches long I 

16. If 25 labourers can dig a trench 220 yards long, 3 feet 4 
inches wide, and 2 feet 6 inches deep, in 32 days of 9 hours each; 
how many would it require to dig a trench half-a-mile long, 2 feet 

4 inches deep, and 3 feet 6 inches wide, in 36 days of 8 hours 
eachi 

17. Supposing the rates of marching of two columns of in- 
fantry to be as 4 to 3, and the one to be three miles in advance of 
the other and marching at the rate of 2^ miles per hour ; in what 
time will the column in the rear oyertake the other ? 

18. If five bricklayers can lay 45 bricks in five minutes, and 
the bricks made use of be 10 inches long, 4 inches broad, and 
3 J inches thick ; how long (with such bricks) will it take 8 brick- 
layers to build a wall which would contain 95000 bricks 8 inches 
long, 5 inches broad, and 3 inches thick; the day being 12 hours 
long? 

19. Six thousand of a certain kind of shot weig^ 64 tons 

5 cwt. 2 qrs. 24 lbs., how many 9 lb. shot will weigh as much as 
3810 such shot 1 

30. What is the time when the hour and minute hands of a 
watch are exactly together between 9 and 10 o'clock? 

21. Find the time, between three and four o'clock, when the 
hour and minute hands of a watch are (1) coincident^ (2) in ex- 
actly opposite directions, and (3) at right angles to oa^ oV\i^t« 

V— ^ 
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22. By what part of its present value must the farthing be 
increased or diminished if a decimal coinage were introduced in 
which 1 sovereign = 10 royals, 1 royal = 10 groats, and 1 groat 
= 10 ferthings; the value of the sovereign remainiug unaltered ? 

23. The French Metre being the ten-millionth part of the 
distance, at the sea-level, from the pole to the equator of the 
earth, find the lengt]i of an entire meridian in miles, the mitre 
being 39 -370089 English inches. 

24. The French Gramme is the weight of a cubic Centimetre 
of water, and the superior denominations, ascending decimally, are 
the Decagram/me, Hectogram/me^ Kilogramme and Myriagramme ; 
find the difference of weight of a French gun weighing 263 Myria- 
grammes and an English gun weighing 50 cwt. 45 lbs., supposing 
a cubic foot of water to weigh 1000 oz., and the centimetre to be 
•3937 of an English inch. 

26. A reservoir of water, which will hold 2641500 gallons, 
is to be filled by a pipe which discharges 1000 French litres per 
minute; how long will it take to fill it ? 

26. If 50 sappers can dig a trench 500 yards long in 25 days; 
how long will it take 10 sappers to dig a trench 75 hectometres 
long, of the same depth, but twice the width of the former % 

27. It being required to re-cast a quantity of captured shot 
and guns, weighing 105730 kilogrammes, into the form of 13-inoh 
shells weighing 1 96 lbs. each; what number of shells will be 
obtained, allowing 6 per cent, for waste; the kilogramme being 
2 '2047 of the pound avoirdupois ? 

28. If «£l sterling be worth 25 francs, 60 pentimes; and also 
worth 6 thalers, 20 silber groschen; how many francs and cent- 
imes is a thaler worth, when 1 thaler is equal to 30 silber groschen, 
and 1 franc equal to a 100 centimes 1 

29. The ditch of a fortress can be filled by one sluice alone in 
12 hours, and by another in 15 hours: in what time will it be 
filled by both open together? 
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30. A cistern whicli holds 820 gallons is filled in 20 miDiites 
by three pipes, one of which conveys 10 gallons more, and the 
other 5 gallons less per minute than the third ; how much water 
flows through each pipe per minute 1 

31. The imperial gallon contains 277*274 cubic inches, and 
the hectolitre contains 61 02 '379 cubic inches; determine the 
value of the litre in terms of the quart. 

5 1/2 _ IN 6/4 1\ 

32. Eeduce the fraction ^ „ .. .. ... to its 

4\8"2/ SVyio/ 
simplest form. 

15 27_2/l_5\ 

2*63*8 5 \4 7/ 

33. Reduce ■ ,. ^. ., ^, ^. to its lowest terms. 

3/4 1\ 1/1 3\ 

7V3~2/ ~9\4~28/ 

2247 774 

34. Find the value of x a of a £ as the decimal of 

339 565 
a £50 note* 

3^ 

35. Express tT cwt. as the decimal of a ton. 

36. Beduce ^ of a X to the fraction of a shilling. 

37. Add together 7 ^^ * guinea, — of a X, •- of 7s. 6c?., and 

3 

subtract -r of 2c?. from the result. 
4 
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38. Beduoe i^ of 7d. Od. lif. to the faction of a Half-crown. 

39. What part of five shillings is five-sixths of sevenpence- 
hal^nnyl 

m Whatpartof4*.&£is^^-^ + ^ + ^)of£l.4..? 

41. What part of 58, 4tcL is two-sevenths of 17*. 6cL 2 

42. Reduce 4«. S^. to the decimal of a crown ; and to the 
fraction of a Kapoleon of 20 francs; the frano being i^th of a £. 

43. What is the value of 100 shells, each weighing 1961bs., 
when cast iron is 58, 6^. per cwt., and the expense of manu- 
&ctiire l8, 3d, per shell ? 

3 42 1 

44. A person by selling a certain horse lost i^ ^^ '^^^ t^ ^^ 

£60. and by selling auoiJ^er he gained i of I of ^ of £2, when 

15 24 
he found that the price received for both together was -^ of — 

42 14 
of — of -^ of j£l7 ; what did he give for the two 1 

45. From an ammunition waggon containing 27 cwt. of am- 

munition -^ of -^ of -— of ihe whole was delivered to Battery 

A, and | of the remainder to Battery J?; what quantity was 
delivered to each 1 

46. If fi + l-^+l-i^of Anflstate be worth £62000, 

\2 3 D 8 12/ ' 

what will be the value of 1:~ of | <rf=| of ^ of iti 

12 8 m 75 



47. What part of | of 17 shillings is ? of ^ of | of 168. Sdl 

O 3 5 o 

S 
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3 2 5 1 15 

48. If - of - of 7 of a ton of coals cost - of -— of a £, what 

5 3 4 2 7 

10 

is the price per cwt.1 

4 3 2 400 

49. ^ j^ ^^ TT ^^ Q ^^ ^ ^""^'^ ^^ metal wdghed -^Ib., 

ll- 2 
what was the weight of 7I of ~ of the same mass? 

4 3 2 

50. Owning 7;^ of a ship, I sold tt of - of my share for 

400 12- 2 

£ -^^ : what was the value of 77 of •- of the vessel at the same 
33 4J 5 

rate! 

51. Multiply 162-5473 by 8726*47231, contracting the opera- 
tion to four places of decimals. 

52. Multiply 1854*362 hj O00087931, contracting to six 

places of decimals. 

53. Multiply -0073654281 ligr 37584*26, contractiiig the work 
to six places of decimal& 

54. Multiply 13*50629 by *0036472, contracting to six places 
of decimals; and divide the second by the first, contracting to 
eight places of decimals. 

l}5. Divide 15-63214725 by *0057123, contracting to three 
places of decimals; and multiply 780*6581 by '08652, contracting 
also to three places of decimals. 

56. Divide 634*7538292 by -0657391, contracting to three 
places of decimals ; and multiply the quotient by the divisor, con- 
tsaoting to four places of decimals. 

57. Divide 6*38572164 by *00752681, contracting the work 
so that the quotient nay contain ibnr places of d e c ima l a 
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58. What place in the decimal scale will the first figure of 
the quotient of -0003279634 by 286*3471 hold? State how the 
result is obtained. 

59. Divide -0073628439 by -000265847, contracting the work 
to five places of decimals ; and then multiply the quotient by the 
dividend^ contracting the work to six places of decimals. 

60. Divide -00034984 by 37627*15, giving the quotient to 
twelve places of decimals. 

61. Find the value of the recurring decimal 2-54312, &c. 

62. Find the vulgar jfraction equivalent to the recurring 
decimal -9243. 

63. Find the values of -13888 &c. of a shilling ; -23 of a £ ; 
and -04 of a yard. 

• • • 

64. Divide 2-0505 by 31*2; and show the correctness of the 
result by reducing it and each of the above recurring decimals to 
its equivalent fraction. 



. * 



65. Divide the recurring decimal "0357 by the recurring 
decimal 25*84, giving the quotient to eight places of decimals. 

66. Reduce each of the above decimals to its equivalent frac- 
tion j and prove the correctness of the division by means of these 
fractions. 

67. Extract the square root and also the cube root of 
534-267351, giving the i-oot in both cases to ^Ye places of 
decimals. 

68. Extract the square root of -00000475850596. 

69. Extract the square root and also the cube root of 2 to 
six places of decimals. 

70. Extract the cube root of 5-76 to five places of decimals. 
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71. Extract the cube root of 17 to nine places of decimals. 

72. Extract the cube root of 28 to ten places of decimals. 

73. Find the cube root of 7 to ten places of decimals. 

74. The population of Great Britain in 1851 was 21,121,967, 
and the increase during the previous half century had been 93*47 
per cent. What was the population in 1801 ? 

75. > The Income Tax upon a certain income at Is, 4c?. in the 
pound amounts to j£20; find the sum invested in the S per cents, 
from which the income is derived. 

76. The simple interest on a certain sum for 9 months, at 
5 per cent, per annum, is £150 less than the simple interest on 
the same sum for 15 months, at 4 per cent, per annum. Find the 
principal. 

77. An estate purchased at £84. Ts, 6d. per acre was sold at 
£90. 149. O^d* per acre; find the gain per cent. 

78. The investment of a cei*tain sum at 3 per cent, produces 
an income of £501. 158, A portion of this, sufficient, when re-in- 
vested at 5 per cent., to produce the same income as the whole 
formerly did, is called in. Find the amount of income derived 
from the whole when this re-investment has been effected. 

79. Multiply together 1 1 ft. 4 in. and 4 ft. 7 in., by duo- 
decimals, stating clearly the value of the superficial unit in each 
denomination. 

80. Multiply 3 feet 2 inches 8 lines by 1 foot 8 inches 
10 lines, using the duodecimal method ; a line being a twelfth 
part of an inch; and state what each term of the result expresses. 

81. Multiply 6 feet 5 inches by 4 feet 9 inches, according to 
the duodecimal notation, and exhibit the result in the decimal 
scale, the unit of measure being a square foot. 
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82. Muitiplj 17 feet 9 inches 5 lines by S feet 2 inches 7 Hnes 
by duodecimals, and state the value of the superficial unit in each 
denomination. Find the result also by decimals, and shew that 
the two agree. 

83. Multiply 523768i! by 4539, in the duodecimal scale, 
using a to express ten, and )3 to express eleyen. 

84. Multiply 1432S12 by 51422 in the quinary scale; and 
transform the former to the denary scale. 

85. Express the undenary numb^ 57a4685 in tiie octeimry 
scale : where a expresses 10. 

86. CSonvert tht senary number 5321425 to the quinary 
scala 

87. Transform the quinaiy number 3241342 to the octenary 
scale. 



II. 

ALGEBEA. 
Iktroductokt Operations. 

88« Find the numerical value of 

8(»'~26{rt'-3c(6*-2a) + c'}-4c<«-A)', 
when a = 7> 6 = 5, and c = 2.. 

89. Find the numerical value of 

V ^ +/{c -hd-d{a + b){c-b)} 

to five places of decimals ; wlieiia=10, 5=:2,c = 7i <^=5, e = -3 
and /= 6. 
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90. Find the numerical value of 

when as 6| 2 « 2, and « » 8. 

91. Give the numerical values of the following expressions, 
when a = 5f 6= '25, c=l, c;f— 7> « = and/=i: 

2c-6(l-2rf+^-5a.|3 (1), 

12 (g'-c^ - 5g iJsh-lOd /2\ 

4 ({« + c)* - 4ac} 

a'6V-46/V + 9W^ / . 7^ /IN 

a6eN/{5^'(c + 6cO} 

92. Eind the numericid value of the expression 

/ a' + 6' ^ g'-F /(a+b)'-o' 
V a-6 a + 6 ""V a + 6 + c ' 

when a=l6, 5s=2, and e=9j having previously reduced it to 
its simplest form. 

93. Beduce 

to the form 

y(8«-S)(a+l)j 

and {^re tliis xesuH in terms of h vbea h <=<»— 1. 
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94. Find the value of 

to six places of decimals, liaving previously reduced it to its 
simplest form. 

95. Find the value of 
to five places of decimals. 



f-T" 



96. Beduce Ja, IJV, ijc\ ^Sa'^ and c?"^ to a common 
index. 



suit 



97. Subtract - /^ from — ! /^I, and add the re- 

y \J X ly SI 18aj^ 

^ 5af\/ Sly' 

98. Prove that */(- l)+J{- Ji- 1)} = ± n/2. 

99. Prove that 

V[2 {a + J{a' + y)}] = V{a + ft n/(- 1)} + n/{« - ^ V(- !)}• 

Simplify the following expressions : 



100. TTT^^. 101. 



X 

xy 


+ 


2^ 
aj + y 


X 




y 



a:-y x + y 



1 04 s/( p'+y)+J(.'^-y) _ ^/(a'+y)-^/("'-y) 
V(« + y) - <y(«'-- y) »/(a' + y) + n/(« - y) ' 

»* + y^(«'y)-2^(a>y) ' tf^^*'^a'+6' oVfi'' 
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108. */ ^{^ (a? -4- 3y ) ~ (a; + 3y)} + 4a?y' /" 



109. 



05" + 1 + a** + x*" 
aJ"-l +a^-x*"' 



110 s/a? + (a-6)^/(-l) Va?-(a-5)^(-l) 

111 ^ r a; + 7^^"=l _ a;-7^^^ | 
Jx*-lKx-Ji?^^ x + Jof^]' 



8 



9yT ^V 98aj* 






„yfcii-t>l} 



lU. ^ ^ "^, ^ -^^ i . 115. 

a;" + a; — 1 



> + aj)*j 



116. 






3a!'-2a!y-y' 



118. 



119. 



a!*-3ate''+4a 'a; 



1 - 3a"*6* + 3a"' 6^ - a"*6* 



120. y 



(g - 6)' + 8a6 (g - b)* + l6a'6' (a - 1)' 
a'b" - 2a*b* + a'b' 
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2 2 

« — ^ 

123. I, a ai . 124. -— ^ + + ^^^ — . 

n/K-«?) , ^ »y a» y« 

125. ^±n/S-2.^..1. 

x* + y' 205 (xy — oc^ x + y) 
128. -r-^+— T—iT^^ — vi+ — ^r- 

L i. 

03^ -y^ ' ' 



130. 



111 

(- I 



131. ^±2L>p+5zi^/2. 

x-y^-1 aj + yV-l 



j32^ /^/4(^a+^6)'-l6^/g5-^iyl6{aV5V4^/^(a+5)+6a5j 



ALeSBRA. 15 



"'• J^ 






'/ aj' + Sosy + y' ^ 



134. Simplify the expression : 

(1 + ac)t -f (1 - x)i 
(1 + «)*-(! -a:)*' 

first by rationalizing the numerator, and then by rationalizing the 
denominator ; and show that the sum of the results ifl, as it ought 
to be, the double of the original expression. 

135. y Multiply Taf-Saj*- 5a? + ^ by Sof- Ilaj-9, using de- 
tached coefficients ; and divide the result by Sof -9^-6 by the 
same method. 

136. Write down the coefficient of af in the product of 
aa5' + 6aj'-caj* + ea;*+^-A by ^a5* + te" + mn-w without actual 
multiplication ; and state how the result is obtained. 

137. Multiply together 

1 38. Multiply together 

111 1 

' (a" + a6 + 5')% (a-6)S (a-ft)"' and (a« + a6 + 5')P. 

1 39. Multiply 4a'6 - 2aV - 6ah'' + S5* by oft" - ^a"h\ using 
detached coefficients. 

140. Square the expression i^- 1 + v - J -l. 

141. Cube the expression a^Jx-JhalJy. 

142. Extract the square root of 

^yV - 8yV + 34yV + 18y** + f »'. 
9 * 
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143. Extract the square root of 

3 



^■'l^'' -^ IQ^^^^^-^^^-^^' 



144. Extract the square root of 

, 41 3 + Sa /- a 
16 2 ^ 

145. In any equation x -^ ,Jy = a -h ^h, which involves ra- 
tional quantities and quadratic surds, show that the rational parts 
on each side are equals and also the irrational parts : and extract 
in the form of a binomial surd the square root of 

■ 

146. Extract the square root of 3 J 3 — 2^6, without using 
a formula : show that 2 + J3 is the reciprocal of 2 — J3y and 
state generally what must be the connexion between the two 

terms w and Jx^ so that their sum may be the reciprocal of their 
difference. 

Find the square roots of the following binomial surds, with- 
out using a formula : 

147. ^27-2^6. 148. V20-V15. 
149. 56-2^55. 150. 43-30^2. 
151. 7 + 2^. 152. 21+12^3. 

153. Divide x' + (a' - 2¥) x* - (a* ^h')a?--a?- 2a^V - a'h' 
by 05* — a* — 6', by Horner^ 8 or the " synthetic*^ method. 

154. Arrange 6(a;V2^)+(18iB2^-4)(a;+y)-8(aj'+2^-l6ar2/-120 
and a' + y + 2a;(l + y) + 2y + p according to the powera of {x + y), 
and divide the former by the latter, by the synthetic method. 
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155. Divide - lOafa^y - 60a«y + 6a''x'' - 9aVy^ 

by Sa V - Soflc'y® + aVy, 

by the synthetic method, giving six terms of the quotient, arranged 
according to the ascending powers of y. 

156. Divide Sa;'-9a + -3 by 405" + 8, using the synthetic me- 
Hiody and giving the quotient as far as the term involving aj~* 

157. Divide aj'-Sa:«-Sla;^+25a;*+Sa;*-15aj*-8«"+19«*+Saj+10 
by Sa;*-21a;' + 9i»-6, by the synthetic method; showing the 
^^ final revnainder^^ and then carrying on the quotient to twelve 
terms. 

168. Expand j^^ «md g^^^'/ll.^ in series by 
synthetic division. 

159. Expand — in a series to five terms, by Homer's 

mode of division ; and show the arithmetical equiJity of the frac- 
tion and resulting series, when x = S, 

160. Divide 

a* - 4aj® - a^ + 14«' - 10a* -• ^IjB* + 220;^ - gfie" - lOA; + 8 

by 03* — ^ + 2<o* - 2, showing the fmal remainder, by the fiiynthe- 
tic method. 

161. Find the remainder lefb after dividing 

5j^-d7/-5y*-27y+ 7/- 103^-6 
by 4y* - 28/ - 16/ - 24y + 8, 

synthetically ; the quotient involving only pdsitiv€i powenet of y. 

162. Divide 

2a-*y4lO&*-4a6*-32aV+l6aV-37a*6+2a«+66«V-8aV 

by 2a"*+4a"*6~*-6a"'6"*-8a"*6~', by Homer's method, showing 
the remainder. 

c. 1 
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163. Divide 

A^x^y-^Sx^Zr- 36x^yV+ ^.QxY^- 52ajy«*- 30a^2^ V+ 1 Sajt/ V+ 35 f J 
by 4aj'y«"'-Sa3y'«~^-7y* to such extent that the quotient may 
involve no negative powers of a?, and give the remainder. 

164. Divide 2a*6"" + 9a*6"* - Pa** - &c., the remaining coeifi- 
cients being - 21 + 69- 74 + 68 - 15-36 + 29, 

by 2a"'6* + 3a-'6* - 8a"'6* + 4a-*6^ 
giving the remainder whose first term involves a~*6*. 

165. Divide 

2ajV' - 1^^" + 22a^ - 223/' + l6a;~y + 9a;"y - X^x'hf 

by ^sxT^y' — 4aj""y — 2a;"'*y*°, by Horner's method, and give the 
remainder. 

166. Divide Si»"y«-' + 4a;' + 6a;V"'« - 21a;y' V + l6a;VV 
-lla;V*»*-8A""*«*-5a;V'«*-S8aj'V^^ + 33aj"y-V by SicV"" 
— 2a5*«~* + x^y'^z"^ — 5x^y~*, and give the final remainder. 

167. Divide 1 8aj-y + 6i»-y + 20a;-»y'+ Slar*y + 2a;-'+ 6a;"y 
+ S9aj~'2/~* - 64y"' + 20a;2^~* by Sx'^y''- x'^y'^+ 5x-^y*- 2a;"y*, 
by Homer's method, and give the remainder. 

168. Divide 8a"".6« + 1 7a"" V + a'^b' - 9a-'b' + Sa'^b^ - 76^ 
+ 6a6'-5a*6 + 4a'*-4a*6-' + aV by a' + Sa*6-' + 2a*6"-* - a'.fi"* 
by Homer^s method. 

1 69. Divide Sax'y + 7y* - 5a''xy' + SSa^^'xY - 22a~'ajy 
+ 18a"V3/" + 30a~ Vy - 60a" V+ 18a" V3/"' + Ba'Vy'''' 

by 3ar"3^-2a"*a5~*y + 7a"*a5~'*-5a"'a;"V"*-»"*«^~^y"'j ^7 Homer's 
method; giving the remainder whose first term involves a"V, 

170. Expand -3 — r? in a iSwies, and show the arith- 

'■ ar + 2aj-3-a; 

metical equality of the fraction and its expansion, when x=l ; 
taking four terms of the series. 



ALGEBRA. 

171. Find the greatest common measure of 

a^-aj*-a5+l and 5a;*-4aj*-l. 

172. Find the greatest common measure of 

and lOaVy- 15aV/ + Sa'ajy - 12aVy'. 

173. Find the greatest common measure of 

05* + 4aaj* - 3aV - l6aV + 1 laV + 12a*a; - 9a^ 

t 

and 6a V + 20aV - 1 2aV - 48aV + 22a*a; + 1 2a^ 



19 



Equations. 



VS 



Solve the following equations : 
-^, l-x 9,-Sx S-x 

174. — : :: + 



4a; 



3 



4 



8 (1 - a;) (1 + 2a:') 
4a; (3 - 2a;) 



17o. 3a;- 2. — -— +5. — - — =oa;-7 z — 



-^^ Sa; + 7 ^ 2a;- 14 5 a;+l6 

176. ,^ +7 ^r; — + ^= — A — • 

14 21 12 4 



177 7iK+5 9a; -1 a; -9 2a; - 3 _ 70 
^^^' ~23^"^~10 5"'*""lT"""3 



178. J(l+x)-^J{l+x + ^{l-x)} = J{l-x). 



' a;-2 10-a; y-10 ' 



179. 



5.3 4 

2y-4 2a; + y _a;+ 13 
""S 8~ 4 



>•• 



/ 



"i— -1 
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2 3 . ~^' 

4 

X 

183. a;-l = 2+-4-. 184, ^(24 + «) + ^(24 - «) = 5. 

185. 2V(^-5«^ + 2)-a*+8aj = Saj-78. 



186. 



187. 



4a; -22 _ '*'^' - 1 _ 5a:' + Saj + 1 
35 5a; ?« 



1 88. -^ -— + . ' ' .. V / ' ^\ == 5 . ~ • 

y-1 <y--i)(y-2) y-2 

re X h 



189. 



Jx + Jia-'X) Jx-Ji^a-x) Jx' 



190. -£-+^ = ^. 191. "— iH-^' = l. 

aj+l X o a;-2 aj-l 

192. «.-^(.'-9) = 21. 193. -^iL±^^=^^lLl^. 
194. Va;-4(^a;+13)* + 7 = aJ-2^a;-9. 

»Ja + Jia+x)" Ja-^Jia-^x)' 

'»«• y^^/{(-l)(-^}=■• 

197. 4a;» + 12a; . ^/(l + a;) = 27 (1 + a). 



EQUATIONS. 



198. l^'^jfrt -i-^^r- 

* 199. ll-3aj" + 5a;"=9»»+299-a^ 



200. 



201. 



203. 



x-^{2-af) x-hj{2--x') 



+ 1. 



« 1 « 1 ^ 
X a 



202. ^..^ 



13 



^ y+12 . a+10 ^ 



204. /^-y" = ^«^y(^-2/) + 8,| 
(a^y + a;y = 4 (a; + 1). J 

1 




4 12 .« 
-+ — = 13, 



98 



206. 



05-2 10-x _y-W 
^5 3~~~ 4 

2y+4 2a; + y 05 + 13 



-\ 



3 



8 



4 



207. 



/((C»+y«)(aj + y) = 2336,| 
l(a:«-y»)(a;-y) = 576. J 



208. 9iB" - 6ajy + 3a; -72^'- 22/ = 12 and 3aj-2y = 7. 



21 



209. (a; + y)'-jB + y = 4ajy + 20. 

a; + 2^=12. 



fa; + 1 05—1 



211. 



'a;-l a; + l 
y(a; + 2) = l. 



= xy, 



213 {**~2^* = ^'l 



214. 



210. y"+y=l4-.a;'+a;, 
icy = 4. 

212. |«'*+y*=97,-| 
{x + y =5. j 



I ^{a-x) 2' 
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5-1 

180. * 



K4-)-Ki-*) i-' 



2 3 ^ 6 

X 

181 1-50; _ l-^{5x) 

s/{5»)+l~ 2 ^• 

182. ^Z6 +'/_^.^«,_ nA^. 

183. a;-l = 2+-^. 184. »/(24 + a) + ^(24 - a;) = 5. 

185. 2V(iB*-5a; + 2)-ic"+8aJ = SiB-78. 
a-J(a'^x) 1 



186. 



187. 



a + ^(a*-a;) a* 

4a; -22 4a5* - 1 _ 5a:'4-3a;+l 
35 505 ?« 



1 88. — ;; — + / -i \ / rt\ ™ 5 . r • 

y-1 <y-l)(y-2) y--2 
re a; 5 



189. 



»Jx + J{a-^x) ^/aJ-^(a-a;) V«' 



« «+l 13 ,ft. a;-l,aj-2 

190. r+ = -^. 191. z— ^ + r— T = ^- 

a;+l a; o aJ-2 aj-l 

1Q9 ^ /^^« Q^-21 193 n /(1-^^) n/(1~«^) 

192. a:«-^(a;-9)-21. 19J. i+^(i +^)- i_^(l_^)- 

194. ^a;-4(Vaj + 13)* + 7 = aJ-2^a;-9. 
g + a? a-x 

-- yiV{('-0(-S}='- 

197. 4a;» + 12a; . ^/(l + a?) = 27 (1 + as). 



EQUATIONS. 



199. 11 - 3x'.+ 5x' = 93i^+299-x\ 



200. 



201. 



203. 



a;-^(2-a^) a; + ^(2~a3«) 



+ 1. 



206. 



207. 

208. 
209. 



211. 



213. 



« 1 » 1 ^ 
a a 



202. yx + 



2i/x 



13 



„ y+12 . a+10 ^ 



204. /^-y"=^«^y(^-y)+s»l 

\a^y + a5y = 4 (a; + 1). J 

1 



4 12 

-+ — = 13, 

X y 



05-2 10-aj_y-l0 

2^+4 2aj + y 05 + 13 
~3 8""" 4 



-\ 



/(aJ»+3^(i» + y) = 2336,| 
l(a:«-y«)(aj-y) = 576. J 

9iB*- 6a;y + 3a;- 7y'-2y= 12 and 3aj-2y=7. 



21 



(aj + y)"-jB + y= 4acy + 20. 
aj + y=12. 



fa; + 1 a; — 1 



'a;-l a; + l 

y(a; + 2) = l. 



= a^, 



210. y"+y = l4-a;'+a;, 
a;y = 4. 

212. (**-'»'' = f'l 
( a + y = 5. J 
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215. 
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• 



216. 



ah c J 



217. fr^='^'- ] 218. K + 3^ = 89. 1 

219. f^-^ = fH 
221. f*-^2'* = fM 



222. (^^"-Sl^";) 



223. a' + y*=8, and -, + -5=-. 
^ X y 2 



224, 



f af + y'r.S^, I 

(2iB" - 3ajy = 23 - 2y'.) 



99;; /(«^ + 2^r- 5«' (^ + 2^)""= 2«'\ 



lOoj + y 



226. 



228. 



230. 



227. K-^3/"— 3^=7«,| 



\af{a? + 6y') + y'=S13.) * I ay = 6. j 



000 r «»-a?2/ = 2,| 



233. 






/ *2^ ^ 1225,^ 



235. 



1 +x 1 +y 
1 — y l—x 

1+a? , 1-y 
1 +y 1 -aj 



= a. 



= &. 



^ 



250. 



EQUATIONS. 



23 



\x + y ^ x-y 

236. {x-y x + y 

11? + ^ 



240 / * + y = 72.) 




'''' {'lltj,:^''} 



239. U '"'^ 



X 

y 



X 

y 

X 



15 
3 



y 



J 




x + y 









''**• W + a:'y» + y = 91./ 



245. 



a; + 2y+S«=l6/ 
2x + 3y + 4a-23, 



a; + 2y + S«=17/ 

246. -(2a; + Sy+ 2; = 12,| 

.3a; + y + 2«=13.^ 

ax+ by + cz —df 
248. •{«/» + 6^y + cjs = c?^, 



247. 





249. 






a; y 

1 1 

y z 

1 1 

- + - 

Z X 



5, 
6, 

7. 



J2aj + Sy+4«=19, 

251. <Saj+4y-2«=9, 
,5x-2y+3z = -33. 

lax -^by— cz = dy 

252, ibx-cy + az=-€y 
cx+ay'-hz=/. 
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253. 



258. 



360. 



X y z 

-+ - + - 
2 3 4 

X y z 
IS 4 5 



82, 

22, - 

17., 



a; + 2y+3«=17, 

256. ^2a; + 3y4- «=12, 

Sx-\- y + 2«=13. 



\x{y^z) 

\y{x + z) 
z(x+y) 



rv-\-2x + 3y 
x-k-2y+ 3z 
y + Qz-^-Sv 




6a, "^ 
6b, 

6c, 

6d 



= 6c, C 
= 6€LJ 



254. 



255. 



257. 



[ax+ hy + cz 
hx-^cy + az 
cx + ay-¥ hz 

x + 2y + 3z 
2x + 5y + 7z 
^3x — 4!y + 2z 



= 5. 



X-'3y + 2z = 5, 
y-S« + 2a;=-ll, 
.Sa; + Sy + 3« = 24. 



fa' + y* -I- «" = 3037, 
y'-hx =871, 
y' + z =877. 



V" 



PROBLEMS PB0DUCIN6 EQUATIONS. 



261. In a battery of 2 guns A and ^, it is found that A fires 
2 rounds more than B in half an hour, and if A then cease firing 
for 10 minutes, the number of rounds fired by A is to the number 
by £, in the ratio of 4 to 5 ; what is the number of rounds fired 
by each ] 

262. A light six-pounder gun weighs two-thirds as much as 
the carriage, and both together weigh half as much again as 
the limber when filled with ammunition; but the weight of the 
gun is three-fourths that of the empty limber; what are the re- 
spective weights of the gun, the carriage, and the empty limber, 
supposing the weight of the ammunition to be 4 cwt. ? 
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263. Two companies of sappers were ordered to throw up a 
field-work, each company to do one-half of the work ; No. 1 com- 
menced operations half an hour before No. 2, and both stopped 
to rest for one hour at 12 o'clock, when it was observed that the 
work was just half finished; No. 2 completed its portion at 
7 p.m., but No. 1 had not finished until a quarter to 10. At 
what time did each company commence work in the morning 1 

26i, Having bought as many muskets as cost £8500, I re- 
served 800, and sold the remainder for £8400, gaining lOs, on 
each; how many muskets did I purchase, and what did each 
cost? 

265. A railway-train runs a certain distance at a certain 
rate; had the rate been increased by 5 miles an hour, the distance 
would have been performed in ^ of the time; but had the rate 
been diminished by 5 miles an hour, the time would have been 
increased by 2^ hours. Find the time and distance. 

266. A battalion of 820 men is raised in twenty weeks from 
three recruiting districts, one of which supplies 10 men more, and 
the other 5 men less, per week, than the third : how many men 
are supplied per week by each district ? 

267. An officer was sent by government to expend £10,000 
in the purchase of cavalry horses. Being despatched to the 
various depots, 25 of the horses died on the road; and this had 
the effect of increasing the average price of each surviving horse 
by £l. 138, 4id, "What was the number of horses purchased] 

268. Seven Enfield rifle bullets weigh 210 grains less than 
eight of the old spherical bullets, and each of the former weighs 
40 grains more than each of the latter; find the weight of each. 

269. Two companies of sappers could have completed a cer- 
tain work in 16 days, but, after 4 days, one of them is ordered off 
to other duty, and the remaining company completed the work in 
40 days from the commencement : in what time could each com- 
pany have completed the work separately) 
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270. A train leaves ^ at 9 a.k. and runs to C at the rate of 
1 5 miles an hour, and another train leaves A at noon and, run- 
ning, through BftoCAt 25 miles an hour, arrives half an hour 
later than the train from B. Find the distance from A to C, the 
distance from AtoB being 15 miles. 

271. A detachment from an army received a reinforcement 
containing one-third as many men as the front of the detachment 
consisted of when drawn up "four deep"; had the de])th how- 
ever been increased by 2, and the whole been drawn up together, 
the number of men in front would have been 125 fewer than it 
was before : find the number of men in the original detachment. 

272. After a cavalry action, the commanding officer found 
that the number of his men killed was seven-ninths of the number 
of horses he had lost, and that the number of men still mounted 
was five-sixths of his original force ; with how many men did he 
commence the action, supposing that he now required 48 horses to 
restore to the ranks his dismounted troopers? 

273. A contractor supplied 3560 muskets and 1650 cutlasses 
for £10,000, and found that if 50 were added to the number of 
cutlasses sold for £100, it would be the same as the number of 
muskets for £500: what was the price of each musket and 
cutlass? 

274. A trench was dug by A and B, whose rates of working 
were as 9 to 8 ; after having worked together for 8 days, the re- 
mainder was completed by A alone in one-sixth of the time that 
B would have taken to do the whole : how long would each have 
taken to do the work separately ? 

275. At a review, the infantry were drawn up in close 
column 40 deep, and it was found that there were just one- 
fifteenth as many men in the fronts of all the columns together 
as there were cavalry and artillery with the army : and that had 
the depth of each column been increased by five, and the troopers 
and artillerymen been drawn up with the infantry, the number of 
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men in the whole front would have been 100 more than before. 
What was the whole number of men in the army ? 

276. A retreating enemy is ten miles in advance of the puiv 
suing army, which marches at the rate of three miles an hour; 
how fiar will the enemy be able to retreat before being overtaken, 
supposing that their rate per hour is -^ of the number of hours 
they are on their march 1 and what is their rate of march 1 

277. What number consisting of three digits, is greater by 
99 than when its digits are inverted; greater by 126 than the 
sum of its digits; and greater by 27 than when its second and 
third digits are transposed ? 

278. A troop of horse-artillery on the march from Wool- 
wich to Chatham met a company of marines marching to Wool- 
wich at the rate of three miles an hour; four miles further on, 
and four hours after leaving Woolwich, two stragglers from this 
company were met hastening on at the rate of four miles an hour, 
which pace would just enable them to join the company as it 
marched into Woolwich : at what rate was the troop marching, 

• and at what distance from Woolwich did it meet the company of 
marines 1 Give an interpretation of the negative result. 

279. Three gunners, -4, £ and (7, were discharged from the 
regiment; -4's pension was treble that of £, and, if increased by 
7d. per diem, would have been double those of £ and C together; 
but if (7's had been increased by the same sum, it woxdd have 
been only three-fourths of those of A and B together. What was 
the pension of each per week } 

280. A detachment of field-artillery had to receive 216 
rounds of ammunition, but before it arrived three of the guns 
were disabled, and the rest, in consequence, received each six 
rounds more than they otherwise would have done; how many 
guns were there at first 1 

281. K a cwt. of sulphur and h cwi of nitre were bought for 
£c, and it were found that d cwt. more of sulphur were bought 
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for Ju6 than of nitre for £/; what would be the price per cwt of 
eachi 

282. Find five numbers, having equal differences, and such 
that their sum shall be 25, and the sum of their cubes 1225. 

283. Two steamers A and B started from Woolwich at 11 
o'clock to proceed, with the tide, to Greenwich; and it was found 
that their rates of speed were then as 3 to 2. A arrived at 
Greenwich at five and twenty minutes to 12; and, after remaining 
there five minutes, commenced her return, and met B just half 
a mile from Greenwich. At what rate was the tide running, 
supposing the distance between Woolwich and Greenwich to be 
5 miles? 

284. A detachment of 5000 men, ten miles to the rear of 
the British army, to which it belonged, was ordered to the front, 
that it might take part in an action just commenced with the 
French, whose numbers exceeded the British originally engaged 
by 2700 men. At what rate was the detachment marched if it 
arrived just in time to cause a similar preponderance on the side 
of the British, supposing the men to have fallen at the rate of- 
1130 British and 1250 French per hourl 

285. Two railway-trains start, the one from London for 
Bristol at 6 a.m., travelling at the rate of 32 miles per hour; the 
other from Bristol for London at 5 A m. How far from London 
will the trains meet, supposing the number of miles per hour 
the Bristol "up train" travels to be less by 2 than ten times the 
number of hours the London train takes to meet it, and the 
distance of Bristol from London to be 118 miles? (State under 
what circumstances the negative result is explicable.) 

286. A and B are 300 miles distant from each other and 
start at the same time on foot to meet; A goes 6 miles the first 
day, 10 the next, 14 the next, and so on; jB, on the contrary, 
goes 27 miles the first day, 22 the next, 17 the next, and so on; 
find how far they were from one another at the end of the 
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deyenih day ; and shew bow it happens that ^ is so short a dis- 
tance from his starting-point. 

287. Supposing that at the termination of a journey it were 
known that each ordinary wheel of the locomotive engine had 
made ten thousand more revolutions than the driving-wheel, and 
that the circumferences of these wheels were 25 feet and 8 feet 
respectively; what would be the distance passed over? 

288. A cistern has three taps, two of which are of equal 
dimensions : when all three are open they will empty the cistern 
in 9 hrs. 36 min. And if one of the equal taps be stopped, the 
others will empty seven-ninths of the cistern in 10 hrs. 40 min. 
In how many hours would each tap empty the cistern by itself? 

289. A column of infantry is known to contain 264 men 
more than a column of cavalry which has the same number of 
men in front, but six men less in depth : had the infantry, how- 
ever, be^ increased by having ten men more in depth, with the 
same front as before, the number of men would have been double 
that of the cavalry: what was the number of men in each 
column ? 

290. Two parties of sappers, A and JB, were ordered to work 
at two distinct saps; A commenced at 5 o'clock and ^ at 11, and, 
when ordered to cease, A had completed 360 yards and JB 250 
yards : now if B had commenced work at 5 and ^ at 11 o'clock, 
one party would have done just the same quantity of work as the 
other. At what time did they leave off working, and how many 
yards of sap did each complete in an hour ? 

291. A requisition for 35,000 lbs. of bread for the consump- 
tion of an army was made, in equal portions, upon a certain 
number of villages, but two of them having afterwards fallen into 
the hands of the enemy, it was foimd that each of the others had 
to supply 2000 lbs. more than the original share in order to make 
up the deficiency : what was the original number of villages ? 

292. There are 15 guns of a certain kind in the fort A, and 
12 guns of another sort in the fort B : all the guns in A with oxx& 
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from B are worth the same sum as all the guns in B with one 
from Ay viz. £1969. Find the value of a gun in each fort. 

293. A triangular piece of garden ground, measuring 180 
feet, 240 feet, and 300 feet in the sides, is to have a path of 
uniform width, and to contain one-tenth of the area of the ground, 
cut round it. Find the width of the path. 

294. Two contractors engage to supply, equally, a certain 
quantity of stores, in equal weekly deliveries, in three months ; 
but one of them fails at the end of the first month, and the other, 
in consequence, supplies half as much again as before: in what 
time will the whole of the stores have been delivered ? 

295. Of 20 sheep purchased by a farmer, he lost one and 
sold the remainder at two shillings a head more than they cost, 
thereby gaining ten shillings on the bargain. Find the cost price. 

296. Two squads of sappers can throw up a breast^ work in 
h hours when working together; but, when working separately, 
No. 1 can do the same work in k hours less than thrice the time 
No. 2 can do it in : how many hours will each take to do the 
work ? 

297. A troop of horse-artillery and a company of sappers 
are ordered to march to Chatham, and the sappers start at half- 
past seven and the horse-artillery at eight; they both rested one 
hour at noon, and it appeared that the two together had then 
marched as much as the whole distance ; at what time would they 
severally arrive at their destination, supposing the artillery to 
arrive one hour before the sappers ? 

298. A wine-merchant bought a cask of wine, holding 38 
gallons, for £25 ; after drawing off 8 gallons for his own use, he 
sold the remainder at such a price as to gain 8 per cent, upon the 
whole; at what price per gallon did he sell the wine % 
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299. If a be the first term, h the common difference, and n 
the number of terms of an arithmetical progression, find the value 
of B the sum of the series; and apply this formula to the summa- 
tion of the series 

5 - 2 — 9 — 16 - (fee. to eight terms, 
and kI 9 "^ fJ^"^^ x/o "^ ^^* ^ twenty terms. 

300. If a be the first term, I the last term, h the common 
difference, n the number of terms, and s the sum of a series of 
numbers in arithmetic progression, show that 

2a + (n-l)b - l-a + b 
8 = ^^ —- . n and n = — = . 

301. The first term of an arithmetical progression is 5, and 
the fiftieth is 95 ; find the series and the sum of the fifby terms. 

302. Find an expression for the sum of n terms of the series 

5 + 11 + 18 + 26 + 35 + 45 + 56 + (fee. 

303. Find the tenth term of the Arithmetic Progression 
whose first and sixteenth terms are 3 and 48 : and the sum of 
those eight terms the last of which is 60. / 

304. The sum of the pth terms of the two series 

1 + 4 + 7 + 10 + (fee. and 3 + 7 + 11 + 15 + <fec. 
is 172; determine those terms. 

305. Insert five arithmetic means between 10 and 8. 

306. Insert four arithmetic means between — 2 and — IG. 

13 

307. Find the sum of 20 terms of the series 7 + — + 6 + itc. 
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308. The sum of the first three terms of an arithmetic pro- 
gression is 15, and the sum of their squares is 83; find an expres- 
sion for the sum of n terms. 

309. Find the sum of the series 27 + 22^+ 18 + 13^ + <fec. to 
sixteen terms; and also in inJmiMjum. 

310. What is the expression for the sum of n terms of an 

3 
Arithmetical Progression whose first term is - , and the diflference 

2 

of whose third and seventh terms is 3 ? 

311. The first and ninth terms of an arithmetic progression 
are 5 and 22; find the sum of 21 terms. 

312. The difference between the first and tenth terms of an 
increasing arithmetic series is 3^ and the sum of ten terms is 45 ; 
determine the series. 

313. Find the sum of thirty terms of the series 

7 + -^ + 6 + (fee. 

314. The first term of an arithmetic progression is 41 and 
the fifth is 26^ ; find the sum of ten terms. 

315. The sum of 20 terms taken in a particular part of the 
series 4, 8^ 12, <&c., is 1240; what is the first term? 

316. How many terms must be taken from the commence* 
ment of the series 1 + 5+9 + 13+17 + <fec., so that the sum of the 
13 succeeding terms may be 741 1 

317. There are two arithmetic series which have the same 
common difference; the first terms are 3 and 5 respectively, and 
the sum of seven terms of the one is to the sum of seven terms of 
the other as 2 to 3. Determine the series. 

318. There are five numbers in arithmetical progression 
whose sum is to the sum of their squares as 9 to 89^ and the sum 
of the first four is 32 ; find the numbers. 
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319. An. aid-de-camp is sent off to a division at the distance 
of 30 miles from head quarters, with important orders, and with 
directions to ride at the rate of 6 miles an hour, in case it should 
be necessaiy to countermand them; what interval does this allow, 
supposing it likely that a change of circumstances will render it 
absolutely necessary to overtake the aid-de-camp before he reaches 
the division, and- thiat the fleetest horse at command can gallop 
4 miles the £rst ten minutes, 3'8 miles the next 10 minutes^ 3'6 
the third, and so on 1 

320. The number of troops in a besieged town being 3600 
and the number disabled the first day being 30, the second day 35, 
the third day 40, and so on ; how long will the siege last before 
the active garrison is reduced to 3025 men, sujpposing that on the 
third day 3 men come out of hospital, on the fourth day 7 9 on the 
fifth day 11, and so on ] 

321. Find three numbers in arithmetical progression, sucli 
that their product is 120 and their sum 15. 

322. If there be two series of numbets in arithmetical pro- 
gression, each consisting of n terms and having the same first 
term a, the one increasing and the other diminishing by the same 
common difference b: shew that 

JS + ^^^a 2 ' 
where S and S^ are the sums of the respective series. 

323. An army on the march is advancing at the rate of 12 
miles a day, when a detachment, 50 miles in the rear, is ordered 
to join it; how long will it take to do so, supposing that, from 
increasing impediments on the roads, it can advance 25 miles the 
fii'St day, 24 the second, 23 the third, and so on ? 

324. A and JB are 170 miles distant and start at the same 
time, on foot, to meet. A walks 5 miles the first day, 7 miles the 
second day, 9 miles the third day, and so on. JB walks 30 miles 
the first day, 24 miles the next, 1 8 miles the next, and «>o ^\v.\ 

C. ^ 
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find tbe time at which they meet and their distance from the 
atarting-point of B. 

325. If S^f S^, S^^^ express, respectively, the snm of m 
terms, the sum of n terms, and the sum of m + n terms of the 
same arithmetical progression ; shew that 

326. Investigate the expression for the sum of a geometric 
series, and show what it becomes when n is infinite and r a proper 
fraction. 

327. The third and seventh terms of a geometric series are 
12 and 19^; determine the tenth term. 

328. The difference between two numbers is 48 and the 
arithmetic mean exceeds the geometric by 18: what are the 
numbers 1 

329. Sum the series ^2 - 2 + 2 ^2 - Ac. to ten terms, and 
find the twelfth term. 

330. Show that the ratio of the sums of n terms of two geo- 
metric series having the same common ratio, is the ratio of their 
pih terms. 

331. If/ and t be the fourth and seventh terms of a geo- 
metric progression, find an expression for the sum of six terms. 

332. Prove that, in a geometric progression, when the com- 
mon ratio is a pix>per fraction, and S^ expresses the sum »n in- 



1-r 



333. Find the sum of ten terms of the progression 

3-2+---+ &c.: 
3 9 

and also the sum in irifinUuTn, 
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334. Sum the series 1^3 + iJ6+ i/12+&c. to 12 tenns; and 
find the nineteenth term. 

335. Sum the series 2-^/2 + 1-- ^2 +---&C. to eight 
terms, and also in infinitum, 

336. A series of numbers whose third term is - is found to 

3 

decrease in geometrical progression, and the first term is to the 
sixth term as 243 to 1 ; find the sum of the six terms. 

4/5 1 1 */ 1 

337. Sum the series ^ « - 5^5 + 5 A/^g - Ac. to 12 

terms; and find the ninth term. 

338. Sum the series 2 ^^2 - 4 + 4 ^2 - 8 + &c. to ten terms. 

339. Find an expression for the sum of n terms of the series 

1 + 4p + 7p' + 10p*+ <fca 

340. Find the sum of eight terms of the series 

1 + ^3 + 8 + <fca 

341. The first and seventh terms of a geometric progression 

are 2 and - : find the intermediate terms. 
2' 

342. Sum the series i + ^^^ - ?- - ^g^ +&c in 
infinitu/m. 

343. Sum the series -7^ + + —j^ + &a to six terms; and 
also in infi/nittim. 

344. The garrisons of three towns are in geometric progres- 
sion, and it is known that the whole number of men in the two 
smaller ones is one-third of the number in the two larger; what 
is the number of men in each garrison, supposing the total number 
to be 13000 1 
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345. The fourth term of a geometric progression :is >9^, and 
the seventh term is 12288 j find the sum of the first three terms;. 

346. If a geometric progression consist of ^n terms^ shew 
that the ratio of the sum of the first n terms and last n terms is 
to the sum of the remaining 2n terms as r** — r" + 1 to r^. 

347. Prove that if quantities be in geometrical progression 
their differences are also in geometrical progression, having the 
same common ratio as before. ' 

348. The first and sixth terms of a geometric series are 1 
and 243 ; find the sum of six terms, commencing at the third. 

349. The sum of a geometric series is 117186, the first terrii 
6, and the common ratio 5 ; determine the number of terms, by 
logarithms. 

350. Show that the sum of n terms of the geometric series 
whose common ratio is r and first term a, when divided by the 

sum of its first two terms, is equal to of the sum of n terms 

r + 1 

of the series whose first term is 1 and common ratio r; whatever 

be the value of a, 

351. If S^ and S^p represent the sum of n terms, and the sum 
ofp terms of two geometric progressions having the same first 
term, and whose common ratios are respectively r and t, show that 
the ratio of S^ to S^p may be expressed by the fraction 

r""^ + r""* + r""^ +^Vr + 1 

^p-^ + ^i'-^ + ^p-* +^^ + ^+1- 

352. If four quantities of the same kind be proportionals, the 
greatest and least of them together are greater than the other two 
together. 

353. Prove that if a, h, and c be three quantities in harmonic 
progression, - , j- and - are in arithmetic progression. 
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• S54: . If an ordinary train leave the terminus at 4 p. m. at the 
rate of ten miles an hour, and increase its speed at the rate of two 
miles an hour every ten minutes j and an express train leave the. 
same terminus at 4 hrs. 10 min. p. M. starting at the same speed as 
the other^ but increasing its speed every ten minutes, in the ratio 
of -5 to 7; what would be the relative position of these trains at 
the end of fifty minutes after the starting of the express I 

• 

355. Find the number by which the numbers 20, 50, and 
100 beii^g severally increased, the results may be 

(1) In geometrical progression: 

(2) In harmonical progression. 

356. Shew that three different quantities cannot be in har- 
monic progression and also in arithnietic progression ; but that, if 
they covldy they must aUo be in geometric progression. 

357. If a, h, c be in harmonic progression, show that 

111 1 ^ ^ 

- + - + + — £ = 0. 
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EQUATIONS. 

356. Show that if a polynomial in » be divided by « — t?, the 
final remainder will be the same as the original polynomial,, 
only having v in the place of z. 

359. Apply the property stated in the last question to the 
determination of the value of the expression 

«?"-5v*-3v'-5v + 2, 
when t; = — '5. 
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360. Find, by synthetic division, the valuea of the expression 

117* - Strf* - 12to* + w - 58, 
when «j = 3, ti? = 6, ti? = *58, and ti> = -2*73. 

361. State the principle upon which the method of deteiv 
mining the value of an algebraical expression by synthetic divi> 
sion depends, and apply it to the determination of the value of 

y*-4y" + 9y + 3, when y=--3. 

362. Find, by synthetic division, the values of the following 
fractions, when a? = 3: 

a;*-3g'-7a;*-f 25ag~12 a:*- 10a:i* + 60a^ + 10ag-f 2 

a;' + 3a*-40aj + 66 ' »*+ 2ai"- 15«*-2a; + 6 ' 

363. Find the value of a" - To" + 5aj + 8 ; when » = - 1 -2. 

364. What is the nuinerical value of 

when y = — 'lei 

365. Find the value of 

a'^^6a*'¥ 12a" + 3a + 8 

when a = — I'l ; by synthetic division. 

366. Determine the value of 

»*-2a:"+5aj+10 
when aj = '12, by sjmthetic division. 

367. Find the value of «• - 17iB' + 2aj* + 20, when « = 4 ; by 
division. 

368. Show that if any equation be divisible without re- 
mainder by a? -a, a is a root. 

369. Show that every equation has the same number of roots 
as there are units in the highest exponent of the unknown quan* 
tity in it. 
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370. Form the equation whose roots are -3, 2 + 3 ^(- 1), 
52 — 3 J(— 1) and 5, without multiplication, and prove its cor* 
rectness by multiplication. 

371. Find the middle term of the equation whose roots are i, 
— 2, 3 and — 4 ; without determining any other term. 

372. Determine by inspection the roots of the equation 
a«" - (6 + oc - a^d) oif-^ifie'' abd - a*ed) x + oM = 0. 

373. Determine the last term but one of the equation whose 
roots are 1, - 2, 3, - 4, 5 and ~ 6, without determining any otAer 
term. 

374. Of how many products is the coefficient of the middle 
term of an equation having 8 roots, the sum f 

375. Form the equation whose roots are 2, -5, and 

4* ^(-7). 

376. Find the last term but one of the equation whose roots 
are 1, 2, — 3, — 4 and 5. 

377. The second term of an equation is 9sk^, its last term is 
2520, and three of its roots are 5,-6 and — 7 ; find the remain- 
ing roots. 

378. Two roots of the equation 

a:*-35a;* + 90aj-56 = 
are 1 and 2 ; find the remaining roots. 

379. The roots of the equation 

a^-6a;'-4aj + 24 = 
are in arithmetical progression : find them. 

380. Show that if the roots of the equation 

be of the form a, j3, - and -^ , then a = e and h:=d* 

a p 
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381. Two roots of an equation whose second and last terms 
&re respectively -r.llaf. and + 30^ are 1 and 5 ; what are its other 

roots? > 

382. Determine the last term but three of the equation 
whose roots are 1, 2, 3, - 1, ~ 2, and - 3 ; without finding euay 
other term. 

385. ' Assuming that if an' equation in x be divisible hj x — r, 
r is a root of it; state how it appears that if p, q, 8, <, v, &c. be 
also roots of such an equation, the successive quotients arising 
from the division of the original equation by any number of the 
binomials x—p, x — q, x — r, x — 8, <fec. will, when equated to 0, 
be equations whose roots are, in each case, the second terms 
of. the binomials by which it has not been divided. 



I ^i.; 



384. Find all the roots of the equation 



«•, 



a?- 2a.*- lOx^ + 20x^ + 9x - 18 = 0. 



^ ,385. Determine whether any of the digits less than 6 are 
roots of the equation 

x\-6x' + 9x* + 2x^-l3a^ + 26x-'15 = 0. 

. .3&6. Find all the roots of the equation 

a;*_ 8a;» + 24a:'-32iB - 9 = 0. 

387. For what value of n will the roots of the equation 
2x*+8x+n = be equal? 

388. Show that if an equation have p roots each equal to r, 
and 5^ roots each equal to s, the limiting equation will have i»— i 
roots each equal to r, and q — l each equal to s : and state the 
law of the formation of the coefficients of the limiting equation 
from those of the original. 

389. Supposing 

to be the form into which the greatest common measure between, 
an equation and its limiting equation can be transformed ; state* 
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what you would infer therefrom with r^ard to the roots of that ' 
equatioDJ 

390. The equation 

4i»' - 20aj* + 25iK" + lOa^ - 20iB- 8 = 
has equal roots ; find them. 

391. Determine the equal roots of the equation 

a?*- 5a;'* + 503 + 2 = 0; 
and, by means of them, complete its solution. 

392. Determine the equal roots of the equation 

a* - l6iB* + 900* -208aj + 169 = 0. 

393. By means of its equal roots solve the equation 

a;'-ic'-l6a;-20 = p. 

394. Solve the equation 

a;*-6aj'+15iB'-18iB + 9 = 0, . 
which has eqiial roots. 

395. Determine the equal roots of the equation 

a' + 5a;* - 5a;* - 450* + 108 = 0. 

396. By means of its equal roots, solve the equation 

y*-6y*+15y»-20y+12 = 0. 

397. The two equations 

a;*- Saj'+lla;- 6 = 0, 
and a;*- 140;" + 63a; -90 = 0, 
have one root common, find it; aud thence determine the re- 
maining roots of both. 

398. Prove that if the alternate signs of an equation b^ 
changed, the roots of the new equation will be the same as those 
of the original with contrary signs. 

' 399. Prove that if we wish to form, from any equation, 
another, whose roots shall b6 greater, or l6ss, by a' given qiiantitY* 
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«y than those of the original, the coefficients of the new equation 
will be the successive final remainders left after dividing the 
original continually by x + s, or by x — s ; and state when the 
positive, and when the negative sign is to be used. 

400. From the equation 03^ — 1205—15 = form two others, 
one whose roots are greater by 3*97; and another whose roots 
are less by 1-5 than the roots of the originaL 

401. Determine the equation whose roots are the roots of 

the equation 

a:' + lOaj* + ^Osf + 80a5* + 80aj + 82 = 0, 

increased by 2 ; and from the form of the result state what are 
the roots of the given equation. 

402. Eliminate the second term from the equation 

403. Supposing the roots of the equation 

aar-{-baf''^ +caj""' +Aaj' + ^ + m = 

to be jt7, ^, r, 8, &c.f show that the equation whose roots are 

— , ">-»-> Ac. will be 
p q r^ 9 

ma^ + foj"""* + kx*"^ + cas' + 5a; + a = 0. 

404. If the roots of the equation ax^ + 6aj' + c£c* + da; + e = 

be r, 9, ^ and v, what is the equation whose roots are -, -, - , 

r 8 c 

and -f 

405. Give the principle upon which the reciprocal equation 
may be made available for the determination of the imaginary 
roots of an equation. 

406. Define a recurring equcUion; state what is the charae- 
teiistic property of the roots of such an equation; and also why 
this property enables us always to assign the valu^ of one root of 
a recurring equation of an ocld degree. 
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407. Solve completely the reonrring equations 

(1) «* + 5«»+ 2«" + 5a;+ 1 = 0. 

(2) «■ - 8aj* + 9a5« - 9a« + 8a; - 1 = 0. 

408. Solve the following, as recurring equations: 

(1) «* + 2«" + Sa* + 2aj+l=0, 

(2) «'-5«* + 7i«'-7«*+5aj-l=0. 

409. Solve completely the recurring equations 

(1) «:*-10iB* + 26iB'-10aj+l = 0. 

(2) aj*-6a;*+7i«'-7«" + 6aj-l=0. 

410. Solve completely the recurring equation 

«* + 9«* + 1 6«' - 1 Sic' - 9a; - 1 = 0. 

411. Solve completely the recurring equation 

a;»-9a;*+ I6a;'+ l6a;"-9aJ+ 1 =0, 
and show that the roots are of the recurring form. 

412. Solve the recurring equation 

a;*-lla;* + S6a;"-S6a;"+lla;-l=0, 

and show that to each root there is a corresponding one which is 
its reciprocal. 

413. Solve completely the recurring equation 

a;*- lSa;* + S6a;' + S6a;"- 13a;+ 1 =0; 
and show that the roots are of the recurring form. 

414. Solve the recurring equation 

«■ + 2a;* - 5a;' + 5a;' - 2a; - 1 = 0, 

giving all the roots, and showing that half of them are the reci- 
procals of the other half. 

415. Solve completely the recurring equation 

a;*- 2a;* + 5a;'- 5a;* + 2a; - 1 = 0. 
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416. Solve <5ompletely the recurring equation 

aj* - 2a?* + Sas" - &c. = 0. 

417. If +- + + — + +be the series of signs in any equa- 
tion, show that if a positive root be introduced theire will be at 
least one more variation than before in the result, and if a nega- 
tive root be introduced there will be at least one more permanence 
than before; and state the rule of signs to which this gives rise. 

418. State and show the truth of De Gua's criterion of the 
presence of imaginary roots in an equation. 

419. What is the smallest and what the greatest number of 
imaginary roots which can exist in an equation of the form 

1 8 O O 

420. Apply De Gua's criterion to the determination of the 
number of imaginary roots of the equation 

a;"+ W--7a:8 + Sa?'- 2a;*- 6a;*- 8a; + 5 = 0. 

421. Determine the number of imaginary roots indicated by 
the absent terms of the equation x^ + 3a;* — 2a;' +1=0. 



• • • 



422. Can a cubic equation have all its roots imaginaj^y? 
Give a reason for your answer, and state genemlly what class of 
equations must have at least one real root. 

423. What is the least number of imaginary roots which an. 
equation of the form x' - ea;' + /i = can have ? 

424. Two roots of the equation 

a;V Sa;* - 14a;* - 12a;' + 473;* + 21a; - 70 = 

are 2 and — 5 ; find all the other roots. 

425. One root of the equation x* — 4*0^ 4 5x* + 8a; - 14 = is 
2 + ^(- 3) ; find all the other roots. -^ 



hqrner's solution op numerical equations. 45 

426. J)e1)erinine the positions of the roots of the equation 

8aj* - 104a;" + 4650' - 806aj + 388 = 0, 

by showing that each root lies between numbers different from 
those which limit any other root. 

427. Show that the two positive roots of the equation 
05* — 4iB" + 05* + 6a3 + 2 = are real, and find the first decimal of 
each of them. 

428. Solve the equation a;* + 205* - Sa? + 4 = 0, by Homer's 
method; giving such roots as are real to six places of decimals. 

429. Find the character and positions of all the roots of the 
equation a;* — 4aj" + 85c' — 5a; — 6 = 0, and find the negative root to 
^ve places of decimals. 

430. Solve the equation a;'— 3a;* + 5a; + 10 = 0, by Horner's 
method, giving the roots to six places of decimals. 

431. Solve the equation a;' — 1 la; + 12 = 0, by Horner's method, 
giving the smallest positive root to five places of decimals, anil the 
integer figures of the other roots. 

432. Find the real roots of the equation ' 

a;*- 1 la;' + 33a;*- 40a; +19 = 
to Eleven places of decimals. 

433. One root of the equation a;* - 4a;* + 5x' + 2a; + 52 = is 
3 — 2 ^(— 1) ; determine the remaining roots. 

434. Solve the equation, giving all the roots, 

a;* + 17a;* -46a; + 29 = 0. 

435. Solve the equation a;* - 8a; + 12 = 0, by Homer's method, 
giving the real root to eight places of decimals; and show that 
the other two roots are imaginary. 

436. Determine the position and character of the roots of the 
equation a;* - 6a;* - 1 4a;* - 1 6aj + 8 = 0, and find the. greatest root to 
nine places of decimals. 
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437. Solve the equation aj'-4a5* + S« + 5 = 0, by Homer's 
method, giving the real root to five places of decimals. 

438. Detennine the positions of the roots of the equation 

aj*- 14.*" + 55iB'- 12a:- 184 = 0, 
and find the least positive root to eight places of decimals. 

439. Solve the equation y* - 2y" + Sy* - 4y - 5 = 0, giving 
such of the positive roots as are real, to seven places of decimals; 
and determining mci^ely the position of the negative root. 

440. Solve the equation a5* — So* — 4a; + 7 = 0, by Homer^s 
method, giving all the real roots to six places of decimals. 

441. Find such of the positive roots of the equation 

aj*-2a? + 9«-14 = 

as are real, commencing the contraction at the third decimal; and 
show how it appears that the others are imaginary. 

442. Determine all the roots of the equation 

aj* - 12a;' + 44iB* - 48aJ + 16 = 0. 

443. Determine the characters and positions of the roots of 
the equation a?* - 19a^ + lS2a* - S02aj + 200 = 0. ' 

444. Solve the following equations by Horner's method, 
giving the roots to eight places of decimals : 

(1) a;*-6a" + 8a:"+12a;-20 = 0. 

(2) a;*- 12a;' + 480* -72a: +36 = 0. 

445. Solve the equation 4a;* - 20a;' + 1 33af - 1 20a; + 29 = 0, 
giving all the roots. 

446. Solve completely the equation a;* — 2a;* + 7a; - 6 = 0. 

447. Find the positions of the roots of the equation 

a;* + 2a;''-12a;'+ 15a; + 5 = 0; 

and determine, the least negative root, by Homer's method, to 
eight places of decimals. 
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448. Sdve the equation c^^Sa^ + Qaf+ftoB-l^O, giving all 
the real foots. 

449. Find the roots between 4 and 5 of the equation 

aj**Oa^-75fic* + S18a5-322 = 
hj the method of reciprocals. 

450. In the equation z' + 3cz-^d=0, show that the value 
of J8 is 

451. Investigate Cardan's formula for the solution of a cubic 
equation; and state when and why the formula is inapplicable. 

452. Solve the equation «• - 120' + 5a: + 2 = 0, by Cardan's 
method, if possible. 

453. Solve the equation oj* - 6fic* + 1 5« - 1 8 =0, by the method 
of Cardan. 

454. Find one root of the equation af-9af-h 2Sx - 34 = 0, by 
Cardan's method. 

455. Solve the equation a5'-9a;*+ 24aj- 10 = by Cardan's 
method. 

456. Solve the equation 05' - Go* + 18a; = 22, by Cardan'ji 
method, giving the root to four places of decimals. 

457. Find one root of the equation a;* - 1 5aj - 22 = by trial 
and error, to four places of decimals. 

458. Find by trial one root of the equation a? — 27aj - 36 = 0, 
giving the root accurate to three places of decimals. 

459. Find the integer values of x and y which satisfy the 
equation 5a; + 1 ly = 70. 

460. An army of between 20,000 and 25,000 men was com- 
posed of infantry regiments, each containing 800 men, and c&'sr^lir^^ 
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each containiDg 600 men, and there were 10,000 more infantry 
than cavalry; how many infantry and cavalry regiments werte 
there respectively ? 



CONTINUED FRACTIONS. 

461. Find a series of converging fractions approximating to 
the ratio of the lb. troy, containing 5760 grains to the lb. avoir- 
dupois, containing 7000 grains. 

462. Determine a series of converging fractions approximating 
to the ratio of the side of a square to its diagonal, that ititio being 
1 : 1-414214 nearly. 

463. Find a series of converging fractions expressing the 
ratio of the French Are to the Square CJiain from the equality 

1 Fr, Are = -2471 Sq. Gh, 

464. The rate of exchange between France and England 
being such that the English sovereign = 25*42 francs; show, by 
means of a series of converging fractions, that the ratio 37 : 47 
would be a close approximation to that of the franc to the shilling. 

465. Determine a series of converging fractions approxi- 
mating to the ratio of the French litre to the English quart, the 
litre being 1 '761 pint ; and determine hy inspection whether the 

81 
fraction -— must be increased or diminished to obtain the true 

ratio. 

466. The m^tre being 1*09361 yard, derive a series of con- 
verging fractions approximating to the ratio of the English mile 
to the myriam^tre. 

467. Express the ratio of the 48 lb. shot to the weight of the 
French shot of 24 kilogrammes, in a series of converging fractions; 
the kilogramme being 2*205 lbs. 
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467*. The mean diameter of the earth being 7912 miles, and 
that of Mars 4189 miles, find a series of converging factions ap- 
proximating to the ratio of the mean diameters of these two 
planets. 
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468. Find an expression for the sum of n teims of the series 

2-f7 + 15 + 26 + 40 + <fec. 
by the method of indeterminate coefficients. 

469. Find an expression for the sum of n terms of the series 

1.5 + 2.6 + 3.7 + 4. 8 + (fee. 
by the method of indeterminate coefficients. 

470. Find an expression for the sum ofn terms of the series 

2. 5 + 3. 6 + 4. 7 + 5. 8 + &c. 
by the method of indeterminate coefficients. 

471. Find an expression for the sum of n terms of the series 

1 . 3 + 4 . 6 + 7 . 12 + 10 . 24 + &c. 

472. Sum the series 1.3 + 3. 9 + 5. 27 +&c. to n terms. 

473. Find an expression for the sum of n ternas of the series 

1 . 3 + 2 . 9 + 3 . 27 + &c. 

474. Sum the series 1' + 2' + 3' + 4' + &c. to ti terms. 

475. Investigate the expression for the number of shot in a 
triangular pile of n courses, by the method of indeterminate 
coefficients. 

476. Find an expression for the sum of the fourth powers of 
tbe natural numbers,, by the method of indeterminate coefficients. 

C. 4. 
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477. Find an expression for the sum of n teims of the series 

a? 

478. Find the three component fractions of -3 — — -, — ^ . . 

ic* — Sx 4- 2 

479. Decompose -g — ^^ — into three partial fractions 

having denominators of the first degree. 

Qx^ + 34a; — 76 

480. Separate the fraction ^y? iv? n\ ^^ tl^ree com- 

ponent fiuctions having denominators of the first degree. 

.8aj' + 4aj — 2 

481. Decompose 3 ' , — — into thi-ee partial frac- 

*jx ~~ x y»fc "T" o\jx ~" o 

tions, by the method of svhatUuUion, 

482. Decompose -« — -« — ^^ ^^ into more simple frac- 

^ ar - 8a;' + 290; - 52 ^ 

tions. 

a;* + 1 4ic 27 

483. Decompose -5 — ::-i : into more simple fractions. 

484. Decompose — « — ^~9 «^- into three partial firac- 

^ a;^- 6a;' -a; + 30 ^ 

tions having denominators of the first degree. 

a? —^x + SQ 

485. Decompose 3__ ^ — -^ — into three partial frac- 
tions, by the method of indeterminate coefficients, and substitution, 

a;' — 1 7a; — 1 2 

486. Decompose -3 — ^— ^ — ^- into three partial fractions. 

a; ~~ oa; •" /a; + ov7 

487. Decompose —2 — --s — -— ^ — — r into four frac- 

^ a;* - 7a;* - 13a;' + 103a; - 84 

tions having denominators of the first degree. 

ioo T^ 18a;»-2Sa;'+57a;-100 ... ^ 

488. Decompose j^ .^ i6^^85a;'-4a; + 21 "^'" ^"^ ^'^^^ 

tions having denominators of the first degree. 
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4a;* — 1 8ic + 62 

489. Decompose -, — — , — — 7.^ into more simple fractions. 

5x^ — 1 5ic + 1 3 

490 . Decompose -^ — ^-^ — — — into; more simple fi-actions. 

OCT "~ O**' "T" X 3%c ~~ ± \} 

491. Decompose -5 — —^ — — — , into fractions having 

denominators of a lower degree. 

492. Decompose ^. _ j'^ Jj^gL - 24 ^*° **'''' P*"^*^ 
fractions. 

.^o TV 10iB»+113a;" + 264a;+138 . , ^ _^. , 

493. Decompose --2 — — —; — -— -^ — -— into four partial 

^ 2a;*+13ic» + 19ic'-10a;-24 ^ 

fractions. 
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494. Prove that the first two terms of the expansion of 
(a + xf are a" + wa"""*a5, whether n be integral or fractional, posi- 
tive or negative. 

495. In the equation 

(a + xY = a" + Afib^'^x + -4^^a"" V + A^^p^'^o^ + <fec., 
assume A^ = n, and thence determine A^^ and ^^ 



■///■ 



496. Expand ,. in a series arranged according to the 

descending powers of x ; and write down the 'p^ term. 

Expand by the binomial theorem, and give the 'p^ term of the 
following expressions : 

497. Jiy'-a^xJ. 498. J{a'x + hy. 



499. (a^-a^K 500. ^—.. 



A.— ^ 
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502. " 



501 


1 


C/V X. 


(a»-6:c)^' 


503 


a 


C/vt/. 


^K-yT' 


505 


aa; 


t/V/t/t 


(»•-«•)*' 


507 


/ "' 


t/V/ 1 • 


V «*-«•* 


509. 


a:* 


511 


a* 


B/ X X. 


'Ja^-ab* 


513 


a 


VX cF. 


I^Ja'x+h"' 


515. 




517. 




519. 


ax 

• 


521. 


s/a — V 6. 


n99 


_ _ /a-hx 



504. 



a 

508. /-^ . 

V *-y 



510 



512. ^ 



514 / '^ 



618. -. « 



520. 



ija'—bc 



fob 4" 35 

522. Expand / by the binomial theorem; and employ 

the result for the determination of the value of ^2, to five places 
of decimals. 

523. Find the sixth term of the expansion of ttt—t- — r bv 
the binomial theorem, without determining any other term« 
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PERMUTATIONS AND COMBINATIONS. 

524. How many signals may be made with six flags which 
can be hoisted any number at a time and of which no two are of 
the same colour 1 

525. What number of signals can be made with eight flags of 
different colours, which can be hoisted any number at a time 
above one another 1 

526. How many rounds can be fired by a field battery of 
four guns, supposing the guns to be fired in a different order each 
round? 

527. How many different signals can be made with ten flags, 
of which three are white, two red and the rest blue, always hoiste<l, 
all together^ above one another ? 

528. How many signals can be made with 7 flags, viz. 2 red, 
1 white, 3 blue, and 1 yellow, when all displayed together, one 
above another, for each signal ? 

529. ' Find the number of signals which can be made with 
four lights of different colours which can be displayed in any 
number at a time, arranged either above one another, side by^ide, 
or diagonally. 

530. How many night signals can be made with four different 
coloured lights capable of being hoisted two at a time, both above 
one another and side by side ] 

531. In how many different ways may the eight men serving 
a field gun be arranged, so that the same man may always lay the 
gun? 

532. How many signals could be made by five bugle-not^s, 
two of which are the same, blown either singly or any number in 
suceesaion as one signal, and in any order ? 
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533. How many signals can be made with ^ve lights of dif- 
ferent colours, which can be displayed either singly or any number 
at a tim^ side by side, or one above another 1 

534. A regiment consisting of 10 companies has to detach 
two of them each day for guard-mounting; how many days can 
this service continue to be performed before there is a necessity 
for any, the same, two companies being on guard again together 1 

535. How many distinct sound signals can be made by firing, 
in different orders of succession, four 6-pounders and two 18- 
pounders ; supposing all of the guns to be used for each signal 1 

536. In how many different ways can the letters of the word 
Examination be written, using all the letters ] 

537. With ten soldiers and eight sailors, how many different 
parties can be made, each party consisting of three soldiers and 
three sailors ] 

538. How many different arrangements may be made of 
eleven cricketers, supposing the same two always to bowl ] 

539. How many signals can be made with three blue and two 
white flags, which can be displayed singly or any number at a 
time one above the other ] 

540. From a company of QO men, 20 are detached for 
mounting guard each day; how long will it be before the same 
20 men are on guard together, supposing the men to be changed 
as much as possible, and how often will each man have be^a on 
guard 1 

541. Five flags of different colours are capable of being 
hoisted either singly or any number at a time one above another; 
how many distinct signals can be made with them ? 

542. A chess player being allowed by his opponent to change 
the position of his remaining pieces, consisting of two knights, five 
pawns, a bishop, a castle and the king, in any way he pleases^ 
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provided he use always the same squares ; how long would he be 
trying all these changes, supposing each change to occupy one 
minute, and that he sit at the board nine hours each day ? 

543. A piquet of 24 men is required to mount double sentries 
at four important posts of observation; and it is desimble that no 
two men should be posted together more than once: how many 
times can the posts be relieved, supposing each of the three reliefs 
to consist always of the same eight men ? 

544. Supposing that a man can place himself in three distinct 
attitudes, clearly visible at a distance, how many signals can be 
thus made by four men all placed side by side 1 



PILES OF SHOT. 

545. Investigate the expression for the number of shot in a 
square pile of n courses. 

546. From the formula for the number of shot in a square 
pile of n courses, deduce the formula for a rectangular pile, having 
n and m + n shot respectively in the two sides of the lowest 
course. 

547. Investigate the formula for the number of shot in a 
triangular pile of n courses, and determine what must be the 
number of shot in the side of a triangular pile which is intended 
to contain 286 shot. 

548. Three rows of the base of a square pile of twenty 
coursee, with the shot supported by them, were removed; how 
many were thus obtained ? 

549. The number of shot in the upper course of a square pile 
is 169 Ai^d ^ the lowest course 1089; how many shot are there 
in the pile ? 
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550. Eind the number of shot in a rectangular pile having 
17 shot in one side and 42 in the other side of the base; find also 
the number when there are only 12 courses complete. 

551. Find the number of shot in an unfinished rectangular 
pile of shot having 27 and 9 shot respectively in the shorter sides 
of the base and upper course, and 50 in the longer side of the 
base. 

552. Give tie formula for the number of shot in a triangular 
pile ; and find by how many shot one side of the base of a com- 
plete square pile of 15 courses must be increased, so that the rect- 
angular pile so formed may contain I96O shot. 

553. The value of a triangular pile of 18 lb. shot is £76. lOs,; 
how many shot are there in its base; iron being 145. per cwt.? 

554. How many shot must be removed from a rectangular 
pile containing 884 shot so as to leave 8 courses, the number in 
the longest side of the bottom row being 15 ? 

555. By how many shot must the shortest side of a rect- 
angular pile, having 24 and 40 shot in the bottom rows, be di- 
minished, in order that the remaining pile may contain 7070 
shot? 

556. The number of shot in the longest side of a rectangular 
pile is 21, and the number of shot in the pile is 2176; what is the 
number of shot in the other side ? 

557. How many shot must there be in the lowest course of a 
triangular pile so that 10 courses of it, commencing at the base, 
may contain 36780 shot 1 

558. Find the number of shot in a complete rectangular pile 
of 15 courses having 20 shot in the longest side of its base. 

559. Find the number of shot in an unfinished rectangular 
pile of 20 courses, the number in the sides of its upper course 
being 11 and 18. 
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560. If from a complete square pile of shot a triangular pile 
of the same number of courses be formed; shew that the re- 
maining shot will be just sufficient to form another triangular pile, 
and find the number of shot in its side. 

56 !• What is the number of shot required to complete a 
rectangular pile having 1 5 and 6 shot respectively in the sides of 
its upper course ? 

562. Investigate the expression for the number of shot in a 
square pile of n courses; and, by means of it, determine the 
number of shot in a square pile of 10 courses, having 16 shot in 
the bottom row. 

563. Find the number of shot in the longer side of the 
lowest course but three of a rectangular pile when tha short side 
of that course contains 17 shot and the whole pile 3920. 

564. In a rectangular pile of six courses, the number of shot 
in the top course is 198, and the number in the longest side of 
the base is 27 ; how many shot ai^e required to complete the pile ? 

b^h. Determine the number of shot included between the 
fourth and twelfth courses (commencing at the base) of each kind 
of pile; the number of courses in each complete pile being 17, and 
the value of m in the rectangular pile being 7* 

b%^. Find the number of shot in the bottom row of a squai'e 
pile which contains 2600 more shot than a triangulai* pile of the 
same number of courses. 

567. Find the number of shot in a complete square pile, in 
which the difference between the number of shot in the base and 
the number in the fifth course above it is 225. 

568. Find an expression for the sum of n terms of the series 
1.2 + 2.S + 3.4 + &c. ; and shew, by the series itself, as well as 
by the form of the result, that the sum is equal to twice the 
number of spherical shot in a triangular pile of n courses \ qc t^ 
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tbe number of spherical shot in a square pile of n courses together 
with the number in one of its faces. 

569. Find the number of shot in two unfinished piles of 14 
courses each ; the one being triangular, the other a square pile, and 
both having 25 shot in the bottom row. 

570. The number of shot in a triangular pile is to the num- 
ber in a square pile of the same number of courses as 22 : 41 ; find 
the number of shot in each pile. 

571. It is found that ten times the number of shot in a par- 
ticular triangular pile is equal to six times the number in a square 
I>ile of the same number of courses; how many are there in that 
square pile? 

572. The number of shot in a triangular pile is to the 
number in a square pile of the same number of courses, as 9 : 17; 
find the number of shot in each pile. 

573. Find the number of shot in two unfinished piles of 14 
courses each; the one being triangular, the other a square pile, 
and both having 25 shot in the bottom row. 

574. Having at command a space convenient in shape for the 
erection of a square pile of shot, with a triangular pile of the same 
number of courses at one of its sides, how many shot must I place 
at the bottom row of each, so that the whole may contain 64975 
shot; the bottom row of one side being common to both piles % 

575. Show that the number of shot in a complete triangular 
pile is four times the number in a complete square pile of half the 
number of courses : and find the number of shot in a complete 
rectangular pile having 43 and 17 shot in the sides of its base. 

576. Find expressions in terms of n for the number of shot 
in the fifth course (commencing at the base) of each kind of pile 
of n courses ; using m + 1 to represent the number of shot in the 
top ridge of the rectangular pile. 
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577. Show that if there be a rectangular pile, a square pile, 
and a triangular pile of shot, all of the same number of courses, 
and if the number of shot in the top ridge of the rectangular pile 
be one-third of the number obtained by adding 2 to the number of 
courses, then the number of shot in these piles must be in arith- 
metical progression whatever be the number of courses. 

578. Show that when the three kinds of pile have the same 
number of courses, the difference between the number of shot in 
the complete rectangular pile, and the number in the complete 
square pile, is m times the number in the lowest course of the ti i- 
angular pile; m being the difference of the number of shot in the 
two sides of the base of the rectangular pile. 

579. Prove that the difference between the number of shot in 
a square pile and in a triangular pile of any, the same, number (n) 

of courses, is ^(w*— 1); and show that this difference is equal to 

one- third of the number of shot in a triangular face of either pile, 
multiplied by one unit less than the number of courses. 

580. Find the number of shot in a rectangular pile in which 
the number in the lowest course is 600 and in the top ridge 11. 

581. There are three piles of shot, a triangular, a square, and 
a rectangular pile, in which the number of courses is the same and 
the numbers of shot are in arithmetical progression; show that 
fhis can only be the case when n — 1 is a multiple of 3 ; and find 
the number of shot in the two former piles when the number in 
the rectangular pile is ^6^^, 

582. How many eight-inch shells would there be in a square 
pile erected upon the ground recently occupied by a square pile of 
4900 thirteen-inch shells % 

583. The number of shot in an incomplete square pile is equal 
to six times the number of shot required to complete it ; and the 
number of completed courses is equal to the number required to 
complete it : find the number of shot in the incomplete ijilft* 
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584. Show that the sum of the number of shot in a square 
pile, and in a triangular pile of the same number of courses (n), is 

^ — - , and the difference ^ ^ — ^ . 

2 O 

585. Show that the arithmetical mean between the number 
of shot in a complete triangular and in a complete square pile is 
equal to n + 1 times half the number of shot in one of the faces 
of either pile ; n being the number of courses in each pile. 

586. A square pile consists of n courses ; investigate an ex- 
pression for determining the number of shot in the pile : and find 
the number of shot in an incomplete square pile of 12 courses^ %he 
top course containing 169 shot. 

587. If there be a triangular pile of shot and a square pile of 
the same number of courses ; show that three times the number of 
shot in the firat is to the number in both together, as (w + 2) to 
{n + 1). 

588. Sum the series a+ 1 +2(a + 2)+ S(a + 3) + 4(a + 4) + &c. 
to n terms ; and show, by a figure^ the relation of the series to a 
rectangular pile of spherical shot 



LOGAKITHMS. 

589. Give a definition of the logarithm of a number, and 
write down the equation which must subsist between a number 
{n), its logarithm (z), and the base of the system (a). 

590. Define the term "Logari^m" and show that, in the 
expansion 

a'=l+Ax + - — - + , ^ ^ + &c., 
1.2 1.2.3 * 

A = log, a ; and that log, a , log^ e = 1, 

where e is the value of a, which makes A=h 
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I 

591. Prove that 

log,a = a-l-H(«-l)'+ 3 («-!)'- <tc- 

592. Assuming the complete expansion of a', show that the 
yalue of a which makes the above value of A^ equal to unity, is 

and give the approximate numerical value of this series. 

593. Show that log, a . log^ e = 1, e being the base of the 
Kapierian system, and a any other number ; show also that it is 
true when a = e. 

594. Prove that log (ajy) = log a; + log y, 

00 

log-=loga;-logy, 

if 

and log (o^j = - log a;, 

all the logarithms being in the same system. 

lofi? ijc 

595. Show that log^ x = . ^ , a and x being any real posi- 
tive quantities, and e being the base of the Napierian system of 
logarithms. And point out the utility of this equation, showing 
also what it becomes when a = e, 

596. Define the logarithm of a number; and from your 
definition find the logarithm of 144 to the base 2 JS, Prove also 
that log^n : log^Ti :: log 5 : log a, and thence show that 

log,axlog„e= 1. 

597. What is the log 81 in the system whose base is 3 7 

598. What is the. logarithm of - in the system whose base 
is 27 1 
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599. Given log; 3= 1-0986123 and log, 2 = -6931472, find 
log, 6. 

600. Given log 2 = 030103 and log 70 = 1-8450980, find 
log 1-96 and log -00448. 

601. State the equation by means of which, from a table of 
Napierian logarithms, we may determine the logarithms of the 
same numbers in another system whose base is one of the numbers 
in that table. 

602. Given log 2 = -30103, find log 3*2, log 25, and log 12-8. 

603. Given log, 2 = -693 1 472 and log, 5 = 1 -6094379 j find the 
common logarithm of 6*4. 

604. Given log^^ 2 = -30103 and log^^ 3 = -4771213 ; find 
log,, 15 and log,„ J{'0075). 

605. Given log. 1 = 2-302585 1 , 

log, 6 = 1-7917595, 

log, 2 = 0-6931472, 

find com. log9> &nd the moduli of the systems whose bases are 
respectively 2, 3, and 5. 

606. Given log, 10 = 2-3025851, 

log, 7 = 1-9459101, 
log. 2 = 0-6931472, 
find the common log 2*8, and also log, 7* 

607. Given log, 5= 1-6094379 and log, 2 = 0-6931472, find 
common log '8. 

608. Given log,3 = 1-0986123 and log, 6 =17917595; find 
log, 12. 

609. Given log I6 = 1 -20412, find log 25. 

610. Given log 2 = -30103, and log 3 = -4771213; find log -005, 
and log 6*48. 
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611. Given log 2 = 0-30103, and log 3 = 0-4771213 ; find log 5, 
log 18, log 135, and log 750. 

612. If 05 = loga riy and y = log^ n ; show that 

log6a = |, andlog,6 = ^. 

613. Assuming that you know the Napierian logarithm of 2, 
what values would you suljstitute for n and z in the formula 

log.(« + *) = log.» + 2{^ + j^^, + -^-^-^^, +&C.} 

in order to obtain the Napierian logarithm of 12 ? 

614. Assuming the "Exponential Theorem," show that 

And prove from first principles that 

log. a 

615. "Write down the expression for \og(n + z) and state the 

steps you would take to calculate the numerical value of = 

log, iO' 

the modulus of the common system of logarithms. 

616. Given log. 5 = 1 -60944, calculate log. 7 to five places. 

617. Find the value of a; in the equation 5' = 300. 

618. Find the values of x and y in the equations 

2'=7y3 3'=10y. 

619. Find the values ofx and y from the equations 



>9 



I; = 4 and 7'= 3". 
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620. Find the values of x and y in the equations 

27 

621. Given 2*. 7* = 80000 and 3* = 500, find x and y. 

622. Find the value of x in the equations : 

(1) 3' =729. (2) a^.b^^c. 

623. Find the values of x and y in the simultaneous equa- 
tions a^ 6«'-' = c^ and c?* = b". 

624. If a series of numbers be in geometric progression, 
prove that their logarithms are in arithmetic progression. 

625. What term of the series 

2 8 32 12s , . 2097152 « 
-- + -— + •— + ---— + &c. IS - ^^^^ ^ ] 
5 15 45 135 295245 

626. Find, by logarithms, the value of ^{bc) + /(y) , 
when a = 6340- 5 18, 6 = 7*360591, c = -003758426. 

627. Point out the principle and use of the ^^ Arithmetic 
Compliment^* in logarithmic calculations and calculate, by log- 
arithms, the value of 

y-00754326' X 78-34295 x 8172-371* x 00052 



/ 



64285-71* X 154-27* x -001 x 586*7983* 
taking care to arrange the work in a proper form. 

628. Find the value of * 

15-832' X 5793-64* X -7842613 



J: 



-000327* X 768-94' X 3015-28 x -007^ ' 
by the aid of logarithms. 
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629. Find the value of 

3-5724' y -00753286 x 3426'002' x 7'854 

408-62 ^ V 30-47269' x ^-03278971 x -5163084* ' 
1>7 logarithms. 

630. Find the value of 

y -00357 X 628 -4931' X 73-0875' __ 7 -0047238' 
V 49-3284* X •03T264' x -00529 " V -5423701 ' 

by logarithms. 

631. Find, by the aid of logarithms, the value of 

7-189546 X 4764-2' x -00326* 



7 



-0004895361 X 457* x 5764-387 



8 • 



632. Find, by logarithms, the value of 

V 314159 X 4771-213 x 2 718282^ 
30103* X -4342945* x 69897* 



7^ 



633. Find, by logarithms, the value of 

V03271' X 53-42986 x •7754231" 



7^ 



32-76894 X -000371* 

634. Find, by logarithms, the value of 

V'7320561' X -0003572* x 8979306 



7- 

V ' 



4227 -QS*' X 3-457391 x -0026518* ' 

635. Find the value of J C''' ^ZT ""ZT^' X ^7 

V \ -03274 X -6428 /' -^ 

logarithms ; and find the values of x and y in the equations 

a* = 6 and ar''=c. 

« 

636. Find the value of 

yr 7812-93 4' X 4/(18-5374 ) x ^(75 26821 ) x -6 173958 ) 
V In/{59-60827) X 4/(756-0083) x 1726-953 x^(-07'33)/' 

by the use of logarithms, 

C. ?i 
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637. Find the value of 

7-120635 X ^(-13274) x -05738921 



7: 



^(•4346829) X 17-3854 x <y(0096372) ' 
by the use of logarithms. 

638. Find, by the aid of logarithms, the value of 

r 3-075526' X 5771-213* x -0036984^ x 774 ^^ 
\ 7225851 X 327*9341* x '8697003' J ' 

639. Find the value of 
77056421 X 301-572' x 7-830721* x -54836 



/ 



•416327* x62847Sl* 
by logarithms. 

640. Find the value of the following expression by log- 
arithms : 

3-576428 X -008630472 x 598163-2 x ^(21^) 



7. 



286-9734 X ^(-0069847) x 2708637 x i/{'S76) ' 

641. Calculate by logarithms the value of the expression 

a^ c . d^ 



^ V o\k\m,n ' 



when a= 574-3268, /= -03572, = 21-3641, 

6= -0372, p= 32-6841, k= 3-87964, 

c= 73-5486, r = 78561-32, m = 76-49573, 

c?= 1807-463, 8= 5736-058, w= 12-86097, 
e= 179-6284. 

642. Find, by the aid of logarithms, the value of 
' ^-0057146 X 73-24981 x 2793-468 



7; 



774-2605 X -0000829 x 3461 -724 * 

643. Find, by logarithms, the value of 

X36-51942)' X (-005327481/ x 863157-6 



7 



(-07136529)' X (73-69421)" 
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644. If a person be entitled to receive an annuity of X64 for 
ten years; what is the sum which he should receive in one present 
payment in lieu of the annuity, assuming 4 per cent, compound 
interest 1 

Probabilities. 

645. The probabilities of three Cadets A, B, and C qualifying 

probability of one at least of them qualifying 1 

646. A man makes six "outers," four "centres" and two 
"buirs-eyes" in twenty rounds rifle practice; what is the pro- 
bability of his hitting the target every time in the next four 
rounds ? 

647. What are the odds in favour of throwing *'aces" at 
least once in three throws with a pair of dice ? 



GEOMETRICAL DEDUCTIONS. 

648. Prove that if the points of bisection of the sides of a 
triangle be joined, the triangle so formed will be equal to one- 
fourth of the whole triangle. 

649. Divide a triangle into two parts which shall have the 
same ratio to one another as two of the sides of the triangle, by a 
straight line drawn through the angular point common to those 
sides. 

650. It is required to cut off from a given triangle one-fourth 
part of it, by a straight line drawn parallel to one of its sides. 

651. If a circle be described u^on a side of a triangle as 
diameter, and its points of section with the other two sides be 
joined; the triangle so formed will be similar to the whole tri- 
angle. 
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652. If two straiglit lines be drawn from the same point, 
cutting a circle, and the alternate points of section be joined; the 
triangles so formed will be similar to one another. 

653. If through the angles of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight lines be drawn touching the circle, 
an isosceles triangle will be formed which has each of the angles 
at the base one- third of the angle at the vertex. 

654. From one of the angles C, at the base of an isosceles 
triangle ABC^ of which the vertex is ^i, it is required to draw a 
straight line CD to meet AB in Z>, so that CD shall be a mean 
proportional between AC and BD, 

655- If, at any point Z>, in the side AG of the triangle ABC, 
a straight line DE be drawn making an angle ADE equal to the 
angle ABC, and meeting AB va E^ prove that if DB and EC be 
di*awn, the angle ADB is equal to the angle A EC, 

656. If from any point in the common tangent to two circles 
drawn through the point where they touch each other externally, 
aii a centre, a circle be described cutting those circles; and straight 
lines be drawn from that centre through these points of intersec- 
tion; then the other points of intersection of the straight lines 
with the circles will also be in the circumference of a circle. 

657. If fit)m the angle ^ of a triangle ABC, a straight line 
AD be drawn to bisect that angle, and to cut the opposite side in 
D'j and from Z), two straight lines be drawn respectively parallel 
to the remaining sides; the parallelogram thus formed will have 
all its sides equal, and each of them will be a mean proportional 
between the remaining segments of the two sides of the triangle. 

658. If from the angles A and (7, of the triangle ABCj per- 
pendiculars, AD and CEy be let fall upon the opposite sides, prove 
that DE being joined, the angle CAD is equal to the angle CED\ 
and that the rectangle CBy BD is eqaal to the rectangle AB^ BE. 
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669. Find a mean proportional between two given straight 
lines. Also construct an arithmetic mean, and a harmonic mean 
between two given straight lines. 

660. If two contiguous chords be drawn in a circle, and per- 
pendiculars be let fall upon them from the centre, the angle con- 
tained by these perpendiculars will be equal to the angle in the 
remaining segment formed by joining the extremities of the 
chords. 

661. Divide geometrically a given straight line into two 
parts, so that the square described on the greater part shall be 
double of the square described on the other part. 

662. Describe a circle which shall touch a given circle, and 
also touch a given straight line in a given point 

663. Bisect a given triangle by a straight line drawn through 
a given point in any one of its sides. 

664. If a straight line be drawn to bisect the angle formed 
by two straight lines, one of which is drawn to the focus from 
any point in the parabola, and the other perpendicular to the 
directrix, that line will be a tangent to the parabola at that 
point 

665. Describe a circle which shall touch a given straight line 
in a given point and also touch a given circle. 

666. Prove that the three straight lines drawn from the 
angles of a triangle to the points of bisection of the opposite sides 
pass through the same point 

667. From a given point without a circle draw a straight 
line such that the part of it intercepted within the circle shall be 
equal to the side of the inscribed equilateral pentagon. 

668. If two circles cut one another, all parallel straight lines 
drawn through the points of section and intercepted by the outer 
circumferences of the circles will be equal. 
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669. If a circle be described about a triangle, and a perpen- 
dicular from the centre upon one of the sides be produced to meet 
the circle, the line which joins this intersection with the opposite 
angle of the triangle will bisect that angle. 

670. If two circles touch each other and also touch a straight 
line, the pUrt of the straight line between the points of contact is 
a mean proportional between the diameters of the circles. 

671. If any point be taken in the circumference of a circle, 
and lines be drawn from it to the three angles of an inscribed 
equilateral triangle, prove that the middle line so drawn is equal 
to the sum of the other two. 



APPLICATION OF ALGEBRA TO GEOMETRY. 

672. Given r and r^ , the radii of two concentric circles, and 
I the distance from their common centre of a point A (exterior to 
both of them) ; find the point K in the circumference of the outer 
circle, such that AK produced shall have its segment within that 
circle divided by the circumference of the other into three equal 
parts, 

673. Given the segments of the hypothenuse of a right-angled 
triangle made by the straight line which bisects the right angle; 
determine the length of that line, the sides of the triangle, and 
the perpendicular from the right angle on the hypothenuse. 

674. Show that the length of the pei-pendicular let fall firom 
the opposite angle of a triangle whose sides are o^ 6, c upon the 
side e^ is expressed by 

~^/«(«-a)(a-6)(s-c), 
where a = - (a + 5 + c). 
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675. Given the area of a triangle = a', and that of its iu- 
sciibed square = «' ; find the perpendicular and the base of the 
triangle. 

676. Pind the point in the side of a square, through which, 
if a straight line be drawn to the opposite angle, the triangle no 
formed will be one-third of the square. 

677. Given the ratio of the sides of a triangle, together with 
both the segments of the base made bj a perpendicular from the 
opposite angle; find the sides. 

678. Find the radius of the circle which circumscribes a tri- 
angle whose sides are a, h and c. 

679. From a given point without a given circle draw a 
straight line which shall be divided in extreme and mean ratio by 
the circumference. 

680. Given the base of an isosceles triangle, determine the 
sides when the diameter of the circumscribing circle is d, 

681. In a triangle ABC, given AO^CB, AB^h, CD (tbe 
perpendicular on AB) = a, and DB a segment of the perpendicular 

= - : it is required to draw through JS a straight line FUG, which 
n 

shall bisect the triangle. 

682. Given the two sides a and 5 of a triangle and the length 
of the line d, which bisects their contained angle, iind the seg- 
ments into which it divides the base. 

683. One angle of a triangle, the perpendicular from that 
angle upon the opposite side, and one of the segments into which 
the perpendicular divides that side, being given, find the other 
segment. 

684. The base of a triangle is 25, the perpendicular let fall 
upon it from the opposite angle is 12, and the rectangle contained 
by the sides is 300 ; find the sides. Explain the meaning of the 
4 answers. 
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DESCRIPTIYE GEOMETRY. 
Orthographic and Horizontal Projections. 

685. Define the terms "line of level," "planes of projection,'* 
"trace," and "plan." 

686. Show that the straight line which joins the projections 
of the same point is perpendicular to the line of leveL 

687. If a plane be perpendicular to one of the planes of pro- 
jection, prove that its ti'ace upon the other plane is perpendicular 
to the line of level. 

688. Prove that the horizontal and vertical projections of a 
point are in the line drawn through either of them, perpendicular 
to the line of level. 

689. State the principles upon which the projections of the 
intersection of two planes whose horizontal and vertical traces are 
given, may be determined. 

690. Prove that the horizontal trace "of the vertical project- 
ing plane of a straight line is perpendicular to the line of level. 

691. The plan and elevation of a straight line being given, 
find its traces. 

692. The traces of a straight line being given, determine its 
plan and elevation. 

693. Pind the intersection of a given line with a given plane. 

694. Find the point of intersection of three given planes. 

695. The plan of a straight line in a given plane being given, 
find the elevation of that line. 

696. Through a given point draw a plane parallel to two 
given straight lines. 
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697. From a given point draw a straight line perpendicular 
to a given plane, and find its true length. 

698. Construct the angle of inclination of two given planes. 

699. The true representation of any plane rectilineal figure 
upon a given plane, being given, find the plan and elevation of the 
figure. 

700. If (a,a^io) ^® *^® horizontal projection of a straight line; 
state clearly the principles on which you would determine its 
absolute length, and its inclination to the horizon. 

701. The horizontal projections and indices of two points 
being given, state how the inclination to the horizontal plane ' 
of the straight line joining these points may be determined. 

702. If the horizontal projections of the points a,^,, h^^ be 
twenty units of the scale of the plan distant from one another, at 
what distance from the former will be the horizontal trace of the 
line joining those points ? 

703. The scales of slope of two planes being given, determine 
the projection of the line of intersection of those planes. 

704. The scale of slope of a plane being given; show how its 
trace upon the horizontal plane may be found. 

705. Show that in a system of horizontal contours the in- 
creasing proximity of the lines indicates an increasing degree of 
slope; and vice versd. 



PLANE TRIGONOMETRY. 

706. Define "the chord," "the tangent," and "the secant" 
of an arc; and show that chd 2a = 2 sin a. 

707. Express the "tangent" and "secant" of an arc in 
terms of its " sine." 
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708. Show that if a® be the angle in a segment of a circle 
whose radius is r, the base of the segment is 2r sin a^ 

709. The difference of two arcs of a circle is 20 grades, and 
their sum is 48 degrees ; find the arcs. 

710. Find, geometrically, the values of tanSO^ tan 45", and 
tan 60'. 

711. Find the angle whose circular measure is |. 

712. Show that sin 75" = ^4^^, 

and sml5» = i^^. 

713. Give accurate line-definitions of the sine, tangent, se- 
cant, and cosine of an arc of a circle; and determine the numerical 
values of cos 30", sin 45", sec 45", and tan 120" ; the radius of the 
circle being unity in the first two examples, and 10 in the latter 
two. 

714. Trace by a figure the changes in the cosine of an arc of 
a circle, as the arc varies from to S60". 

715. The radius of a circle being l6 feet, find the number of 
degrees, &c. in an arc of 6 feet, and also the circular measure of 
the subtending angle at the centre. 

716. Find the values of tanSO", tan 60", tan45" and tan 7** SO', 
and thence determine tan 15" and tan 75". 

717. Find the length of the arc whose circular measure is 2. 

718. Prove, geometrically, that 

1 1 - sin a 

sin a = , tan a = — - — , and tan a = — : 

cosec a cot a cos a 

and thence show that 

1 



sm a . cos a = 



tan a + cot a 
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719. In a right-angled triangle ABC, express the ratios 

AB AB AC^ BC^ 
AC BC CB' AB' 

as trigonometrical functions of the angle A, when G is the right 
angle. 

720. The length of an arc in inches is expressed numerically 
by five times its circular measure, and by ten times the reciprocal 
of its angular measure in degrees; find the length of the radius, 
and the number of degrees in the arc. 

Prove the relations: 

721. cosec a . cos' a = cosec a — sin a. 

««« 1 ,-«o /I 1-tan'd 

722. cot a. cosec a = . izo, cos2^= ;, - ^ - , /». 

sec a — cos a 1 + tan u 

^^. cos a + sin a . 

724. ; — = tan 2a + sec 2a. 

cos a — Biu a 

Investigate the following relations : 

726. sinil + sin^ = 2.8ini(i( + i?)cos|(i-i?). 

726. cos SO* - cos 70* = 2 sin 50* . sin 20*. 

*•«« ^ A l-cos-4 

727. tan--= — r— r- . 

2 sm^i 

728. tan* a + cot* a = 2 -^ 4 cot' 2a. 

Prove the relations : 

««/^ ^ A siaA 

729. tan -- = 



2 1 + cos A * 

^-^ tan -4 + tan -ff j. a j, j> 

730. — — i — ^ = tanil.tan-&. 

cot A + cot B 

731. cos (il + ^) . cos (il- ^) = cosM -sin' A 

732. An aiX5 of 40* on a circle whose radius is 6 inches is 
found to measure a inches ; and this length applied to the cir- 
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cumference of another circle is found to cover an arc of 25®; what 
is the radius of the latter circle? 

733. Give the algebraic signs of the sine, cosine, tangent and 
secant of each of the arcs 70^ 110^ 195^ and 280°; illustrating 
the result given by a geometrical figure. 

734. Prove that sin 30° = -, and sin 45° = cos 45*^ = - o^2 to 

2 2^ 

radius unity; and thence find the values of tan 30°, sin 75°, and 
cos 25° 30', to radius 10. 

735. Prove that sin a = - cos f — - a) 

and tan a = sec a • cosec a. 
Prove the relations : 

736. sinf^ + aj = cosa. 737. cos f - + a J = - sin a. 

738. tan (tt - a) = -- tan cu 739. tan (ir + a) = tan cu 

740. cot a + tan a = 2 cosec 2a. 

, ^ • 8 ^ J. 1 - tail' t; 

^ . - 1-2 sm' a 1 - tan a ^ , ^ ^ 2 

741. —-—=--- . 742. cosO = ^^ 

1 + sin 2a 1 4- tan a , . « ^ 

1 + tan' - 

_ . „ ^ , cot 6 + tan <^ ^ 

743. sec 2<^ = ^^ ^ — ^ . 

cot 9 — tan <^ 

744. 1 + cos 26 . cos 2<^ = 2 (sin" ^ . sin' <^ + cos" ^ . cos" <f>). 

745. tan-» 1 + tan-* ? = 45°. 

4 5 

746. sin2d.= tane.(l+cos2e). 747. cos 2a = ^ " ^^/ . 

^ ^ l+tan"a 

748. tan' a + cot' a + 2 = sec' a cosec' a. 

^,. cosa+cosjS ^CL + B ^a-B 

749. ^ = cot — — ^ . cot — -^ . 

cos a — coap 2 2 
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^rA X «^ 2 Bind -Bin 2d 

750. tan* - = -- ^ — ^ — r—^^ . 

2 2 Bin d + sin 20 

_„- tan a + sec a ^ /^^ a\ . a 

751. = tan ( 45 + - ) tan - . 

cot a + cosec a \ 2/ 2 

752. Prove that tan ( v - h ) ~ ®®^ * "" ^^ * ^ *"^^ show that if 

cos (a — j8) . cos (6 + <!>) = cos (a + )S) cos (0 - <^), 
then cot a . cot j3 = cot 6 .'cot ^. 

Show that 

753. cos 3a = 4 cos*' a - 3 cos a. 

754. sec 2a = 1 + tan 2a . tan a. 

755. tan* a - sin* a = tan' a . s^' a. 

756. eos-y^-cos-4±^^ = 60». 

757. sec fl ± tan = cot f 45% |y 758. sec*e = - 



759. sin a = 



0\ ^.« .^ 2BGC29 

I + sec '20' 
2 760. cos* e - sin* = cos 2(?. 



a , a 

tan -.cosec- /7/.1 si^ « ^.a 

2 2 'UA« T = cot --. 

1 - cos a 2 



^^- 2 cosec 20 - sec .o/.^o 0\ 

762. — = cot* (45*'+ ^ I . 

2 cosec 20 + sec c^ \ 2/ 



/r/jo ^ sin* a 

763. cos a = 1 - 

cos - 
2 

764. 2sin(a-)S). cos a = sin (2a - )S) - sin /?. 

765. 2 cosec 20 = sec . cosec 0. 

766. -4-5(7 is a right-angled triangle, -5 being the right angle; 
prove by means of a figure, and Eucl. vi. 4, that 

, AB ^ , BC 
^cobA^j^,, tan^ = ^. 
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Prove that 

767. ^sm —^ + cos -^ j . (^sm —^ + cos -^ j 

= sin a + cos fi, 

768. tan-^-^+sm-'>-l- = tAn-»^@^. 



769. ii^ = tan» {4.5' + ^a). 770. sin 6 = ^ • 

1 + tan' - 

771. tan 50V cot 50*= 2 sec 1 0^ 

772. tan"* - + tan~* - + tan"* - + tan"* - = — . 

3 5 7 8 4 

773. Given cosec 2a — sin 2a = tan a ; find sin a, 

774. Find the values of a; and y in the simultaneous equation 

2 . sin x = S cos y and 3 cot y = 5 sec x, 

775. If sin = sin 2d, find cos ; and find cos ^ when 

tan <^ = cosec 2<^. 

776. Show that, in any plane triangle, 

tan — - — = tan (<A - 45°) . tan — - — , 
2 \^ / 2 > 



-i« 



where <^ = tan" r • 

777. If d = tan"* 1, and <^ = tan"* 3, find the values of tf + «^ 
and d — «^, and thence show that 3 sin 2d = 5 sin 2<^ ; interpret the 
negative signs wherever they appear in your result. 

778. Find x from the equation 

cos (fi + x) m sin j3 
cos (a — a?) n sin a * 

779. Find the value of d in the equation 

tan (45^ + d) = 3 tan (45* - d). 
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780. If 

cos(a-)8-fl) cos(a + j8) + cos(a + j8 + ^) cos(a-)S) = 0, 
find e. 

781. Show that if 

sin a + sin y = 2 sin )S . cos ()S - a), 
then a^ P and y are in arithmetical progression. 

782. If tan {a-\-0) = n cosec 2a - cot 2a ; find 6, 

783. If tan )3 = /A ; find sin 2)3. 

784. Given 

sin tf . cos <^ = sin <^ (2 cos ^ + 7 sin <^), and sin tf = 3 sin <^ ; 
find tan ^. 

785. Find thp value of the tangent of the arc 

tan~^ (a + 6) + tan~* (a — h), 

786. Given sin (il + ^) = ^ sec (il - 5), 

and sin(-4--5)= — sec(-4 + ^); 

find A and ^. 

787. -4 and B are two arcs of a circle, radius unity ; find 
them, if 

sin A - - tan A ,^ 

788. Show that> in a plane triangle, ABC : 

sin -4 __ sin j5 _ sin (7 
a b c ' 

A /a. (a — a) , a+6 + c 



_ A /aAa-a) . 

and cos— = ^ / — ^ when a = 

2 V o.c 



2 
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789. The sides of the triangle ABC being denoted by a, 6, c, 

show that 

a' = 6' + c' — 26c cos -4, 

fa (a — a) 
cos 



2 V ' 



he • 

Also, find the least and greatest angles of the triangle ABC, to 
the nearest second, by means of the formula for the tangent of 
half an angle, when 

AB = 2264^, BC = 1854, AC= 2016. 

790. Two sides of a plane triangle are 10 and 20 and the 
included angle is 60°; find the remaining angles and side without 
the use of tables. 

791. In a plane triangle given a = 584-7328, 6 = 367*4001, 
and B = 37° 42' 15" ; find the remaining angles and sides. 

792. Ay B, C ; a^h, c being the angles and sides opposite to 
them in a plane triangle, prove the relations 

""^ ^ = 26c > 
and thence prove that 

2 V s,(8-a) ' 
and a = (6 — c) sec 6, 

if ^ = tan-{^-|^V(H}. 

and also c = (a + 6) cos ^, 

« 

^ C 
2 cos - - 
2 
if sin <i = 7— Jicbb), 

Prove also that the perpendicular let fall from C upon c may 

be expressed by 

a' sin ^ + 6" sin -4 

7 . 

a + 
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793. The three sides of a plane triangle are 3050, 7854 and 
5398 j find its angles. 

794. Wishing to know the height of the crest of the parapet 
of an inaccessible fortress above the spot on which I stood, I 
measured its angle of elevation above the horizontal plane through 
that point, and retreating 350 yards up a slope inclined 10^ to the 
horizon, I measured the corresponding angle of elevation; what 
was the height of the observed point above the horizontal plane 
passing through the first station, supposing the measured angles 
of elevation to have been respectively 15''^7'4(r and 12^32' 10"1 

795. Wanted to know the distance between the flanked 
angles of two adjacent bastions G and 2), of a besieged fortress; I 
measured a base line AB=iZ50 yards, and then found that the 
angles subtended at each extremity of the base by the line CD, 
were (7^2) = 28* 37' 40", (7-SZ> = 25* 1 8' 50", and that the angles 
CAB and ABD were respectively 96* 10' 20" and 92*17'lO"; what 
was the distance CD% 

796. Wanting to find the breadth of a river having a straight 
course; I measured a distance of 500 yards along its bank, and 
then found that the angle between the point from which I started 
and an object immediately opposite on the other bank was SO*; 
what was the breadth of the river? 

797. At what distance from the foot of the escarp must the 
lower end of a scaling ladder, 40 feet long, be placed, in order 
that the other end may just reach the top of the escarp which is 
inclined at an angle of 85* to the horizon; the vertical depth of 
the ditch being S5 feet ? 

798. Show that if r be the radius of the earth, h the height 
of the eye above the sea, and D the depression or "dip" of the 
sea horizon below the plane tangential to the surface of the earth 

, . 7^ M^r + h)h} , 
at the place of observation; then tani> = ^*^ ^ S and, prao- 

c. "^ 
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tically, h being very small compared with r, tan D=^ / — ; or if 
h be taken in yards, and r be assumed = 396O miles, then 



tanZ> = 



2640 * 



799. The top-gallant-mast truck, 120 feiet above the water- 
line of a man-of-war coming into port at the rate of 10 miles an 
hour, was first seen on the horizon at 8*'45"'a.m. by a person 
swimming near the water's edge; and at 10*^6"* a.m. she cast 
anchor : find an approximate value for the radius of the earth. 

800. The angle subtended at a certain point S by the line 
joining the flanked angles of two alternate bastions A and (7 of a 
fortress was found to be 38" 17' 40", and the angle between A and 
the flanked angle B of the intermediate bastion was 26° 45' 10": 
and by a plan of the place it was found that the distances of these 
three points were AB = BC= 360 yards and -4(7= 600 yards; what 
was the distance of S from B ? 

801. Show that if, in a regular fortification, the length of the 
curtain be c, that of the flank of the bastion fy the distance be- 
tween the angles of the shoulder of two adjacent bastions c?, and 
the angle which the lines of defence make with the curtain a ; 
then, when the lines of defence are perpendicular to the flanks, 

/= 7r~' — *^^ ^= 



cosec a - 2 sin a cos 2 a 

802. At a point P, near the top of Woolwich Common, and 
in a line with the flagstaff at the mortar battery F and the east 
chimney in the dockyard E, the horizontal angular distance of 
these from the west chimney W was observed to be 16** 55' 25"; 
find the distance of P from each of the three objects, supposing 
their mutual distances to be J^^=1108, FW= 119.0 yards, and 
-&'ir= 645 yards. 

803. At each extremity of a base AB = 758 yards, the angles 
between the othei; extremity and two remarkable objects C and 
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D were observed, viz. (7i(-S = 103'* 50' 41", i)il^= 53M7' 24", 
DBA = 85* 47' SO", and OB A = 46' 13' 27"; find CB. 

804. Having measured a base il-ff= 5038*127 feet, I took at 
each station the angles subtended by the other and each of two re- 
markable objects C and Z>, viz. (7^J5=74*l6'30", Z>i4^=23"l7'52", 
DBA^ 87''^!' 13", and CBA^4>V IS' 20''; find the distances CD, 
AD &nd AG. 

805. At a station -4, T found that the angle of elevation of 
the top of a tower which I knew to be 200 feet above the hori- 
zontal plane passing through -4, was 52® 21' 30", and at another 
station B, in the vertical plane through the tower and -4, I found 
the angle of elevation to be 28' 15' 41", and the angular distance 
between A and the top of the tower to be 1 9° S6' 20". What was 
the direct distance from ^ to ^, and their difference of height ? 

806. Wishing to determine the distance between two build- 
logs A and G (each of which, as well as eveiy part of the line 
joining them, is inaccessible to me), and also the distance of a 
particular station B from the line -4(7, I measure a base BD =650 
yards in a perpendicular direction towards -4(7; I observe also the 
angles 

GBD = 42' 27' 1 5", GDB = 1 14' 16' 30" and ADB= 125' 38' 20" : 

what are the required distances ? 

807. The elevation of a tower standing on a horizontal plane 
is observed, and, at a station p feet nearer to it in a direct line, 
the elevation is found to be the complement of the former. On 
advancing q feet nearer still, the elevation is found to be double 
the first ; show that the horizontal distance of the steeple from 

the last station is ^ and its height 



j{ip^,)--i]- 



^—\ 
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808. Find the honzontal distance between the flanked angles 
of two bastions G and i> of a besieged fortress, from the following 
horizontal angles measured at the extremities of the horizontal 
base AB, 800 yards in length : viz. 

(7.15 = 97" 32' 10"; i)^J5 = 53' 57' 20"; C^il = 32" 2' 10", 

and i>^^ = 68M'15". 

809. From the top of a cliff 108 feet high, the angles of de- 
pression of the top and bottom of a cliff which forms the opposite 
bank of a river are observed to be SO" and 60" respectively ; find 
the height of the opposite cliff, and the breadth of the river. 

810. From the bottom of a martello tower 50 feet high, the 
angle of depression of a ship at anchor was found to be 25" 17' 20", 
and, from the top, 31" 12' 30"; find the direct distance of the ship 
from the top of the tower, and the. height of the cliff on which 
the tower is built, above the sea- level. 

811. From the top .4 of a tower AB, standing upon the 
summit of a hill, the slope of which, BCB^ is inclined to the 
horizon at an angle a, the depressions of two objects G and D 
were observed to be ^ and y respectively. Find the distance be- 
tween the objects ; the height of the tower being h, 

812. From the top of a hill the angles of depression of two 
objects in the plain at its base were observed to be 45® and 30°, 
and the horizontal angle between them was also 30"; find the 
height of the hill in terms of the distance between the objects. 

813. Wishing to know the breadth of a river from A to -ff, 
I measured from A a distance of 150 yards, to a point G on the 
prolongation of the line BA, and then measured 200 yards to a 
point i> on a line at right angles to BAG ; from this point the 
angle BDA waa found to be 37" 18' 30". Find the breadth of the 
river. 
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814. Two conspicuous headlands are observed from the deck 
of a ship, sailing due east, to bear GS"" 21' !(/' and 24^" 1?' 30'\ 
respectively, to the northward of the ship's course; and, after 
sailing 8 miles, the corresponding angles were observed to be, 
151' 16' 20" and 97* 12' 15". Find the distance of the headlands 
from one another, and from the ship at the first observation. 

815. A river flows between two towers, one of which is 40 
feet high : from its summit the angle of elevation of the top of 
the other is found to be 2* 15' 30"; and from its base the cor- 
responding angle is 10" 18' 15": find the height of the other tower, 
and the breadth of the river. 




816. To determine the distance of 
a battery at A from a fort F, a dis- 
tance AB = 200 yards was measured in 
a direction at right angles to that of 
AF. Walking from ^ in a straight line 
towards F, a pole was placed at a con- 
venient station C ; the distance AG was 
then measured and found to be 178 b 
yards, and the angle BAG was 27* 50'; find the distance of the 
fort F from either station A or (7. 

817. In a besieged city two con- 
spicuous forts F and Q were visible from 
two batteries at A and B outside the 
city; the distance AB between the 
batteries was 1080 yards, and at A 
and B the following angles were ob- 
served, viz. 

BAF = 80* 10' 1 5", ABQ = 85* 23' 41", 

BAQ = 42* 17' 29", ABF = 38* 51' 26"; 

determine the distance PQ between the forts, and if QP and BA 
were produced to meet, find at what angle they would intersect 
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818. !From the extremities, A and B, of a base-line 3070 
yards long, the horizontal angles subtended by two distant objects 
C and D were observed, viz. 

J9J[ (7 =^ 41 * 24' 30'; GBD = 33° 47' 1 5", 

CAB = 48'' 35' 30", DBA = 27° l& 20" ; 

it is required to find the horizontal distance DC. 

819. The distances between the points -4, J?, C in a fortress 
are known, and at another point F in the same plane as Ay B, (7, 
the angles APC and BPG are observed : find the distance of P 
from each of the points A, B, C; supposing JLB = 400 yards, 
AC =600 yards, BC = 300 yards, the angle AFC=36^4>0' and 
BFC= 11° 20', the points C and F being on the same side of the 
direct line from A to B. 

820. The triangle BAB is in a horizontal plane, and T is 
an elevated object 103*517 feet vertically above B; the angle 
TAE= 13' 23' 20", TBB = 17' 41' 30", and ABB^^l"" 19' 40"; 
find^^. 

821. From the extremities A and B of a, wall 500 yards 
long, running north and south, the distance between two objects 
C and J) subtends equal angles of 30', and it is found that C is 
due east of A and north-east of B, Find the distance between C 
and D, D being observed on the right of C from both ends of the 
wall. Without the use of Tables, 

822. From the top C of a cliflf 600 feet high, the angle of 
elevation of a balloon B was observed to be 47' 22', and the angle 
of depression of its shadow S upon the sea was 6l' 10' ; find the 
height of the balloon, the altitude of the sun being 65° 31', and 
By S and G being in the same vertical plane. 

823. The angle of elevation of the top, (7, of a tower on a 
hill observed at a point -4 is 13' 17' 20", and at a point B (not in 
the vertical plane passing through G and A\ the angle of elevation 
is 22' 35' 15", the angles CBA and GAB are observed to be 
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G5" 14' 30" and 47^32' 10" reppectively, and the difference of level 
of C and A is known to be 500 feet; find the distance AB, and the 
difference of level of A and B, 

824. Two sides A (7, BCy of an equilateral triangle, subtend 
angles of SO® and 45° at a point D-, find the distances DA, DB, 
DOy supposing DC to fall between A and B^ B and C to be on 
opposite sides o{ AB, and the side of the triangle to be 10. 

825. The angle subtended by a diagonal of a square redoubt 
from a point in the prolongation of the other diagonal was found 
to be 21° Sg' lO'', and at a point on the same line, 200 yards 
nearer to the redoubt, the corresponding angle was 28° 17' 15"; 
find the side of the redoubt. 

826. A circular reservoir subtends at a certain point an 
angle of 34° 22' 18", and advancing 150 yards directly towards its 
centre, I find it subtends an angle of 72° 18' 30"; find its dia- 
meter. 

827. From the top of a tower 113*786 feet high the angles of 
depression of the top and bottom of a column standing on the 
same horizontal plane as the tower were found to be, 32° 15' 20" 
and 68^ 54f' 33" respectively ; find the height and distance of the 
column. 

828. The distance between two horizontal parallel telegraph 
wires running N.W. and S.E., and vertically above one another, 
is 4 feet, and at noon the perpendicular distance between their 
shadows on a horizontal plane is 6 feet ; find the altitude {i, e, the 
angle of elevation) of the sun. 
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829. The lengths of the perpendiculars let fall from points in 
an irregularly curved line of fence upon a straight line of 5*86 
chains, at equal distances from each other, are found to be 93, 84, 
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72, 68, 43, 54, 37, 29, and 23 links; find the area included be- 
tween the extreme perpendiculars which fall upon the ends of the 
straight line. 

830. The sides of a quadrilateral, taken consecutively, are 
2416, 1712, 1948 and 2848 ; the angle between the first two is 
30^, and that between the last two 150^; find the area of the 
figure. 

831. Find an expression for the area of a triangle whose 
sides are a, h and c. 

832. Find the area of a triangular field whose sides are 7 '32 
chains, 4*57 chains, and 5*48 chains. 

833. Find the number of acres in a triangular field whose 
sides are 10*42 chains, 8*74 chains, and 12*63 chains. 

834. Three sides of a triangle are 6, 6+ ^2, and 6 — ^2 ; 
find its area. 

835. The area of a right-angled triangle is 84*5 square feet, 
and one of its sides is 39 inches; find its hypothenuse. 

836. The area of a triangular field is 14 acres; find its sides, 
which are known to be in the ratio of 3, 5, and 7* 

837. A quadrilateral field ABCD has its sides AB = 6 chains, 
BC=% ch., (72> = 8 ch., AD = 9 ch., and its diagonal, ^2> = 12 ch. ; 
find its area in acres. 

838. A mahogany plank 24 feet in length, is 18 inches wide 
at one end and 15 at the other; the plank is cut across at a dis- 
tance of 3 feet 6 inches from the broader end : how many square 
feet are cut off the plank, and how many are in the whole plank? 

839. The floor of a room is a regular octagon, the distance 
between any parallel sides being 20 feet ; find the area in square 
yards. 

840. The base of an isosceles triangle is 20, and its area is 
i;^; find its angles. 
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841. The parallel Bides of a trapezoidal field of 25 acres are 
10 chaiiis and 15 chains respectively: find the perpendicular dis- 
tance across the field. 

842. A trapezoidal field of which the parallel sides are 
579 links and 854 links, and the perpendicular distance between 
them 723 links, is let at £4. lOs. per acre; what income does 
it produce ? 

843. The sides of a triangle are 2 + J2, 2 - J2, and 3 ; find 
its ai'ea. 

844. Find the area of a regular polygon in terms of its side s, 

845. The sides of a right-angled triangle are 3, 4, and 5 ; find 
the area of the space contained by the segments of the sides 3 and 
4, and the arc of the inscribed circle included between these 
segments. 

846. Express the area of a regular plane figure in terms of a 
the length of the side, and n the number of sides : and apply it to 
the determination of the area of the equilateral triangle, the 
square, and the regular pentagon, whose sides are each 10 imits in 
length. 

847. Deduce the expressions for the areas of the regular 
polygons of n sides circumscribing and inscribed within the circle 
whose radius is r ; and thence show that they haye to one another 

tiie ratio of 1 to cos' . 

n 

848. Show that the area of a regular polygon of n sides is 

equal to — . cot : where a is the len^h of its side. 

^ 4 w 

849. Find the area of an isosceles triangle, each of whose 
equal sides is 50, and each of whose equal angles is 75^ 

850. What must be the diameter of a carriage-wheel in order 
that it may make 500 turns in a mile) 
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851. A regimenty advancing in open column of companies, is 
wheeled by successive companies to the left; show that the dis- 
tance, in paces, lost by each company during the wheel, is two- 
fifths of the number of files in the company, supposing the ratio 
of files to paces to be 10 to 7? &nd that the right file of each com- 
pany takes exactly the fiill pace. 

852. The driving-wheel of a locomotive engine being 6 feet 
in diameter, determine the number of strokes made per minute 
by each piston, when the train is running at the rate of SO miles 
an hour; two strokes of each piston causing one revolution of the 
driving-wheel. 

853. Prove that the area of the largest circle which can be 
«ut from a regular hexagon is three times the area of the circle 
described on one of the sides as a diameter. 

854. What is the area of the sector of a circle whose arc of 
J24® measures 10 feet] 

855. Ten persons dine at a circular dining-table ; what is the 
area of the table-cloth, supposing each person to occupy 2 feet of 
the circumference of the table, and that the cloth overlaps 15 inches 
on each side ? Find also the area imoccupied when a dinner plate 
of 10 inches diameter is placed before each person. 

856. Find the area of the remaining portion of a circle whose 
radius is 20 inches, when a segment having an arc of 25°, has been 
cut off from it. 

857. Find the area of the segment of a circle whose height 
is one-half of the radius, when the radius of the circle is 1 foot. 

858. . Find the area of a segment of a circle whose base is 
54 and height 10. 

859. A regular hexagon is inscribed in a circle whose radius 
is 10 inches, and another is circumscribed about it; find the area 
of the latter, and show that the area between the boundaries of 
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the hexagons is equal to one-third of the area of the inscribed 
%are. 

860. If a regular hexagon, a square, and an equilateral 
triangle be inscribed in a circle, the square described upon the 
side of the triangle is equal to the sum of the squares described 
upon one side of each of the other two figures. 

861. Show that the area of a regular polygon inscribed in a 
circle is a mean proportional between the areas of two polygons of 
half the number of sides inscribed within and circumscribed about 
the same circle. 

862. The exterior diameter of the outer ring of a circular 
target is 5 feet, and it is divided into 6 concentric rings of equal 
breadth, alternately white and black, the outer ring being white ^ 
find the number of square feet of white paint in the target. 

863. Find the area of the sector of a circle whose arc of 20^ 
is 18 inches long. 

864. Find the area of a circular segment whose height is 
7 inches and its base 3 feet. 

865. The angular points of an irregular pentagon are each at 
a distance of 100 yards firom a certain point within it; and at 
this point the sides taken in order subtend angles of 45^, 60^, 90^ 
45^, and 120^; find the area of the pentagon and the length of 
each of its sides, without using tables. 

8G6. If a regular hexagon be placed within an equilateral 
triangle, so that three of its sides are upon the sides of the tri- 
angle, show, analytically, that the areas of the figures will be as 
their perimeters, and that the areas of their circumscribing circles 
will be as 1 : 3. 

867. A and B are two points in the circumference of a cir- 
cular pond of water, and a dyke from ui to j& is to be made so as 
to cut off the smaller part of the pond. If the circumference of 
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the whole pond be 100 yards, and the length of the dyke AB be 
18 yards, how many square yards will the surface of the pond 
now occupy] 

868. The paving of a circular court cost £50, at the rate of 
3s. 4td. per square yard; what is its circumference in feet? 

869. Show that the ratio of a square to its circumscribing 
circle is 2 : isr. 

870. Prove that the areas of two sectors of circles are equal 
when their angles are inversely proportional to the squares of their 
radii 

871. Having a cord 20 yards long, and wishing to know the 
area of a circular reservoir, of which only a portion was accessi- 
ble, I found that when the cord was stretched between two points 
on its margin, the perpendicular distance from the point of bisec- 
tion of the cord to the nearest point of the circumference was 
1*716 yard. What was the area of the reservoir] 

872. If a be the length of an arc of a circle (radius r), and 
a the number of degrees in it, find the area of the corresponding 
segment. 

873. A circular building is to be erected on a triangular plot 
of ground, the sides of which are 40, SO, and 50 yards ; find the 
radius of the circle so that the unoccupied external area may be 
one-tenth of an acre. 

874. If, in a wire rope, the diameter of each component wire 
be d inch, find the number of wires in each square inch of section 
of the rope; and show thence, that, if the circumference of the 

rope be C inches, the bearing area of the section will be —.- . 

875. Divide the surface of a sphere into four zones of equal 
surface ; and find the angular breadth of each zone. 

876. Find the surface exposed to the force of the exploding 
power in a 13-inch shell whose thickness is 1*85 inch* 
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877. The length and breadth of the rectangular base of a 
wedge are a and b inches respectively, and the length of its edge 
is inches. If V be its volume, and h the perpendicular distance 
of any point in the edge from the base of the wedge, prove that 

whether c be greater or loss than a, 

878. A cylinder and a hemisj)hcre have equal circles for their 
baises j find the form of the cylinder in order that its volume may 
be one-half of that of the hemisphere. 

879. A brass gun was struck by a spherical shot : a section 
across the middle of the wound being a segment of a circle, the 
base of the segment was found to be 6 inches and its depth 1 inch; 
find the weight of the shot which made the wound, the 9-lb. shot 
being 4 inches in diameter. 

880. Show that if cif be the diameter of a round shot which 
weighs p pounds, E and r tlie nidii of the exterior and interior 
spherical surfaces of a shell, then the weight of the shell, in 
pounds, will be expressed by 

881. If a cone, the diameter of whose base is equal to its 
slant height^ be enveloped in a sphere, and the sphere be enveloped 
in a cylinder, show that the respective volumes are os 9 * ^^ * 48, 
and that their complete surfaces are as 18 : 32 : 48. 

882. A sphere of lead, 2 inches in diameter, is placed within 
an inverted, hollow, regular hexagonal pyramid, 3 inches in the 
side and 5 inches deep; find the quantity of water which can be 
poured into the pyramid, and also the quantity when the sphere 
is just covered. The axis of the pyramid being, in both cases, 
vertical. 
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883. It is required to construct a cylindrical gallon measure 
having a hemispherical bottom, the total d^th being 12 inches: 
the imperial gallon being 277*274 cubic inches. 

884. A cylindrical vessel 5 inches high and 10 inches in 
radius has three heavy spheres placed within it which rest at the 
bottom, touching each other, the bottom, and the curve surface of 
the cylinder; find the number of cubic inches of water which can 
be poured into the cylinder. 

885. A sphere is placed within a triangular equilateral pyra- 
mid, or regular tetrahedron, and is found to touch all its sides; 
find the volume of the sphere, the side of the tetrahedron being 
1 foot. 

886. A tank or cistern for holding water is in the form of 
the frustum of a pyramid, the length and breadth of its rect- 
angular bottom are 10 and 6 feet, and it measures 15 feet by 9 at 
top ; how many gallons of water will it hold, supposing its depth 
to be 4 fb. 6 in. ? 

887. Find the capacity of a cylindrical pontoon having hemi- 
spherical ends, its extreme length being 22 feet, and the length of 
the cylinder 19 feet, 

888. Find the number of cubic feet of air in a conical tent 
10 feet high and 14 feet in diameter. 

889. A 13-inch shell weighs nearly 200 lbs., the thickness of 
the shell being 2 inches; find the thickness of the 36-inch shell 
which weighs 26 cwt. 

890. Find the number of cubic feet of air in a rectangular 
hut, with a sloping roof; the sides of the base being 80 feet and 
25 feet, the height to the eaves 10 feet, and to the ridge of the 
roof 15 feet. 

891. Find the quantity of gas contained, after firing, in the 
bore of an 8 -in. gun at the instant the centre of the shot passes 
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the plane of the muzzle, the total length of the bore, which is ter- 
minated by a hemisphere, being 8 fb. 7 in* 

892. A hemisphere, radius 2r, has a cylindrical hole, radius r, 
bored through it perpendicularly to the plane of its base ; the axis 
of the cylinder coinciding with a radius of the hemisphere. Find 
the remaining volume. 

893. "What quantity of paint would bo required to paint the 
8-inch shells in a square pile of 15 courses, supposing that 1 lb. of 
paint will cover 100 square feet ] 

894. The mound on the field of Waterloo is 200 feet high, 
and is in the form of a cone, having the inclination of its sides to 
the horizon 30^; find its content in cubic yards, and its surface in 
acres. 

895. The diameter of the 9 lb. solid shot being 4 inches ; find 
the diameter of the 12 lb. and 24 lb. shot; and the thickness of 
the 13-inch shell which weighs 196 lbs. 

890. A cylindrical pontoon 2 feet in diameter, having conical 
ends, is so far sunk under water that there is a mean pressure of 
2'S lbs. upon each square inch of its suiface; find the total pres- 
sure, the extreme length of the pontoon being 1 4 feet, and the 
height of each cone being equal to the diameter of its base. 

897. The sides of a circular reservoir are inclined at an angle 
of 30^ to the horizon, and the diameter of the horizontal bottom is 
70 feet; find the number of gallons contained in it when the water 
18 10 feet deep. 

898. Find the solidity of the frustum of a cone, the diameters 
of whose ends are 5 and 2, and the height between them 4. 

899. What must be the thickness of an 8-inch shell in order 
that it may weigh 54 lbs. when unloaded; the 9 lb. shot being four 
inches in diameter ? 

900. Find the weight in grains of a bullet in the form of a 
cylinder and cone upon a common base *6 inch in diameter; the 
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altitude of the cone being one-fourth of that of the cylinder, the 
total length of the bullet being 1*25 inch, and the weight of a 
cubic inch of lead 6 '57 oz. 

901. Show that the capacity of a tent, considered as a prism 
of n sides surmounted by a pyramid, whose heights are respec- 
tively h and h^ and length of side a, is 

/oL X X w-a* X 180« 
(Sh + hj . . cot . 

902. What is the content of a cylindrical pontoon having 
hemispherical ends, its extreme length being 20 feet and diameter 
3 feet? And what is its weight, supposing its thickness to be 
one-sixteenth of an inch, and a cubic foot of its substance to weigh 
4cwt.] 

903. Find the content of the bore of a gim 5 feet long and 
4*5 inches in diameter, the end at the breech being a hemisphere 
of the same diameter. 

904. The 9 lb. iron shot is 4 inches in diameter, and a cubic 
foot of water weighs 1000 ounces: find the weight of a 13-inch 
iahell when filled with water, supposing its thickness to be 1*8 
inch. 

905. Find the weight of a 36-inch shell, 4 inches thick; sup- 
iposing the 9 lb. shot to be accurately 4 inches in diameter. 

906. The present 13-inch shell which is 1*85 inch thick, 
weighs 1 96 lbs. ; what would be its weight if the thickness were 
diminished to one inch ? 

907. Show that the volumes of spherical shells of the same 
thickness are proportional to those of conic frusta, of equal 
heights, which have the diameters of their ends proportional to 
the external and internal diameters of the corresponding shells, 

908. Show that if a gun or mortar have a conical chamber 
the sides of which are inclined to the axis of the gun at an angle 
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of 30**, the aYailable space for the charge of powder, when the shot 
is in contact with the sides of the chamber, is one-eighth of the 
volume of the shot. 

909. A heavy sphere is just immersed in a conical glass full 
of water; find the quantiiy of water in the glass, which is 4 inches 
deep, and 6 inches in diameter, 

910. Find the volume remaining of a sphere of 16 inches 
radius, after a circular hole 8 inches in radius has been bored 
directly through its centre. 

911. Assuming a cask, 41 inches long, (measured from head 
to head, externally, over the side) to be formed of two conic frus- 
tums having a common base; find the weight of water contained 
in it when the diameter of the head is 21 inches and the circum- 
ference at the bung is 7 feet, both measured externally, and the 
thickness of the wood is *5 inch, assuming the cubic foot of water 
to weigh 1000 oz. 

912. Find the weight of a 14-inch shell made of lead 2 inches 
thick; the weight of the 13-in. iron shell which is 1'8 in. thick 
being 196 lbs., and a cubic foot of lead being to a cubic foot of 
iron, as 100 to 64. 

913. The slant height of a frustum, cut from a pentagonal 
pyramid whose slant height is 10 inches, is found to be 7*5 inches, 
and each side of the base is 4 inches; find the content of the. 
frustum. 

914. "What must be the thickness of a 36-in. shell, in order 
that it may weigh 1 ton; supposing a 13-in, shell to weigh 200 lbs. 
when 2 inches thick ? 

915. Divide a cone into three equal parts by planes drawn 
parallel to its base. 



C. 
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SPHERICAL TRIGONOMETRY. 

916. State "Napier's Rules," and apply them to the deter- 
mination of formulae for the solution of a right-angled spherical 
triangle in which A and b are given, and G is the right angle. 

917. Prove that in every right-angled spherical triangle, 
whose right angle is c, 

cos c = cos a . cos 5, and cos A = tan b . cot c. 

918. The side a and the hypothenuse c of a right-angled 
spherical triangle A£G being given, write down the formulae of 
solution for the angles and remaining side. 

919. Prove that in every spherical triangle, 

cos c = cos a , cos b + sin a . sin b . cos G ; 
and show that, if tan — tan a . cos (7, this reduces to 

cos c = cos a . cos (b — O), sec 0, 

920. Show, that, in a quadrantal triangle, cos (7=— cot a . cot 6, 
when c is the quadrantal side, 

921. Assuming that in an oblique-angled spherical triangle 
A,B,G: 

cos-(a-6) 
tani(^+J5) = -^ cot|, 



cos^(a + 6) 



prove tjiat 



c 



^ cosliA^B) 

tan-(a + J) = — — tan^. 

cos-(-4 + ^) 

922. Find the area of a spherical triangle whose angles are 
79"* 10' 20", 57' 43' 2" and 43° 7' 18", on the surface of the eaii;h 
whose radius is, approximately, 8000 miles. 
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923. Prove, from first principles, that, in a right-angled 
spherical triangle ABG^ haying the right angle at C : 

cos c =3 cos a . cos h, 

924. By the application of " Napier's Eules," write down the 
values of the sides and of the remaining angle of a right-angled 
spherical triangle in terms of the hypothenuse c, and one of the 
angles, B, 

925. Prove that, in an oblique-angled spherical triangle, 

cos h . cos c — cos a 



COB A = 



sin a . sin 6 



and thence determine the value of sin - ^ in terms of the sides. 

2 

926. Show, from first principles, that in a right-angled spheri- 
cal triangle ABGy having the right angle at G, 

cos c = cot A . cot B, 
and sin a = sin ul . sin c. 

927. The spherical triangle ABG has one of its angles AGB a 
right angle, and the sides opposite to Ay Bj G are a, 6, c respec- 
tively ; prove the following properties : 

(1) tan 6 = tan ^ sin a; (2) cos ^ = cos 6 sin X 

928. Show by " Napier's Rules," that the altitude of a regular 
tetrahedron whose side is 9, is - J6, 

o 

929. The sides and angles of a polar spherical triangle are 
the supplements of the angles and sides respectively of its primi- 
tive triangle. 
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930. Show that in a right-angled spherical triangle 

sin (c — a) . sin (c + a) = cos' a . sin' b, 
c being the hypothenuse. 

931. In a spherical triangle, given 

a = 148'' 25' S4", b = 149** SV 48", and (7= 109'' 57' 57"; 
find the values of A and B. 

932. Investigate Napier's "First Analogies," and show how 
the " Second Analogies" may be determined from them. State to 
what cases of solution of spherical triangles they are applicable. 

933. Show that in a right-angled spherical triangle ABC, 

sin a . tan - -4 — sin 5 . tan - jB = sin (a — 6), 
C being the right angle. 

934. Show, from first principles, that, in an oblique-angled 
spherical triangle, 



A /sin (s — b) sin (s - c) 

*^^-5"= a/ — ^^ ^/ — T-- 

2 \ sm 8 . sm (8 ~ a) 



935. Show that in a spherical triangle 

cos c =.cos^ . cos 6 + sin a . sin 6 . cos G ; 

show what this becomes iii the case of a right-angled triangle of 
which c is the hypothenuse ; and obtain the same result by the 
application of " Napier's Rulas." 

936. The angles at the vertex of a triangular pyramid are 
37° 15' 45", BS"" 22' 17" and 48° 33" 20"; find the inclinations of 
its planes to one another. 

937. The plane angles at the vertex of a triangular pyramid 
are 33° 14' 20", 42° 25' 50", and 50° 17' 10"; find the inclinations 
of its sides to one another. 
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938. A pair of compasses, opened so that the legs include 
an angle 2a, have the points placed upon a table so that the 
plane of the compasses is inclined at an angle fi to the plane of 
the table. Show, by " Napier's Eules," that, if tf be the inclina- 
tion of each leg to the plane of the table, 

sin = sin /} . cos ou 

939. Solve completely the spherical triangle in which 
ul = 34^7' 40", = 65^22' 30", and 6 = 57'' 32' 10". 

940. The elevation of the top of a tower, seen from a point 
in a level straight road, is 10^, and the horizontal angle between 
the tower and the road is 60°; find, by Spherical Trigonometry, 
the greatest elevation the top of the tower can have from any 
point in the road. 

941. -4, B, C are three points upon a plane inclined at an 
angle of 34** 16' 20" to the horizon ; the line AB is horizontal, and 
AC is inclined 17® 52' 5" to the horizon : find the angle CAB. 

942. Af B, C being three places on the surface of the earth 
the distances of which from one another are known, and U the 
position of a balloon above the earth ; the angles AUB, BEC, CEA 
were measured at the instant when the balloon was vertically over 
the line AB, Show how, by the solution of two spherical triangles 
and three plane triangles, the height of the balloon may be deter- 
mined, and give the necessary working formulae. 

943. Two of the plane angles forming a trihedral solid angle 
are 30° and 60** degrees respectively, and their planes are perpen- 
dicular to one another ; find the remaining angle and the inclina- 
tion of its plane to those of the other angles. 

944. The altitude of a regular pentagonal pyramid is to the 
slant height as Js : 2 ; find the inclination of its sides to one 
another, by the solution of a spherical triangle. 

945. If a cube be cut by a plane which passes through the 
three diagonals of its adjacent faces, find the inclination of the 
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plane to those faces^ bj the solution of a right-angled spherical 
triangle. 

946. Two straight lines are drawn fit)m a point in the inter- 
section of two planes, one in each plane, making angles of 30** and 
60® respectively with the intersection ; find the angle between the 
lines when the planes are perpendicular to one another. 

947. If A and B, two of the angles of a spherical triangle, 
be right angles, show that the area of the triangle is 

— — X (sur^Eice of sphere). 

948. Two sides of a triangle on the surface of the earth are 
20 miles and 40 miles respectively, and the angle included between 
them is 57® 18' 10"; find the remaining angles, and thence, the 
area of the triangle, the radius of the earth being assumed 4000 
miles. 

949. Show that if JS"' be the spherical excess in a triangle of 
which the area in feet is A, and B be the radius of the earth 

inmae8,^' = ^^-^^. 

950. Find the area of the triangle ABO upon a sphere whose 
radius is 60 inches, where ^ = 54^3^ 20", 6 = 32® 27' 14", and 
c = 45® 50'30''. 

951. Find the angles, the spherical excess, and the area of an 
equilateral spherical triangle, described upon a sphere whose radius 
is 20 feet, each side of the triangle being 60®. 

952. The angles of a spherical triangle upon a sphere whose 
radius is 4 inches, are 70®, 59®, and 81®; find its area. 

953. The sides of a spherical triangle are 121® 15' 45", 
57® 23' 15", and their included angle is 75® 25' 24"; find the 
area of the triangle upon the surface of a sphere of 16 ft 8 in. 
diameter. 
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PKACTICAL ASTRONOMY. 

954. Define the terms "altitude," "azimuth," "right ascen- 
sion/' " declination/' " ecliptic," and " first point of Aries." 

955. The meridional altitude of a star, observed on the south 
side of the zenith, is 57° 18' 6", and the latitude of the place 
37' 14' 6" N. ; find the north polar distance of the star. 

956. The meridional altitudes of a circumpolar star in the 
southern hemisphere were observed to be 19° 32' 7" on the south- 
ern, and 72' 12' 4" on the northern side of the zenith; find the 
latitude of the place and the declination of the star. 

957. By an observer situated on the equator of the earth, 
the meridional altitude of a star was observed to be 27° 13' 24". 
What was the declination of that star ? 

958. The declination of a star is - 21° 37' 15", and the latitude 
of the place of observation 51° 28' 39" N. ; find the meridional 
zenith distance. 

959. The meridional altitudes of a southern circumpolar star 
were observed to be 81° 16' 4" and 13° 15' 10"; find its declina- 
tion and the latitude of the place. 

960. At midnight, March 12, 1853, the R. A. of the moon was 
27'' S9' 19"-2, and her declination 6° 5ff 59"-7 N. ; find her lon- 
gitude and latitude, the obliquity being 23° 27' 32". 

961. At midnight, February 6, 1853, the longitude of the 
moon was 302° 46' 29"-3, and her latitude was 2^ 5& 44"-8 S. ; 
find her R. A. and declination, the obliquity being 23° 27' 31". 

962. At noon, January 18, 1853, the R.A. of the moon was 
40° 54' 24"-75, and her decliimtion 11° 53' 49"-7 K ; find her 
longitude and latitude, the obliquity of the ecliptic being 23° 
27' 31". 
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* 

963. At noon, February 9> 1853, the II.A. of the Moon was 
339° 47' 7"-65, and her declination 13<> 39' 9"S. ; find her longi- 
tude and latitude, with the same obliquity. 

964. The Equation of Time being + 14°^ 53% and the E. A of 
the sun 15^ 27"* 34'; find the Sidereal Time corresponding to 
7^ 33"" 12" mean time. 

965. The Mean Time being 21^ 13"* 27', the Equation of Time 
-9"* 47", and the Sidereal Time 16^ 53"*21» ; find the RA of the 
sun. 

966. The R A of the Sun being 5^ 14" 2", the Sidereal Time 
15^ 37°* 10', and the Equation of Time + 12"* 53' ; find the Mean 
Time. 

967. Find the Sidereal Time of sunset at the autumnal equi- 
nox, and thence the Sidereal Time at the following mean noon; the 
Equation of Time being + 7™ 20' at sunset. 

968. Find the Equation of Time when the Sidereal dock 
marks 15^ 10"* 4', and the Mean Time clock 4»^ 7°" 23', the R.A 
of the sun being 10** 58"* 4" at that instant. 

969. The Sidereal Time of sunrise being 20^ 14"* 37", and the 
R A. of the sun 3^ 5°* 53' ; find the Equation of Time at the fol- 
lowing Apparent Noon, supposing the Mean Time of sunrise to be 
17** Qm Q8^ g^j^^ ^jjg^^ ^i^Q Equation of Time at the previous noon was 
+ 8°* 20'. 

970. Find the mean solar interval corresponding to the side- 
real interval 8^ 43"* 27". 

971. Find the sidereal interval corresponding to the mean 
solar interval 17^ 54"* 30". 

972. The transit of a star on the equator was observed at 
7^ 15"* 43" Mean Time; find the Mean Time of its setting. 

973. The Sidereal Time at Apparent Noon was 21** 14"* 33' ; 
find the Sidereal Time at Q^ 0"* 0" Apparent Time. 
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974. The Mean Time of the traDsit of the first point of Aries 
was lS^56^4i*; find the Mean Time of transit of a star whose 
RA. was ff" IV 37'. 

975. The star Begulus was observed to pass the meridian 
when a chronometer regulated to Greenwich Mean Time marked 
15^ 27™ 32'; what is the longitude of the place of observation, the 
Equation of Time being + 5™ 8", and the R.A. of the sun 17** 

976. At what time does the Sun set at Edinburgh, in lati- 
tude SS"" 5T 0" K, when its decHnation is + 14'^ 46' 0"? 

977. The azimuth of the Sun at setting was found to be N. 
54" 15' 0" W., when i^ declination was + 17'' 32' 10"; find the 
latitude of the place and the Apparent Time of sunset. 

978. The meridional altitudes of a circumpolar star were ob- 
served at a place in the southern hemisphere to be 10° 17' 54" 
and 72' 25' 18"; find the latitude of the place and the declina- 
tion of the star. 

979. The true zenith distance of a Pegasi was observed at 
igh gym gQ. Sidereal Time to be 80' 14' 10" ; find the latitude of 
the place, the II.A. and declination of the star being 22^ 57°" 26* 
and + 14' 24' 55'\ 

980. The sidereal interval between the transits of Arcturus 
across the prime vertical was 2*" 1 7™ S6' ; find the latitude of the 
place, and the Sidereal Time of the star's setting, the E. A. and de- 
clination of Arcturus being 14^ 8"^ 58" and + 19' 5& 5&\ 

981. The altitudes of a southern circimipolar star when on 
the meridian were 14' 27' SO" and 73' 14' 10"; find the decli- 
nation of the star, and the latitude of the place. 

982. The interval which elapsed between the transits of Arc- 
turus across the prime vertical was observed to be 3^ 4°^ 15" ; find 
the latitude of the place, the declination of Arcturus being 
+ 19° 57' 40". 
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983. At a place in Souih America the altitude and azimuth 
of the Sun's centre at 9.3^ 30°" 12' Greenwich Mean Time were, 
Alt 21° 25' 40", Az. 69° 18' 20". Find the latitude and longitude 
of the place; the Equation of Time being 7°^ 42", to be added to 
apparent time, and the declination of the Sun's centre being 
-17"37'29"-5. 

984. The R. A. and declination of a certain star being r and 

8, and its angular distance from the moon when on the equator d, 

show that 

moon's B. A. = r ± a, 

where a is derived from the equation 

cos a = cos d^. sec 8. 

985. At 13^ 17"" 24', Greenwich Mean Time, the altitude 
of the Sun's centre was found to be Sb^ 12' 4" and its azimuth 
S. 42** 38' 10" W. ; find the latitude and longitude of the place 
of observation ; the equation of time being 4"* 15' to be added to 
apparent time, and the declination of the Sun's centre 12° 13' 42" S. 

986. The sidereal interval between the transits of a Ursse 
Majoris across the prime vertical was observed to be 2^ 5S^ 10'; 
what was the latitude of the place of observation, the declination 
of the star being + 62° 32' S&'% 

987. At 16*^ 52"^ 13', Greenwich Mean Tiihe, the star Sirius 
was observed to pass the meridian ; the R. A. of the sun was 
21^ 14"" 38'; the equation of time - 14"* 18': what was the longi- 
tude of the place 1 

988. At 2*^ 1^"* 21'';5, Greenwich Mean Time, the transit of 
the star a Lyrse was observed ; and it was found that the R. A. of 
the sun was, at that instant, 7^ 23™ 16"*2, and the equation of time 
- 5™ 8' -6 : what is the longitude of the place at which the observa- 
tion was made ? 

989. The transit of the Sun's centre was observed at 12*^ 13"" 
4'*2, Greenwich Mean Time, when the equation of time was +10°" 
14"*7 ; find the longitude of the place. 
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990. The transit of P Leonis was observed at 22^ 17" 53'-7, 
Greenwich Mean Time, when the Equation of Time was + S^ 38''8, 
and the RA. of the sun 2** 57"" 14'-1 j what is the longitude ? 

991. At 18** 42°^ 7", Local Mean Time, the First Satellite of 
Jupiter was observed to disappear in the shadow of the planet; 
and, upon reference to the almanac, this phenomenon was found 
to be predicted as taking place at 11^ 51°* 26', Greenwich Mean 
Time : what was the longitude of the place of observation? 

992. The difference of the times of transit of 8 Piscium and 
the Moon's bright limb was observed to be 0^ 27" 21". At her 
Greenwich transit the almanac states that tlieir Il.A.'s were 8 
Piscium 0^ 41°* 2», Moon's bright limb 1** 4°* 56*33, and the change 
of the Moon's II.A. for one hour of longitude was 114 seconds; 
what is the longitude of the place, the star being to the westward 
of the Moon 1 

993. The difference of the times of transit of 6 Virginis and 
the Moon's bright limb, was observed to be 12°* 15"; and the RA. 
at Greenwich transit were, 6 Virginis 13** 2°* 20'-97, the Moon's 
bright limb 13** 32°* 5*'39, and the change of the Moon's R.A. for 
one hour of longitude 136-6*9 seconds; what was the longitude of 
the place, the star being to the westward ? 

994. The star y Draconis was observed, when due east, to 
have an apparent altitude of 64* 31' 10" ; find the latitude of the 
place of observation, and the Sidereal Time, the R-A. and decli- 
nation of the star being 17** 53"^ 12" and 51* 30' 29". 

995. Regulus was observed to be due west at 14** 12°* 27', 
Sidereal Time ; find its altitude at that time, and the latitude of 
the place, the RA. and declination of the star being 10** 0°* 32" 
and 12* 41' 1". 

996. The RA. of Capella being 5** 5°* 50', its altitude was 
observed at 23** 5°* 50" Sidereal Time, to be 27° 42' 10"; what was 
the azimuth of the star, and the latitude of the place ? the de- 
clination of the star being 45* 50' 33". 

997. At 18**0°*0", Apparent Time, the altitude of the sun's 
lower limb was observed to be 17° 16' 39", and the azimuthal 
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angle of his east (or Jsft-homd) limb from a terrestrial object to the 
south. 110° 15' 27"; and his declination and semidiameter were 
found in the Almanac to be 20® 32' 5" K. and 16' 12": what is 
the latitude of the place, and the azimuth of the object, east or 
west of south % 

998. Find the Mean Time of the true sunset in latitude 
49** 13' 27" N. when the Sun's declination is + 18** 5^ 39", and the 
Equation of Time + 3™ 54" ; and find the azimuth of his centre at 
setting. Find also these values in the same latitude south of the 
equator. 

999. The sidereal interval which elapsed between the tran- 
sits of y Draconis over the prime vertical was observed to be 
1^ 17°* 13"'2; find the latitude of the place, the declination of 
y Draconis being + 51° 30' 52". 

1000. The mean solar interval between the observed equal 
altitudes of Antares was ^ 17™ 33' ; find the latitude of the place, 
supposing the observed altitudes to be 54® 17' 27", the declination 
of Antares being 26° 6' 4''. 

1001. The mean solar interval between two observed equal 
altitudes of the Sun was S^ 27"* 16' j the Greenwich Mean Time of 
the fiist observation was 18^ 7"* 26" ; the Equation of Time was 
— 7m 43» ^ the declination at first observation was + 10° 15' 7" and 
the approximate latitude 27° 4' N. ; find the difference between 
the time at Greenwich and the time at the place, supposing the 
diminution of declination in the interval between the observations 
to have been 2' 57" = 177" 

1002. The apparent altitude of a star, whose declination was 
+ SS"" 14' 0", was observed to be 47° 22' 54", when its azimuth 
was 106° 15' 0"; find the time at which it would pass the meri- 
dian, the Mean Time of the observation being 14^ 15°^ 21'. 

1003. The apparent altitude of a star, whose declination was 
+ 15° 7' 43", was observed to be 62° 17' se\ when its azimuth 
was 75° 15' 10"; what was the latitude of the place of obser- 
vation % 
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1004. At 4'' 23", Woolwich Mean Time, on May 19, 1852, 
the Snn was observed to cast no shadow in front or back of the 
Boyal Military Academy; in what direction does the building 
fiwe, its latitude being 51° 28' 28'" K, the Sun's declination 
19^ 44' 21" N., and the Equation of Time + S* 49' 1 

1005. At a certain time, when the B.A. and declination of 
Sirius were &" 38" 36' and - 16° 30' 49", and of Procyon 7^ 31" 31* 
and + 5° 36' 10", it was observed that the true setting of Sirius 
took place 3^ 42" 10' (sidereal) before that of Procyon. What 
was the latitude of the place ? 

1006. The altitude of Regulus was observed to be 16° 31' 5" 
at 9^ 15" 0', and at 11** 43" 8' it was again observed and found to 
be 40° 11' 27" j what was the latitude of the place of observation, 
the declination of Regulus being + 12° 41' 30"? 

1007. At 17^ 51" 6', Greenwich Mean Time, the altitude of 
the Sun's lower limb was observed, after it had passed the meridian, 
to be 62° 58' 54", and the azimuth of the east limb 112° 32' 0"; 
the declination of the Sun's centre was +15° 27' 40", its semi- 
diameter 15' 55'\ and the Equation of Time + 3" 7"; find the lati- 
tude and longitude of the place of observation. 

1008. In south latitude 30° 17' 10", the altitude of /3 Leonis, 
before coming to the meridian, was observed to be 17° 45' 9", and 
its azimuthal distance from a distant terrestrial object to the west- 
ward of it was 60° 26' 23" ; what was the angular distance of 
that object from the meridian, the declination of ^ Leonis being 
+ 15° 24' 14"? 

1009. At a place in Canada, the altitude and azimuth of 
a LyrfiB, before passing the meridian, were observed, at 5^ 14" 10'*6 
Greenwich Mean Time, to be, altitude 1 5° 30' 59", azimuth 47° 42'40". 
Find the latitude and longitude of the place of observation ; and 
thence determine its distance from Quebec (in latitude 46° 49' N., 
longitude 71" 16' W.), and also the bearing of Quebec. The KA. 
and declination of a Lyrae being .18^ 31" 55' and 38° 39' 14"; the 
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E.A. of the sun 11^6^ 18'-5, the Eqiiation of Time +2"* 24'; and 
the radius of the earth 39^6 miles. 

1010. The observed altitude of the Moon's lower limb was 
34° 17' 22", when that of a Arietis was 42° 13' 4?" (to the east of 
the meridian), and their measured distance 21° 3' 18"; the Moon's 
bright limb being towards the star. The Moon's horizontal paral- 
lax was 54' 15" and her semidiameter 14' 49"; find the longitude 
of the place of observation, supposing the distances nearest to the 
above, tabulated in the almanac, to be, at 3^ Greenwich Mean Time, 
20° 22' 21"; at 6^ Greenwich mean time, 21° 27' 54"; and that the 
Local Mean Time of the observation was 15^ 27°" 31", 

1011. The apparent altitude of the Sun's lower limb was 
34° 5' 44", and of the Moon's lower limb 56'' 5& 29", when the 
apparent distance between their nearest limbs was 35° 16' 40". 
Find the true distance between their centres; the Moon's horizon- 
tal parallax being 54' 1 5", and that of the Sun 0' 8". 

1012. The apparent altitude of a star was 20° 13' 26", and 
that of the Moon's upper limb 31° 32' 16", when the apparent 
distance of the star from the Moon's bright limb (which was on 
the side next the star) was 72° 27' 22". The semidiameter of the 
Moon was 14' 54", and her horizontal parallax 54' 26". Find the 
true distance of the star from the Moon's centre. 

1013. The apparent distance of the nearest limbs of the Sun 
and Moon was observed to be 80° 29^ 40'', when the altitude of the 
Sun's lower limb was 72° 9' 50", and that of the Moon's upper 
limb 18° 46' 38": find the true distance of their centres, the semi- 
diameter of the Sun being 16' 10", that of the Moon 16' 38", and 
her horizontal parallax 60' 58"; that of the Sun being as in ques- 
tion 1010. 

1014. The measured distance of a star from the Moon's 
bright limb, which was away from the star, was 18° 37' 58", when 
the zenith distance of the star was 46° 33' 10", and that of the 
Moon's lower limb 58° 47' 23" : what was the true distance, the 
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sexnidiameter of tHe Moon being 16' 23^\ and her horizontal paral- 
lax 60' 21"1 

1015. The distance between a certain star and the Moon's 
centre was observed to be 27* 35' 0", when the altitude of the 
star was 29** 47' 0", and that of the Moon's centre 57° 22' 0"; 
what was the true distance^ the horizontal parallax of the Moon 
beiDg 60' 3'"l 

1016. The apparent altitude of the Moon's centre was ob- 
served to be 16° 26' 0", when that of Venus was 29" 41' 0", and 
their measured distance 98° 15' 31"; the Moon's horizontal paral- 
lax was 60' 35'' and that of Yenus 20"; find the true distance. 

1017. The measured distance of Jupiter from the Moon's 
centre was 120° 18' 46", when the altitude of Jupiter was ob- 
served to be 8° 26' 0"; and that of the Moon's centre 19° 24' 0"; 
the Moon's horizontal parallax being 57' 14" and that of Jupiter 
1^^'5 ; find the true distance. 
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1018. Find the equation to the straight line which passes 
through the points (5 ; — 7) and (— 4 ; 3) ; find the tangent of the 
angle which it makes with the axis of x, and the points where it 
cuts the two rectangular axes. 

1019. Find the distance of the point (3, - 5) from the line 

whose equation is 

2a:-8y + 7 = 0, 

and the angle which this line makes with the axis of x. 

1020. Find the equation of the line which joins the points F 
and QfP being the intersection of the lines 

y^'Jx + 3 and 3y - 5a? = 2 ; 

and Q being the intersection of the lines 

5i/-^4!X = 12 and 6y + 8aj = 4. 
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1021. Find the ai*ea of the triangle whose angular points are 
(3; -2), (5; 4) and (-7; 3). 

1022. Find the equation to the straight line which passes 
through the points (5 ; — 7) and (— 1 j 4). 

1023. The equations of the three sides of a triangle are 

10a5+5y = 4, 2y — 305 = 6 and y = 0; 
find the co-ordinates of its angular points. 

1024. The co-ordinates of the angular points of a triangle 
are for A, (3, -2), for £, (7, 1), and for G, (5, 9) j find the length 
of the perpendicular let fall upon AB from G, 

1025. Find the equation of the straight line which passes 
through the point (5, — 3), and makes an angle of 30° with the 
axis of X, 

1026. Find the perpendicular distance of the intersection of 
the lines 2y — 4a3 = 10 and 3^ + 9a; =— 21 from the line y- 3a; = 1 5. 

1027. Find the intersection of the straight lines whose equa- 
tions are 2y + 505- 3 = and 7y - 3a; + 10 = 0. 

1028. Find the equation to the straight line which passes 
through the point (7, - 5) and makes an angle of 45° with the 
line whose equation is 2y-6x= 3. 

1029. The equation of a straight line is 5aj + 10^ — 7 = 0; 
find its angles of inclination to the axes of x and y respectively ; 
and also the points where it cuts these axes. 

1030. If y = 005 + & be the equation to a straight line, show 
that the length of the perpendicular let fall upon it from the 
point (^, k) is 

k^ah — h 

and show the form which this takes when the equation to a line 
is of the form 

Ax + By-\-G^O. 
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1031. Find the equation of the straight line which passes 
through the point (3, —2), and which is perpendicular to the 
straight line which passes through the points (— 5, 7) a*nd (2^ 5). 

1032. Find the length of the perpendicular drawn from the 
point (8 ; 4) to the line whose equation is ^ = 2a;— 16. 

1033. Find the angle which the line Sy + 6a5-2 = makes 
with the line 2y- 10a; + 7 =0. 

1034. Find the angle included between the lines whose equa- 
tions are 

2a? + 5 = Sy and 4y + So? = ; 

and draw a figure indicating roughly the position of the lines, and 
mark, on the figure, the particular angle you have obtained. 

1035. Show, by oblique co-ordinates, that the three straight 
lines drawn fix>m the angles of a triangle to the points of bisec- 
tion of the opposite sides pass through the same point. 

1036. Find the co-ordinates of the point of intersection of 
the three lines drawn perpendicular to the sides of a triangle at 
their middle points, and show that that intersection is equidistant 
from the angular points of the triangle. 

1037. Show that the straight line which passes through the 
points {h, k), (Aj, k^) intersects the straight line which passes 
through the points (^, —A), (k^y —h^) at right angles; and find 
the point of their intersection when h= 5, k = 3, A^ = — 4, and 
A:, = 2. 

1038. Find the equation to the line which passes through the 
intersection of the lines a; ~ 2y — a = 0, and aj + Sy — 2a = 0, and is 
parallel to the line Sa; + 4y = 0. 

1039. Find the equation of the straight line which cuts the 
straight line passing through the points (7,-1) and (—3, 5), at 
an angle of 45°, and which also cuts the axis of a; at a distance 5 
from the origin. 

C. 8 
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1040. The equations of three straight lines are : 

y = 5a;-7 (1), 

y = 7a?-5 (2), 

y = -4a; + 2 (3); 

find the length of the portion of (3) intercepted between (1) 
and (2). 

1041. Find the distance from (- 3, 7) to (6, — 5) when the 
axes of reference are at right angles to one another; and also 
when they are inclined at an angle of 60°. 

1042. Find the point of intersection of the line y = 5a3 — 7, 
with the line 5y + 05 — 3 = ; and find the angle at which they 
intersect. 

1043. A straight line whose equation isy + a?--5 = cuts two 
others whose equations are 5y — 6a3 — 3 = and y — 05 + 3 = ; find 
the length of the intercepted portion of the first line. 

1044. Show that the measure of the angle contained by the 
two lines y = oo; + & and y = ^^05 + &j is expressed by 

tan :; ^ . 

1 +aaj 

5 

1045. Find the angle included by the lines y = -x, and 

3y + 6o3 — 8 = ; and determine the condition that the lines 
2/ = ax + b, and y = a'o5 + b' may be perpendicular to each other. 

1046. Find the points at which the line 7y - 21a? + 28 = 
cuts the co-ordinate axes, and the angle which it makes with the 
line which passes through the points (3, - 2) and (-4, 7). 

1047. The co-ordinates of the angular points of a triangle 
are (3, 0), (0, 3 J3) and (6, 3 ^3) : find (l) the angles of the 
triangle, and (2) its area. 

1048. Determine in inches the area of the triangle whose 
angles are at the points (7, 2), (4, - 5) and (- 3, 1), measured on 
the half-inch scale. 
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1049. Find the distance from the point (2, - 7) to the straight 
line which passes through the points (- 4, 1) and (3, 2), 

1060. Find the distance of the point of intersection of the 
two lines 7x—5t/=l and 4aj + 2y = 20 from the origin. 

1051. Find the area of the triangle of which (- 1, 2), (4, 4) 
and (6, —3) are the angular points. 

1052. Find the general equation to the cii'cle : 

(1) When the origin is at its centre. 

(2) When the origin is at its circumference. 

(3) When the origin is at any point within or without it. 

1053. Construct the circle whose equation is 

aj" + y'-2a; + 62^ = 3; 

and determine the equation of that diameter of it which passes 
through the origin of co-ordinates. 

1054. A circle passes through the origin of rectangular co- 
ordinates, and through the point (3 ; 7) j its centre is on the axis 
of X : find its equation. 

1055. Find the radii and centres of the circles 

(1) 6a;»-2y(7-3y) = 0, 

(2) Sa?*-6a; + Sy' + 9y-12 = 0. 

1056. Determine generally the points of intersection of a 
straight line and circle, when the origin is at the centre; and 
thence deduce the necessary relation between a, r and b when the 
straight line becomes a tangent to the circle. 

1057. Find the radius and the co-ordinates of the centre of 
the circle whose equation is 

7aj' + 3y" - 4y- (1 - QxY = 0, 

and find the points in which it cuts the axis of x, 

■ 1058. Find the locus of the point to which if straight lines 
be drawn from the angular points of a given triangle, the sum of 
their squares will be a constant quantity s*. 

8— ^ 
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10t)9. Find the equation of the circle which passes through 
the three points (7, 5), (- 2, 4) and (S, - 3). 

1060. Find the equation to the circle which passes through 
the points (7, 4), (- 5, 3) and (1, 7). 

1061. Show that the general equation of the circle becomes 

a' + y'-2ry = 

when the origin of the rectangular co-ordinates is a point in the 
circumference, and the centre is on the axis of ^ j r being the 
radius of the circle, 

1062. The equation of a circle is 

(y* + aO ( 1 + «')* - 26 (aj + ay ) = ; 
find its radius 

« 

1063. Find the equation of a circle referred to oblique axes ; 
and find the centres and radii of the circles 

2/' + a:' + 2y-6a; = 3, 

6x — l 
and St/' + x — - — +6(y-2) = 5. 

1064. Find the equation to the tangent to a circle at a point 
(A, h) in the circumference ; thence deduce the equation to the 
normal, and show that it always passes through the centre. 

1065. The equations of three circles A, B and C are 

i»" + y"=S {A\ 

a;* + y»-6a;-10y + 25 = {B\ 

iC»4.2^-4(4a; + y) + 52 = {C), 

Show that the line joining the centres of A and B is perpendicular 
to that which joins the centres of B and (7. 

1066. Find the equation to the common chord of the two 
circles 

a:' + 2/' = 25 and a;"+y*+6aj-8y = 0. 
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1067. The equation to a circle is 

a* + y* - 605- 12y + 41 = ; 

find its radius, and also the equation to the tangent which passes 
through the origin of co-ordinates. 

1068. Find the angle contained hj those diameters of the 

circles 

a5" + y* + a3 + 2y+l=0, and a* + y" + 2aj + y + 1 = 0, 

which pass through the origin of co-ordinates. 

1069. Determine the equation of the circle which has its 
centre at the point (1, — 3), and which touches the straight lino 

y-2a; + 4 = 0. 

1070. Find the points in which the line y = 5aj + 2 intersects 

the circle 

y* + as" - 4y- ISx = 9 ; 

and the length of the part within the circle. 

1071. Determine the points in which the line y = Saj + 2 

cats the circle 

y'+a*-4aj + 4^=7. 

1072. Find the angle at which a tangent to the circle 

aj» + y"-l6 = 
at the point whose abscissa is — 3, cuts the axis of x, 

D L KG 

1073. ABCD is a rectangle; MK 
and NL are parallel to AD ; 

and AK is joined ; find the locus of P. 
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1074. Investigate the general equation of the conic sections, 
and show how it may be reduced to the form 

which is the equation to the ellipse. 
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1075. Define a parabola^ and from the definition find its 
equation wlien thie origin is a point in the curve and the axis 
of a; is parallel to the directrix ; the abscissa of the focus being a, 
and the distance of the focus from the directrix being 2m. 

1076. Investigate the equation to the ellipse, considered as 
the locus of a point in a straight line of given length, which has 
its extremities in two fixed straight lines at right angles to one 
another. 

1077. Give a general definition of the curves termed conic 
sections; deduce their general equation, and show under what 
conditions it represents each of the three particular curves. 

1078. Determine the major and minor axes, and the eccen- 
tricity of the ellipse 

1079. A straight line moves so as to have one extremity in, 
and to be always perpendicular to another straight line whose 
length is 2r j find the locus of the other extremity, supposing the 
square of the first line to be always equal to the rectangle of the 
segments into which it divides the other. 

1080. Find the locus of the point which is equidistant from, 
the axis of y, and from the point (6, 0). 

1081. The legs of a pair of compasses, standing vertically 
upon a horizontal table, are gradually extended so that the hinge 
descends vertically ; find the locus of the point of bisection of 
each leg. 

1082. If (h, k), (Aj, k^) be two points in a circle whose equa- 
tion is a^ + ^ = r', show that the equation to the straight line 
joining those points may be reduced to the form hx+k^ = r^, 
when h = hj^ and k = k^; and apply this principle to the deter- 
mination of the equation of the tangent to a parabola. 
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1083. Prove that the locus of the intersection of two straight 
lines at right angles to one another, which pass through two fixed 
points, is a circle j find its radius, and the position of its centre. 

1084. If a straight line of given length move* so that its 
extremities are always upon two straight lines at right angles to 
one another, show that any point in it will describe an ellipse 
whose semi-axes are the segments of the line; and explain the 
particular cases in which (1) the point is at the bisection of the 
line, and (2) at either extremity. 

1085. The parabola being the locus of a point which is equi- 
distant from a given point and from a given straight line, find 
its equation when the given point is the origin of co-ordinates 
and the axis of ^ is parallel to the given line j and show, from 
this equation, that the distance between the points where the 
curve cuts that axis is equal to twice the distance from the given 
point to the given straight line. 

1086. A tangent to an ellipse is inclined at an angle of 45° 
to the axes j find its point of contact with the curve. 

1 087. Find the point in which the line which joins the focus and 
the extremity of the axis minor of an ellipse meets the curve. 

1088. Show, by means of its equation, y* = 4maj, that the 
parabola is a ciirve which cuts the axis of a; in but one point, and 
that every point in the curve is on the same side of the axis of y. 

1089. In the parabola y* = 4aa;, find the length of the normal 
which passes through the extremity of the latus-rectum, inter- 
cepted between the two branches of the curve. 

1090. The major axis of an ellipse and the axis of a parabola 
are in one straight line, and the vertex of the parabola is at the 
centre of the ellipse ; find the points of intersection of the curves, 
the parameter of the parabola being equal to the minor axis of 
the ellip3e. 

1091. Assuming the area of a parabola to be two-thirds of 
the rectangle of the same base and altitude, show that parabolic 
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areas of tJie same parabola and liaving parallel bases are as the 
cubes of their bases ; and bisect a given parabolic area by a line 
drawn parallel to ifcs base. 

1092. Show tbat the locus of the point whose distances from 

a given point on the axis of x^ and from a given straight line 

parallel to the axis of y, are always in the ratio e : 1> is the 

equation 

^ + (l-e*)a5"-2«»(l +c)a5=0, 

where m is the distance of the given point from the origin : and 
investigate the several forms which this equation may be made to 
assume when the given ratio is greater than, equal to, or less than 
unity. 

1093. A parabola and an ellipse have the same vertex ; and 
the axis of the parabola coincides with the major axis of the 
ellipse j find the points in which the parabola cuts the ellipse when 
the parameter of the former is equal to half the minor axis of the 
latter. 

1094. Find the equation of the parabola which passes through 
the points (0, 0), (S, 2) and (S, - 2). 

1095. Prove that the perpendicular from the focus of a para- 
bola upon a tangent intersects that tangent in the tangent at the 
vertex. 

1096. Find the locus of the point whose distances from two 
given points are always in a given ratio to one another. 

1097. Show that a parabola having the same vertex and axis 

as an ellipse will cut the ellipse in two points if its latus-rectum 

26" 
be less than — : and that it will not cut it at all if the latus- 
a 

rectum be greater than that quantity. 

1098. Find the curve from any point of which two normals 
being drawn to a given parabola, they will be at right angles to 
one another. 
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1099. Define " relative rest," " relative motion," and "equi- 
librium." 

1100. Assuming tliat the resultant of two forces which are 
represented in magnitude and direction by the adjacent sides of a 
parallelogram is represented in direction by its diagonal; prove 
that such resultant is also represented in magnitude by that 
diagonal 

1101. Deduce the general expression for the resultant of 
two forces f^ and/, whose directions make an angle a with one 
another; and also for the angle 6 which the direction of this 
resultant makes with the direction of the force j^. 

1102. Assuming the parallelogram offerees, show that, when 
three forces are in equilibrium, they will be to one another as the 
sides of a triangle formed by drawing straight lines parallel to 
their directions. 

1103. A balloon which could just raise a weight of 10 cwt. 
is held to the ground by a rope which makes an angle of 75° with 
the horizon; find the tension of the rope and the force of the wind 
upon the balloon. 

1104. Two weights P and Q act by a string over two fixed 
pulleys at A and B, and support a third weight TT, at (7, between 
them ; find the ratios of P, Q and Wy when AB is horizontal, the 
angles of the triangle ABC are in arithmetio progression, and C 
is a right angle. 

1105. Two foi-ces in the ratio of 2 : 5, and whose resultant is 
a mean proportional between them, make an angle with one 
another : find cos 0, 

1 106. Three forced rej resented by the weights 50 lbs., 40 lbs. 
and 30 lbs., act, in one plane, upon a point; what angles does 
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the force 50 lbs. make with the other two when the three axe 
in equilibrio ? 

1107. What force must a man exert in a horizontal direc- 
tion to draw a weight of 3 cwt. four feet out of the perpendicular, 
supposing it to be suspended from a point twenty feet above 
that at which he applies his strength ? 

1108. Two forces which act at two adjacent angles A and 
B o£ a, parallelogram ABGD are proportional to the correspond- 
ing diagonals GEA, BEB, and act in those directions respec- 
tively j find the direction, the relative magnitude, and the position 
of a third force which will keep the figure at rest. Show that 
the effect upon the figure will be the same whether it be acted 
on by forces proportional to, and in the direction of, EB and EA, 
or DB and BA^ or ^ DA and ^ GB, — ^all the forces acting at E, 

1109. A parallelogram ABGD is acted upon by forces in the 
directions and proportional to -ij5, BD, and DG ; find the direc- 
tion and proportional magnitude of a fourth force which will 
produce equilibrium. 

1110. Three forces, P> Q, and -B, all acting in the same 
plane upon a particle, keep it at rest; supposing the values of 
F and Q, and the directions of Q and -5 to be given; find the 
value of jB, and the direction of P. 

1111. Four forces of 5 lbs., 6 lbs., 8 lbs. and 11 lbs. make 
angles of 30°, 120^ 225° and 300° respectively, with a fixed 
straight line : find the magnitude and direction of their resul- 
tant with reference to that line. 

1112. Three tacks are fixed in a vertical wall and form an 
isosceles triangle ABG, in which AB = AC=50, BG=- 30 and AB 
is horizontal : a string is passed over the tacks A and B, and 
under the tack (7; and, at its extremities, two equal weights of 
20 lbs. are suspended : find the magnitude and direction of the 
pressure upon G. 
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1113. Two strings, AG and BDy are tied to two pegs, A and 
B, in a horizontal line, the string BD passing through a smooth 
ring at C\ find the position of (7, and the tension of AC when a 
weight of 6 lbs. is suspended at Z), and AC = f AB. 

1114. Two forces P and Q make an angle, a, with one ano- 
ther; find an expression for the magnitude of their resultant R, 
and the angle which it makes with the force Q, 

1115. Three forces, 5, 6, and 7y all in the same plane, and 
making equal angles with one another, act upon a point; what 
force, acting in the same plane, will keep the point at rest; and 
what angle must it make with the force 6 ? 

1116. Three forces /j, /,, f^ make angles of 30° and 45° with 
one another taken in the above order; find the value of^^ in terms 
of/i and/,. 

1117. A weight of 8 cwt. suspended by a rope from the 
top floor of a warehouse, on one side of a street 50 feet wide, 
is required to be drawn across by a rope from a floor at the 
same height on the other side of the street, attached to a point 
in the first rope S5 feet below the point of suspension; what 
will be the tension of the ropes when the weight is vertically 
over the centre of the street? 

1118. A, B, and G are three tacks a^t the angular points 
of a vei*tical equilateral triangle; AB is inclined at an angle of 
15° to the horizon and C is vertically below AB : a weight of 
60 lbs. is suspended by a rope fixed at A, passing under (7, over 
jB, and then over G ; find the direction and amount of the pressure 
upon G 

1119. A peg or tack A has four cords attached to it, at 
the ends of which four men pull, each with a force of 100 lbs., 
and in directions which are all in the same vertical plane and 
make equal angles of 30° with one another ; find the magnitude 
and direction of the strain upon A when a gun weighing 1 8 cwt. 
is hung upon it, and when the angles which the outer cords 
make with the horizon are equal. 
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1120. Three tacks A^ B and (7 in a vertical plane are so 
situated that AB is horizontal, the angle ABG is 60^ and the 
angle BAG 45°; and a cord connecting two equal weights is 
passed over A and j5, under (7, and back again over B : find the 
pressures upon the tacks, and their directions. 

1121. (a) If the angle between the directions of two forces 
be increased, their resultant will be diminished. And (j8) if 
three forces in a plane acting upon a point be proportional to 
the sides of a triangle constructed upon their directions taken 
in order, each of them will be equal and opposite to the resultant 
of the other two. But (y) if an angle of this triangle be in- 
creased, the opposite side will be increased^ and therefore the 
resultant will be increased. Demonstrate the statements (a) and 
(fi), and reconcile the apparent anomaly involved in them as 
indicated in (y). 

1122. Show that^ when any number of forces /j, /,, j^, &c. 
acting at a point, have their directions all in the same plane, 
the angle which their resultant makes with any fixed line through 
the same point, may be expressed by 

f^ cos ttj +y^ cos a^ +^ cos a^ + &c. ' 

when a^, a^, a,, <fec. are the angles which the several forces make 
respectively with that fixed line. 

1123. Prove that if R and S be two commensurable forces 
acting at a point, their resultant will act in the direction of the 
diagonal of the parallelogram constructed upon the two lines, 
drawn in the directions of jR and S respectively, and proportional 
to them in magnitude. 

1124. Assuming the principle of the '^parallelogram of 
forces," show that when three forces are in equilibrium, they are 
to one another as the sides of a triangle formed by drawing 
straight lines making any, the same angle with their respective 
directions. 
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1125. A cord whose leDgth is 10 feet is fisistened at A and B^ 
two points in a horizontal line, and distant 6 feet from each 
other; find the tension of the cord when a weight of 20 lbs. is sus- 
|)ended to a ring which runs freely upon the cord. 

1126. A string, 2 feet long, is fastened to two tacks in the 
same horizontal line and 18 inches apart^ and, at a point six 
inches from one extremity, a weight of 10 lbs. is fixed ; find the 
tensions of the two parts of the string, and the portions of the 
weight supported upon each tack. 

1127. A 9-pounder gun weigh- 
ing 13 cwt 2 qrs. is suspended at the 
extremity JS of & spar AJS, which is 
supported by a stay £C, fixed at C ; 
find the tension of the stay and the 
pressure on the spar when AB=13 feet, 
AG =10 feet, and AD, the horizontal 
distance of the gun from A, = 5 feet 

1128. Three pegs, -4, B, and C are fixed in a vertical board 
at the angles of an equilateral triangle, the side AB being hori- 
zontal, and the angle C downwards : two strings having weights 
P and Q attached to them, are tied to A and B respectively; the 
first string is then passed over By under G, and over A ; and the 
other is passed over G. Find the strains on -4, B, and G, and 
their several directions. 

1129. A heavy rod, 10 feet long, has a cord 20 feet long 
attached to its ends, and passing over a smooth peg; find the 
position in which it will rest, if its centre of gravity divide its 
length in the ratio of 2 : 3. 

1130. A rope runs through a ring to which is suspended a 
weight of 1 cwt. ; and two men pull at the ends of the rope : find 
its tension, supposing the hands of each man to be 3 feet above 
the ring, and the length of the rope 1 ^ feet. 
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1131. A string 14 inclies long, is fastened at its extremities 
to two tacks, A and ^,10 inches apart, in a horizontal line; and 
6 inches from A a weight of 20 ozs. is suspended : find the ten- 
sions of the two portions of tlio string, and the portion of the 
weight supported by each tack. 

1132. A gun weighing 9 cwt. is to be raised from the ditch 
of a fortress by means of a rope fastened to the top of the escarp 
and running through a ring to which the gun is hung, and then 
passing up to the top of the counterscarp : find the tension of the 
rope when the ring is 16 feet below the top of the counterscarp, 
the difference ofrelief of the escarp and counterscarp being 10 feet, 
and the horizontal distance between their summits 80 feet. 

1133. AB and CD are two equal vertical poles which support 
a weight W by means 

of a rope AGO running 
through a ring at G; 
these poles are prevent- 
ed from falling by stays 
AJS and CF, and it is 
required to find the 
strains or tensions of . 
these stays, and the 
pressures on the poles 
A£ and CD, when AGO = 2a, :EAB = FOB = 6. 

1134. A rectangular ferry-boat 20 feet long and 10 feet wide 
is moored in the middle of a river by a rope 100 yards long 
fastened to the centre of the boat; find how far the force of the 
stream will urge the boat laterally, if its keel be kept at an inclina- 
tion SO® to the direction of the current, and the force of the stream 
be supposed uniform. 

1135. A uniform iron rod weighing 14 lbs. is supported at 
its ends by two strings which will bear no greater strain than 
10 lbs. and 8 lbs. respectively; find the directions of the strings 
when the greatest weight possible is suspended from the rod ; and 
find its point of suspension. 
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1136. A rod CD is suspended in a horizontal 
position by two parallel cords AC and BD, and 
a weight TTis suspended by another cord CJSD^ 
running through a smooth ring at E, and fixed 
at C&ndD: find the tensions of AC, CE, ED, 
and DB and the compression of CD, when the 
angle CED = 60^ State what would take place 
if the cord ACEDB were continuous and allow- 
ed to run smoothly through eyes at C and D, 

1137. A canal boat is drawn along the middle of a straight 

canal by two men hauling upon ropes 50 feet and 80 feet long 

respectively; find the ratio of the strains upon them, supposing 

the canal to be 30 feet wide. 

c 

1138. A gun, to be lowered 
over the parapet of a fortress, is 
suspended from the extremity C of 
a spar AC, \0 feet long, held in its 
position by a stay BC 15 feet in 
lengthy the distance from A to B 
being 10 feet; find the tension of 
BC and the thrust upon AG, when 

AB is horizontal, and the weight of the gun S3 cwt. 

1139. Define "the centre of parallel forces," and show that 
in the case of two such forces acting upon a rigid body, their 
"centre" divides the straight line which joins their points of 
application in the inverse ratio of the forces. 

1140. Five equal bodies are placed so that their centres of 
grj!^ty are at the angular points of a regular hexagon ; find the 
position of their common centre of gravity, when referi*ed to the 
unoccupied angle. 

1141. If three parallel forces be proportional respectively to 
a, h, c, the sides opposite to the angles of the triangle at which 
they act; show that the distance of their centre from the angle 

A IS /hr. (^ — a) 




y^ 



8 



where 8 = 



a + h +c 



2 
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1142. The triangle formed by joining the points of bisection 
of two of the sides of a triangle with its centre of gravity and with 
one another, is one-twelflh of the area of the triangle. 

1143. Three parallel forces act at the circumference of a 
graduated circle, at the points marked 30**, 135® and 240°, and 
their magnitudes are to one another as the cosines <d these respec- 
tive arcs ; find the distance of the centre of these forces from the 
centre of the circle, and the angle which the line joining these 
centres makes with the first force. 

1144. Five equal parallel forces act at five of the angles of 
a regular hexagon; find the distance and direction of their centre 
from the remaining angle. 

1145. The interior diameter of a 13-inch shell being 9*3 
inches, find the position of the centre of gravity of one of un- 
equal thickness, in which the centres of the interior and exterior 
spherical surfaces are 1 inch apart; neglecting the fuze-hole. 

1146. The opposite points of bisection of the sides of a 
parallelogram are joined, and one of the parallelograms thus 
formed is cut firom the figure : find the position of the centre of 
gravity of the remaining siirfece. 

1147. If through the centre of gravity of a triangle two 
straight lines be drawn parallel to two adjacent sides and limited 
by the third side ; the triangle so produced will be equal to one- 
ninth of the original triangle. 

1148. Three weights of 1, 2 and 3 lbs. are placed at the 
angles of an equilateral triangle; find the distance of their com- 
mon centre of gravity from each of them when the side of the 
triangle is 2 feet. 

1149. Find the centre of gravity of a solid composed of a 
cylinder and cone on the same base and of equal altitudes : 

1st When their densities are equal; 

2nd When the density of the cone is double that of the cylinder. 
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And find their relative altitudes when the centre of gravity is in 
the centre of their common base. 

1150. Find the centre of gravity of a cylinder having a 
cylindrical bore; the cylinder being 10 feet long and 10 inches in 
diameter; the bore 8 feet long and 4 inches in diameter. 

1151. Find the position of the centre of gravity of a gun 
whose content is G and length of bore h ; the bore being cylindri- 
cal (circular section, radius r) with a conical chamber whose length 
is one-twelfth of 6 : supposing the distance of the centre of gravity 
of the unbored mass to be at a distance ni from the muzzle. 

1152. Prove that the centre of gravity of a pyramid is in 
the line joining its vertex and the centre of gravity of its base, 
and that it divides this line in the ratio of I to 3. 

1153. An equilateral triangle is suspended at a point in one 
of its sides one-third of its length from the adjacent angle ; find 
the inclination of its other sides to the vertical. 

1154. A beam whose centre of gravity divides its length in 
the ratio of a : 5, is placed in a smooth hemispherical bowl, and sub- 
tends an arc 2a at the centre of the sphere ; find the inclination 
of the beam to the horizon. 

1155. AB and BG are two 
beams united by a hinge at B, and 
resting on walls at A and G y W 
is a weight suspended from J5, and 
the weights of the uniform beams 
are P and Q, Find the horizon- 
tal thrusts at A and (7, supposing 

W=P = Q = 100 lbs., ABW = 45" and GBW^ 30^ 

1156. Prove that the centre of gravity of a triangle divides each 
of the lines drawn from the angular points of the triangle to the 
points of bisection of the opposite sides in the ratio of 2 : 1. 

1157. A square lamina has one of its angles cut off by a 
straight line which bisects two of its adjacent sides; find the 
centre of gravity of the remainder, 

C. 'SS 
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1158. Prove that the centre of gravity of a triangle remains 
unaltered, if the triangle formed hy joining the points of bisec- 
tion of its sides be removed. 

1159. A rectangle is divided into four triangles by its diago- 
nals, and one of these triangles is cut out from the rectangle ; 
find the position of the centre of gravity of the remaining sur- 
face. 

1160. A square and an equilateral triangle having a com- 
mon side and of uniform thickness, are rigidly connected, and a 
weight equal to the weight of .the triangle is suspended at the 
vertex of the triangle; find the position in which the figure must 
be placed so that it may balance on a horizontal edge parallel to 
the common side. 

1161. Find the centre of gravity of the figure formed by 
describing an equilateral triangle upon one of the sides of a 
square. 

1162. A cylinder 10 feet long has a cone attached to one end 
of it by its base, which is of the same circular section as the cylin- 
der; find the height of the cone, so that the whole mass may 
balance about a point 8 feet from the other end of the cylinder. 

1163. A 13-inch shell weighing 200 lbs., slung on a pole 
8 feet long, has to be carried some distance by two men, one of 
whom, having just come out of hospital, is required to support 
only two-thirds the weight the other man carries; where must 
the shell be slung in order to produce this effect ? Find also the 
weight supported by the weak man when the shell is suspended 
6 feet from his end of the pole. 

1164. A cone and hemisphere of the same material and hav- 
ing the same base are fixed together, and it is foimd that they can 
be made to roll in a straight line from the top to the bottom of 
an inclined plane; find their relative dimensions. 

1165. A straight uniform rod, 20 inches long, balances upon 
a fulcrum 8 inches from one end, when weights of 25 oz. and 
JO oz. are suspended at its extremities; find the weight of the rod. 
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1166. If from one point of the angular points of any regular 
plane figure straight lines be drawn to the other angles, show that 
the centres of gravity of the triangles thus formed lie in the cir- 
cumference of a circle, the radius of which is two-thirds of that 
of the circle inscribed within the figure. 

1167. If at the angular points of a material plane triangle, 
weights Ay B, and C be placed; find the position of the centre of 
gravity of the whole system, the weight* of the triangle being W; 
and show from the result that, when the weights A, B^ and C are 
equal, the common centi'e of gravity is that of the triangle. 

1168. Find the position of the centre of gravity of a hollow 
cylinder, the radii of whose interior and exterior surfaces are r and 
R, and their axes at a distance a from one another. 

1169. Find the position in which a cylinder having a conical 
cavity (the axis and the base of which are coincident with those 
of the cylinder, and its altitude and the diameter of its base one- 
half of those of the cylinder) will rest when suspended freely at 
a point in the circumference of its base. 

1170. If from a sphere 16 inches in diameter a cone having 
the diameter of its base equal to its slant height be turned out, 
find the position of the centre of gravity of the remaining solid. 

1171. Find the centre of gravity of a solid composed of a 
cylinder and cone having a common base, the length of the cylin- 
der being 1 foot and the height of the cone 6 inches. 

1172. A circular marble slab weighing 20 lbs. is supported as 
a table upon three vertical legs at its circumference, their dis- 
tances subtending angles of 75° and 135° at the centre; find the 
pressure on each leg. 

1173. A cone and a hemisphere have a common base, and 
their common centre of gravity is in the centre of that base; find 
the height of the cone, the centre of gravity of the hemisphere 
being three-eighths of its radius from the centre of its base ; and 
show that the compound solid will rest in any position on the 
hemisphere when placed on a horizontal plane, but that there is 
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no position in which it will rest on the hemisphere when the 
plane is inclined to the horizon; assuming always that the 
plieuie and hemisphere are sofficientlj rough just to prevent 
sliding. 

1174. The centre of gravity of a hemisphere is at a point 
distant three-eighths of the radius from the centre of its base; 
find the position in which the solid will rest if suspended from a 
point in the circumfereube of its base; and find a point in its 
convex surface from which if it be suspended, the plane of its 
base will be inclined to the same amount as before on the other 
side of the vertical 

1175. A conical vessel full of water has mercury poured into 
it until the mercury rises to one-fourth of the side of the cone 
measured from the vertex. What is the position of the common 
centre of gravity of the mercury and water, the specific gravity of 
the mercury beiug m ? 

1176. If the arm BF of a straight or bent lever be of such 
length and thickness as to cause the other arm FA to rest hori- 
zontal when a moveable weight w is suspended at H (between F 
and A)] show that the distances from H at which the constant 
weight w miist be placed in order to balance successive weights 
suspended at B, will be proportional to those weights. 

1177. A weight is placed upon a horizontal table which has 
three vertical legs Ay B, and (7; the portion of the weight sup- 
ported by -4 is 8 lbs., that by j5 is 5 lbs., and that by C is 9 lbs. ; 
find the weight and its position upon the table, the distances be- 
tween the legs being 2 feet, 4 feet, and 5 feet respectively. 

1178. A uniform bent lever, when supported at the angle, 
rests with the shorter arm horizontal ; but if this arm were twice 
as long it would rest with the other horizontal; find the lengths 
of the arms and the angle between them, when the whole length 
of the lever is 30 inches. 

1179. A piece of timber, 25 feet long, balances upon an edge 
at a distance of 10 feet from one end, and, when the edge is 
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shifted to 12 feet, it requires 56 lbs* to be placed upon the other 
end to make it balance; "what is the weight of the piece of 
timber? 

1180. Four weights, % 6, 14, and 10, are placed at equal 
distances on a straight lever. Determine the fulcrum When the 
lever is 21 inches long and the weights 2 and 10 are placed at 
its extremities ; supposing the lever to be without weight. 

1181. A uniform bar of iron 10 feet long projects 6 feet 
over the edge of a wharf, there being a weight placed upon the 
other end; and it is found that when this is diminished to 
3 cwt. the bar is just on the point of falling over ; find its weight. 

1182. A uniform lever, whose weight is 8 lbs» and length 
3 feet, has a weight of 20 lbs. suspended from one end, and 14lb8r 
from the other; find the position of the fulcrum when there is 
equilibrium. 

1183. The ratio of the arms of a bent uniform lever, inclined 
to one another at an angle of 120°, is 5 to 4; find their inclina- 
tion to the horizon, when weights of 20 lbs. and 16 lbs. respec* 
tively are suspended from their extremities; the fulcrum being at 
the angle. Find also the point on the longer arm upon which 
the lever will balance so as to have that arm horizontal; the 
lengths of the arms being 80 inches and 24 inches, and no weighta. 
being suspended. 

1184. To the extremities of a smooth circular arc of P 
degrees without weight, two weights P and Q are suspended ; find 
the position of the fulcrum over which the arc must be suspended, 
concavity downwards, to produce equilibrium. 

1185. The arms of a bent uniform rod are as 3 to 5, and 
they are at right angles to one another; find the position in 
which it will rest when suspended by the angle. 

1186. A uniform rod 2a feet long, and 2p pounds in weight, 
is balanced upon its middle point ; how much must it be length- 
ened in order that it may remain horizontal when a weight W 
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is suspended from one of its ends, the fulcrum remainiog un- 
altered? 

1187. A uniform rod of unknown length, weighing Ijlb. 
per linear foot, rests on a fulcrum 4 feet from one end; find what 
weight suspended from that end will keep it at rest, the pressure 
on the fulcrum being 75 lbs. 

1188. A weight of 10 lbs. suspended at one extremity of a 
horizontal lever, 3 feet long, at 9 inches from the fulcrum, is 
balanced by a force F acting at the other extremity and making 
an angle of 60® with the lever, which weighs 2 lbs. Find P when 
the centre of gravity of the lever is 7 inches from the point of 
application of the weight. 

1189. Find the tension of each of two ropes which, passing 
round the circumference of a cylindrical pontoon and fastened to 
the upper extremity of a plane, support upon it the pontoon 
which weighs 4 cwt. ; the ropes being parallel to the plane, which 
is inclined to the horizon at an angle of 30°. 

1190. In the system of tv pulleys in which all the strings 
are fastened to the weight, find the strain upon the axle of the 
pulley which is fixed; assuming the weights of the pidleys to be 
each equal to to. 

1191. The weights of the several moveable pulleys in the 
system where each string is attached to the weight, are 1, 2, 3, 
and 4 oz. respectively, commencing at that over which the power 
first acts; find the weight supported by the force of 1 lb. 

1192. A gun, in which the distance of the muzzle from the 
axis of the trunnions is ^, is found to balance upon its trunnions 
when a weight w is suspended from the muzzle ; find the weight 
of the gun, supposing ^ to be the distance of its centre of gravity 
from the muzzla 

1193. A bent lever whose arms are a and ft, inclined at an 
angle a to one another, has the weights F and Q respectively sus- 
pended at their extremities; prove that the inclination of the arm 

P . a . sin a 



b to the horizon is cot 



' Qb—Fa. cos a * 
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1194. A force / is required to lift the trail of a field-gun 
when a man whose weight is M rests his whole weight upon the 
muzzle of the gun; the length of the trail measured from the axle 
of the wheels being t^ and the horizontal distance of the centre of 
gravity of the carriage g^ that of the gun G (both behind the 
axle), and that of the man m, all measured from the axle ; find 
the weight of the gun, the weight of the carriage being (7, the 
angle which the line drawn from the end of the trail to the axle 
makes with the horizon a, and the gun horizontal. 

1195. A gun is just raised from the ground at one end by a 
cord attached to the neck behind the breech and passing over 
a fixed pulley vertically over the neck, having a weight w sus- 
pended on the other side of the pulley ; and it is found that when 
the same arrangement is made at the muzzle, a weight w just 
raises that end; find the weight of the gun, and the distance of 
the centre of gravity from the muzzle, the length from the muzzle 
to the neck being I feet, and the length from the muzzle to the 
base-ring l^ feet. 

1196. A weight of 7cwt. rests upon a plane inclined at an 
angle of 30^ to the horizon ; what force, acting parallel to the hori- 
zon, will just prevent its sliding down the plane whai the coeffi- 
cient of friction is - ; and what is the least force which, acting 
parallel to the plane, will draw it up % 

1197. Show that, if a be the inclination of a plane, i the 
angle which the supporting force F makes with the face of the 
plane, W the weight supported, and R the pressure upon the plane, 
the following relations subsist when there is equilibrium : 

cos % COS (a + V) sm a 

1198. In the single moveable pulley, show that, if the strings 
make an angle a with the horizon, 

W 
P=--- , cosec a, 
2 



136 MATHEMATICAL EXAMINATION QUESTIONS. 

1199. Find the weight which can be supported by a power 
of 15 lbs. by means of a system of pulleys, in which each string 
is attached to the weight, there being four moveable pulleys, each 
weighing 4 lbs. 

1200. A force P, making an angle i with the plane whose 
angle of inclination is a, acts upon a body which rests upon the 
plane, and whose weight is W; supposing that F is not sufficient 
to support the body upon the plane, find an expression for an 
additional force Q which, making an angle y with the plane, will 
just produce equilibrium. 

1201. A gun, weighing with its carriage llcwt., is to be 
drawn up a plane inclined to the horizon at an angle of 20" ; find 
the force which must be exerted to di*aw it up by ropes making 
an angle of 10° with the plane; and the pressure on the plane, 
supposing the amount of friction to be inconsiderable. 

1202. What force is necessary to support a 13-inch shell 
(weight 196 lbs.) upon a plane inclined to the horizon at an angle 
of 30°, the force acting horizontally ? 

1203. A shell is found to remain at rest on a plane inclined 
to the horizon at an angle of 15° when a horizontal force h is 
applied at its surface in a direction passing through its centre; 
find the weight of the shell. 

1204. A gun and carriage weighing 12cwt. are to be drawn 
up a plane inclined to the horizon at an angle of 30°, by four 
rope^ fastened to the naves of the four wheels, and making angles 
of 15° with the face of the plane ; find the tension of each rope 
when the gun just begins to move up the plane. 

1205. Find the power which must be applied to a system of 
pulleys in which each string is fixed to the weight, in order to 
raise a weight of 2 cwt., supposing that there are four strings, and 
that each pulley weighs 2 lbs. 

1206. "What weight will be supported by a power of 12 lbs. 
acting by means of a system of pulleys in which each cord is 
fastened to the weight, when there are five moveable pulleys, each 
weighing l^lb.? 
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1207. Find the weights which 
must be suspended at Q and B to 
establish an equilibrium in the annex- 
ed system of pulleys when a force F 
acts vertically at P, the weights of 
the pulleys being neglected. 

1208. Determine the ratio of the 
power to the weight in each of the 
following systems of pulleys : 





1209. Five turns of a screw working in a fixed collar have 
the effect of raising the end of the screw one inch ; what would 
be the effective force at the end of the screw in the direction of 
its axis, if a force of 10 lbs. were applied at the extremity of a 
lever 5 feet long working in the head of the screw 1 

1210. The length of each arm of the elevating screw of a 
gun is 6 inches, and it is found that one turn of the screw has the 
effect of elevating the piece 41'; what power is required to turn 
the screw, supposing the whole vertical resistance to be overcome 
to be 3 cwt, and the distance from the axis of the trunnions to 
the centre of the screw to be 3 ft. 6 in. 9 

1211. Find the inclination to the horizon of the thread of a 
screw, which, with a force of 5 lbs. acting at an arm of 2 feet, can 
support a weight of 300 lbs. on a cylinder of 3 inches radius. 



138 MATHEMATICAL EXAMINATION QUESTIONS. 

1212. A locomotive having run off the line, it is proposed to 
raise one side of it by means of a machine consisting of a winch 
which turns an endless screw, which works in the teeth of a 
wheel having a pinion attached ; the teeth of this pinion are of 
the same dimensions as those of the wheel, and work in a vertical 
rack, at the extremity of which is the point of support : what 
effect would such a machine produce if a force of 56 lbs. were 
applied to the winch, the various dimensions being : 

Arm of the winch = 15 inches ; No. of teeth in wheel = 100; 

Distance between the threads = 1 inch; "No, of teeth in pinion = 51 

1213. Ten men heave, with a force of 50 lb. each, at as many 
capstan-bars, 10 feet from the axis of the capstan ; the cylinder 
round which the hawser winds is 2 feet in diameter, and the 
hawser four inches j find the tension of the hawser. 

1214. Supposing that, in question 1201, the power is to be 
applied by a capstan and system of pulleys in which the same 
string passes round all the pulleys, all the strings being parallel to 
the face of the plane ; find the power to be applied with the fol- 
lowing data : 

Length of handspike 6 feet; diameter of axle 16 inches; 
number of sheaves in each block 4. 

1215. An endless screw works in the teeth of a wheel, round 
the axle of which a rope is wound, which then passes oontinicously 
round a system of pulleys having four sheaves in the lower block ; 
find the weight which a power of 10 lbs., applied to the arm of 
the screw, which is 1 foot long, will support, supposing the dis- 
tance between the threads of the screw to be 1 inch, the radius of 
the wheel 1 foot, and that of the axle 3 inches.. 

1216. A pinion of 12 teeth works in a wheel of 96 teeth, 
upon the axle of which, 6 inches in diameter, a rope winds, the 
other end of which is coiled round a wheel 12 feet in diameter, 
and fastened to its circumference : upon the axle of this wheel, 
18 in.- in diameter, another rope is coiled which, passing down a 
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plane inclined to the horiaon at an angle of 45^ is fastened to the 
truck to be drawn up the plane : what number expresses the 
mechanical advantage of this arrangement, if the first pinion 
be worked by a winch 2 feet long 1 

1217. A cone whose height is h and the radius of its base r, 
rests with its curved surface upon an inclined plane, and is pre- 
vented from sliding; find an expression for the tangent of the 
greatest inclination of the plane, so that the same surfaces may 
continue in contact. 

1218. Find the strain upon a tent-peg fixed into the ground, 
when the efiective force of the wind upon the top of the pole in 
the direction of the horizontal line drawn in the plane of the 
pole and the peg is 120 lbs., and the angle which the tent-rope 
makes with the horizon is 45**. 

1219. An isosceles right-angled triangle is suspended by one 
of its acute angles ; find the angle which its hypothenuse makes 
with the horizon. 

1220. Find the cylinder of greatest length, the radius of 
whose base is r, which can be made to rest with its base inclined 
to the horizon at an angle a. 

1221. A uniform beam, whose length is 2a, rests with one 
end fixed upon a smooth horizontal plane by a hinge, and, at a 
distance c from this end, it rests upon a smooth sphere which is 
supported upon the same plane; determine the horizontal force 
necessary to maintain the sphere in its position. 

1222. A beam, loaded with a weight W at its middle point, 
i*ests upon two supports in the same horizontal line, and at a 
distance I from one another ; find the moment of strain when the 
deflection is a. 

1223. Two weights P and Q balance one another upon the 
surface of a sphere, being attached to one another by a string 
which passes over the highest point of the sphere. Find the poai' 
tion of equilibrium when 'P = 9,Q. 
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1224. A beam AB moveable, in a vertical plane, about A, 
has its other extremity B supported by a weight F acting over a 
pulley vertically above B ; find the weight of the beam when its 
centre of gravity divides its axis in the ratio of 5 : 7) from A 
towards B. 

1225. A ladder AB resting with its foot against the base of a 
vertical wall AG, is to be partially raised by means of a rope pass- 
ing over a pulley at C, and attached to the ladder at a point D, 
which is a feet distant from A : what angle will the ladder make 
with the wall when a weight Q is attached to the rope, supposing 
the centre of gravity of the ladder to be 6 feet from A, and the 
wall to be c feet high 1 

1226. A mortar, whose weight is W, being suspended from a 
uniform beam whose length is 2l and weight Wy at a distance b 
from its lower end, which rests on the ground at a distance d 
from a vertical wall, against which the other extremity of the 
beam rests : it is required to find the greatest tension of a rope, 
which, being fixed to the upper end of the beam, is hauled 
upon at a point whose horizontal distance frx>m the foot of the 
wall is a, 

1227. A rectangle whose sides are a and 6, is suspended from 
a point in the side a, which is at a distance c from one of the 
adjacent angles; find the position in which it will rest, that is, 
the angle which the side a makes with the horizon. 

1228. In the system of pulleys in which each string is at- 
tached to the weight, find the tension of the nth string, in terms 
of p the power and w the weight of each pulley* 

1229. Three turns of a screw acting vertically have the efiect 
of raising a weight 2 inches ; find the pressure which a power 
of 10 lbs. acting at the extremity of an arm 10 inches long will 
produce at the opposite end of the screw. 
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1230. Five turns of a screw cany the bead forward 1 inch ; 
find the power necessary to support a pressure of 1 ton, the length 
of the lever being 2 feet. 

1231. A power of 5 lbs. acting at an arm 10 inches long 
supports a weight of 150 lbs. upon a screw an inch and a half 
in diameter ; find the inclination of the thread of the screw. 

1232. Find the distance between the threads of a screw 
which is worked bj an arm I, when the power applied at its 
extremity is an nth part of the pressure on the screw. 

1233. A man applies a force of 80 lbs. at the end of a hand- 
spike 6 feet long, working in an axle 8 inches in diameter, about 
wliich is coiled a rope which runs through a pulley of two sheaves 
at the lower block. What weight can the man support ? 

1234. If the distance of the centre of gravity of a gun from 
the axis of the trunnions be g, the radius of the trunnion r, the 
circumference of the elevating screw c, the linear pitch h, the 
length of its arms Hy the distance of the head of the screw from 
the axis of the trunnions l, and the coefficient of friction tan 30°; 
find the forces necessary to elevate and to depress the gun, its 
weight being represented by W. 

1235. In a system of wheels and pinions, the numbers of 
teeth in the successive wheels are 120 and 96, and the numbers in 
the pinions are respectively 20 and 6 ; and, upon the axle of the 
last wheel, which is 6 inches in diameter, a rope is wound, which, 
passing round a system of S moveable and 3 fixed pulleys of the 
first kind acting parallel to a plane inclined to the horizon at an 
angle of 30*^, draws a weight up the plane. What must be the 
length of the lever attached to the first pinion, in order that a 
power of 20 lbs. may draw a weight of 25 tons up the plane, 
excluding friction ? 

1236. An endless screw works in the teeth of a wheel, attach- 
ed to which is a pinion of ten teeth, which again work in the 74> 
teeth of another wheel, upon the axle of which, 7 in. in diameter, 
is a rope proceeding from a system of pulleys of the third kind, iQ 
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which each rope is fixed to the weight : find the weight which 
can be supported by a power of 1 lb., supposing that the diameter 
of the first wheel is SO inches, that there are 4 moveable pulleys, 
each weighing 6 lbs., that the length of the arm which works 
the screw is 2 feet, and the distance between the threads half 
an inch. 

1237. In a train of wheels and pinions the numbers of teeth 
in the wheels are 80, 60, 50, and 30 respectively, and in the 
pinions 10, 6, 5, and 4 respectively ; the first pinion is turned by 
a winch 10 inches long, and the last wheel has an axle of 6 inches 
diameter, round which a cord is bound, and to which a weight W 
is suspended : find the force F which, acting at the winch, will 
produce equilibrium, disregarding friction. 

1238. In the testing of chain cables, a combination of 4 
levers is so arranged that a lb. weight in the scale-pan of the last 
lever indicates a strain of one ton upon the chain, which is attach- 
ed to the first ; find the ratio of the arms, on the supposition that 
it is the same in all. 

1239. In a traversing crane consisting of ^ve pinions and 
wheels, the winch which works the first pinion is 2 feet long, 
and on the axle of the last wheel a rope is wound, which, passing 
continuously round a series of pulleys of the first kind, is fastened 
to the lower block ; find the weight which coidd be supported by 
a power of 20 lbs. acting at the winch, supposing each pinion to 
contain 6 teeth and each wheel 54 teeth, the radius of the axle 
being 4 inches, and the number of sheaves in the lower block 4. 

1240. A gun, whose weight is TT, is attached to a point 
4 feet distant from one end of a uniform beam 12 feet long, which 
rests upon a smooth horizontal plane, while the other end rests 
against a smooth vertical plane; find the horizontal force neces- 
sary to prevent the beam fi'om sliding, when it makes an angle of 
60° with the horizon, and the weight of the beam is w. 

1241. A drawbridge whose length is I and weight TT, re- 
roJves upon a horizontal hinge and is lowered by two side chains 
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£sistened to its further end and passing over two pulleys fixed in 
the masonry of the gate at a height h above the roadway ; find 
the strain upon each chain and upon the hinge when each chain 
makes an angle of 30*^ and the plane of the bridge an angle of 60^ 
with the vertical. 

1242. A moveable beam is fixed to an upright wall by a 
hinge which allowa it free motion in a vertical plane; at a point 
in the wall vertically above the hinge, and at a height equal to 
the length of the beam, is a fixed pulley, over which is passed a 
rope which is fastened to the beam at its extremity ; at the other 
extremity of the rope is attached a, weight w, which hangs freely 
on the other side of the wall : find the position of equilibrium 
when the weight of the beam is TT, and its centre of gravity 
divides its length in the ratio of a : 6. 

1243. In a roof consisting of two eqiial beams, inclined at an 
angle a to the horizon, the weight of each of which, with the 
covering, is w, and which support a weight W on the ridge ; show 

that the horizontal thrust is -— . 

2 tana 

1244. Find the horizontal thrust or tension of the tie-beam 
of a roof constructed of three equal rafters, of which the middle 
one is horizontal, and the others equally inclined to the horizon, 
at an angle a. 

1245. In the isosceles truss ABC, in which the struts ED 
and DF are parallel to BG 
and AG', find the whole 
weight supported by the king- 
post, and the longitudinal 
strain upon the tie-beam, when 
weights of 2 cwt. are supported at E and F, and 5 cwt. at G ; the 
weights of AG and GB being each 1 cwt., of ED and DF and 
of the king-post b6 lbs., and the angle GAB 30°. 

1246. In an equilibrated arch of voussoirs, show that their 
weights are proportional to the differences of the tangents of the 
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angles which their joints successively make with the vertical, and 

W a 

that the horizontal thrust is — - . cot - , where W is the weight of 

the half-arch, and a the angle at which the &ces of the piers are 
inclined to one another. 

1247. A rectangular door, having its sides a and b and 
weight W, is hung by two hinges in a vertical line at distances 
one-sixth of its height from the top and bottom ; find the direc- 
tion and magnitude of the strain upon each hinge, supposing each 
to support one-half of the weight of the door. 

1248. A ladder weighing 4 cwt. is placed against the side of 
a house, with which it makes an angle of 80®; find the horizontal 
force necessary to prevent its slipping along the ground, supposing 
its centre of gravity to divide its length in the ratio of 3 to 5. 

1249. A sphere, 36 inches in diameter and weighing 29 cwt., 
is supported upon a horizontal circular ring 12 inches in internal 
diameter ; find the least force which will roll the sphere over. 

1250. A weight is supported upon a plane inclined to the 
horizon at an angle a, by a force which is exactly equal to the 
pressure upon the plane; find the direction of this force. 

1251. A uniform rod A£, 10 feet long, weighing 2 lbs., is 
fixed by a hinge at -4 to a vertical wall, and at a point C, 8 feet 
vertically above -4, a weight of 10 lbs. is fastened by a string 
which passes over the end B of the rod which is supposed to be 
perfectly smooth; find the positiou in which AB will rest. 

1252. A man rolls a cylindrical barrel (weight b) up a plane 

inclined at an angle a to the horizon, by the vertical action of his 

weight W when standing upon the barrel ; show that there will be 

equilibrium when his feet are at a point ff* from the highest point 

W+b 
in the barrel, if sin tf = — ^r^r- . sin a, 

rV 

1253. The elevation of an inclined plane is 30°, and a weight 
IT of 30 lbs. is sustained upon it by a power P of 20 lbs. acting 



STATICS. 145 

over a pulley 10 feet vertically distant from the top of the plane ; 
find the distance of the weight from the top of the plane, when 
P and W are in equilibrium. 

1254. A weight of 6^ lbs. is supported upon an inclined plane 
by three forces, viz. 7 lbs. acting parallel to the plane, 28 lbs. 
acting parallel to the horizon, and 10 lbs. acting (independently of 
the reaction of the plane) perpendicular to the face of the plane ; 
find its inclination and the pressure upon its surface. 

1255. A homogeneous sphere of weight TTis moveable about 
a fixed point in its surface, and is also partly supported upon 
a plane inclined at an angle a to the horizon ; find the pressure on 
the plane when the radius passing through the fixed point is in- 
clined at an angle /? to the vertical. 

1256. Show that if [l be the coefficient of friction between 
two surfaces, X the limiting angle of quiescence, R the oblique 
resistance, and N the normal pressure, 

/A -» tan X, and R-N . J{1 + /x"). 

1257. It is found that a force of 5 cwt., acting at an angle of 
45°, is required to draw a block of stone over a rough horizontal 
surface ; find the weight of the block, supposing the coefficient of 
friction to be "62, 

1258. A cone is placed with its base upon a rough horizontal 
plane, and a string is attached to its vertex ; find the dimensions 
of the cone when, a horizontal force being applied to the string, 
the cone will turn over when it is just upon the point of sliding 
along the plane. 

1259. A post stands at a distance of 8 feet from a rough 
vertical wall, and a rough beam, 12 feet long, is placed over the 
post with one end resting against the wall ; find the equations of 
equilibrium necessary for determining the greatest inclination of 
the beam to the wall when the coefficient of friction for the post 
and wall is fu 

C. \^ 
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1260. Find the force necessary to draw a block of stone up a 
plane, down which it would descend by the action of its own 
weight, supposing the force to be injclined to the hoiizon at an 
angle equal to twice that of the plane. 

1261. A cone, 4 inches in diameter and 20 inches high, 
stands symmetrically upon a cylinder 6 inches in diameter and 
14 inches high which rests upon a plane : the coefficient of friction 
between the cone and cylinder is • 5, and between the cylinder and 
plane is '4. What will take place if the inclination of the plane 
be gi*adually increased ? 

1262. In the inclined plane, show that the ratio of P to W is 
that of sin (i ± e) to cos (a t c), where i is the inclination of the 
plane, a the inclination of the force P to the face of the plane, 
and 6 the limiting angle of friction. And show how this may be 
applied to the case of the screw, where h is the linear pitch of the 
screw, c the circumference of the cylinder, G the circumference 
described by the point of application of the force P, and /a the 
coefficient of friction. 

ft 

1263. Find the inclination of a plane down which a block of 
stone will just slide by the action of its own weight, the coefficient 
of friction being '63, 

1264. What force, acting parallel to the plane, will be requi- 
site to draw a square block of timber up a plane inclined at an 
angle of 60", the coefficient of friction being '63, and the weight 
of the block 5 cwt. % 

126o. Find the force (acting parallel to the plane) necessary 
to draw a 10 in. howitzer, weighing with carriage and limber 
124 cwt, up a plane inclined to the horizon at an angle of 30^ ; 
1st, assuming that there is no friction, and 2nd, that the friction 
is one-tenth of the normal pressure. 

1266. Find the least force which, acting parallel to the plane, 
is necessary to drag a weight of 10 cwt. up a plane inclined to 
the horizon at an angle of 15^ the limiting angle of resistance 
being 30^ 
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12G7. A right cone whose height is equal to three times the 
diameter of its base, stands with its base upon an inclined plane; 
determine whether it will slide or fall over when the inclina- 
tion of the plane is gradually increased, if the coefficient of friction 
be •?. 

1268. Find the least force. necessary to draw a weight of 
500 lbs. up a plane inclined at an angle of 15^ to the horizon, the 
limiting angle being 30®. 

1269. The weight of a body standing upon a plane of 60** in- 
clination is eleven-tenths of the force necessary to draw it up the 
plane by a cord parallel to the plane; find the coefficient of fric- 
tion between the body and the plane. 

1270. A rough sphere is placed upon a rough inclined plane, 
the limiting angle of friction being e; what is the inference if it 
neither roll nor slide? State under what conditions it can be 
made to slide without rolling, and vice versa. 

1271. Two forces, F acting parallel to the plane and Q 
making an angle a with the plane, just support a body upon a 
rough plane inclined to the horizon at an angle i, and when Q and 
F are interchanged, the body is on the point of moving up the 
plane; find the values of P and Q. 

1272. Two planes of equal slope, 60*, but of unequal height, 
are placed back to back, and two rough particles of equal weight, 
connected by a fine string which passes over a smooth pulley at 
the top of the highest plane, rest upon the planes, one upon each; 
find the angle which the string makes with the lower plane, when 
the particle upon the other is on the point of moving up the 
plane, the limiting angle being 15\ 

1273. If the force which, acting parallel to a plane, is neces- 
sary to draw a body up the plane be twice the force which, acting 
in the same direction, will allow it to slide down ; what is the 
relation between the inclination of the plane and the coefficient 
of friction 1 
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1274. If the force which, acting parallel to a plane inclined 
i to the horizon, is just sufficient to draw a body up, be n times 
the force which will just allow it to slide down the plane, show 

that tan i . cot € = , € being the limiting angle. 

n— 1 

1275. If F be the force which, acting parallel to a plane of 
known inclination, would just draw a body up the plane, and F" 
the force which, acting in the same direction, would just allow the 
@^me body to slide down the plane ; find the coefficient of friction. 

1376. Two rough planes, rigidly connected at their inter- 
section, are suspended upon a horizontal axle passing through it, 
and, upon them, two rough, heavy particles of equal weight, 
joined to one another by an inextensible string passing freely 
over the top are placed; find the angle through which the system 
may be made to move round the axle without displacing the 
weights from their position on the planes. 

1277. A cylinder 6 in. in diameter and 14 in, high, begins to 
slide at the same time that it begins to topple over when the incli- 
nation of the plane on which it stands is gradually increased ; find 
the coefficient of friction. 

1278. A rectangular block of stone rests at an angle with 
one of its edges on a horizontal plane and another against a 
vertical wall ; find the least value of consistent with equilibrium, 
the sides of the vertical section of the block being a and b, and 
the coefficients of friction pL and /x'. 

1279. A heavy beam rests at an angle of 60°, with one end 
against a smooth vertical plane and with the other upon a smooth 
horizontal plane ; find the value and direction of the oblique pres- 
sure of the beam against an obstacle in the hoiizontal plane which 
prevents its sliding, when the weight of the beam is W, and its centre 
of gravity is at a point one-thii*d of its length from the lower end. 

1280. A beam 21 feet long rests with its ends upon a hori- 
55ontal and a vertical plane respectively; find how far the lower 
end may be drawn out from the wall before the beam will slip ; 
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the coefficient of friction being ^ and -J respectively, and the 
centre of gravity, which is nearest to the lower end, dividing 
the beam in the ratio of 3 : 4. 

1281. If a beam AB rests with its ends upon rough horizontal 
and vertical planes respectively, and BE be drawn in the direction 
of the oblique resistance of the vertical plane to meet the ver- 
tical DGE drawn through the centre of gravity of the beam and 
intersecting the horizontal plane in D, show that the ratio oi AD 
to DE is the coefficient of friction at A, 

1282. A uniform rectangular board rests with one of its sides 
upon a rough horizontal plane and parallel to the base of a rough 
vertical wall, against which the opposite side of the board rests ; 
find the least angle which the plane of the board can make 
with the horizon, the coefficients of friction being /a and /a'; and 
prove that this angle is the same whichever side of the rectangle 
be the base. State also the relation between the coefficients of 
friction when the inclination is 45^ 

1 283. A beam is to be placed against a vertical wall, and it 
is required that its inclination to the horizontal floor on which 
its lower end rests shall not be greater than 30°; find the position 
of its centre of gravity, so that it may not slip at that angle when 
the coefficient of friction at each end is '5. And show that 
although a beam may be made to stand at an inclination to the 
horizon when the floor is rough and the wall smooth, it cannot 
be made to stand in any but a vertical position when the floor is 
smooth and the wall rough. 

1284. A hemisphere rests with a point in the circumference 
of its base upon a rough horizontal plane, and a point in its 
convex surface in contact with a rough vertical wall ; find the 
coefficient of friction when the body is just supported with its 
base in a plane parallel to the wall. 

1285. A ladder which is divided by its centre of gravity into 
segments of 10 feet and 20 feet, is placed against the side of a 
house at an angle of 30°; find the highest round upon which 
a weight of 4 cwt. Can be suspended; the weight of the ladder 
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being 3 cwt., and the coefficient of friction between the ladder 
and wall, and also between, the ladder and horizontal pavement 

which supports its heavier end, being -^ . 

1286. A uniform beam AJB rests upon a rough horizontal 

plane AG and against a rough vertical wall CB ; show that it 

will stand when the coefficient of friction, being the same at both 

ends, is not less than 

RA-BG 

AC • 

1287. A rough body is supported upon a plane, inclined to 
the horizon at an angle a, by a string attached to a peg in the sur- 
face of the plane; find the least angle which the string can make 
with the horizontal line drawn through the peg. 

1288. Two uniform and equal rough rods, joined at an angle 
of 120°, are set astride over a rough horizontal cylinder in a plane 
perpendicular to its axis ; find the least angle which one of them 
can make with the vertical, the coefficient of friction being fx, the 
length of the rods 2a, the radius of the cylinder r, and the plane 
of the rods being perpendicular to the axis of the cylinder. 

1289. A uniform heam AB, 12 feet long, weighing 100 lbs., 
is placed upon a vertical post FB, 

the extremity A being fastened to 
the bottom of the post by a rope 
BA, and it is found that when 
the beam is just about to slide off 
the post in the direction AB, the 
angles FAB and FBA are 45** 
and 15** respectively, and AF=4! feet : find the friction at F. 

1290. A flat bar weighing 10 lbs. is to be balanced at its middle 
point upon a horizontal edge, and its centre of gravity is 1 2 inches 
fi*om one end and 18 inches from the other: find the greatest force 
which can be applied obliquely at the lighter end without causing 

the bar to slip; the coefficient of friction being —p= . 
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1291. If a flat uDiform bar be supported upon an edge at 
its middle point, and a weight w be suspended at one end of it, 
find the greatest angle the direction of any force which will keep 
the bar horizontal can make with the vertical; fi being the coeffi- 
cient of friction between the bar and edge, and W the weight 
of the bar. 

1292. A uniform beam length 2a rests against a smooth im- 
moveable hemisphere, of radius r, placed, base downwards, upon 
a rough horizontal plane upon which one end of the beam is 
supported. Show that if 6 be the greatest inclination of the beam, 

cot (26 + e) = cos 6 sin e, 

^ ^ a 

the coefficient of friction being tan e, 

1293. Show that, in the wheel and axle, when a force F, act- 
ing at the circumference of the wheel, supports a weight Q upon 
the axle, 

i* . (^ =F p sin c) = (? (r =fc p sin c) =k Wp sin c, 

where i?, r and p are the radii of the wheel, the axle and their 
common axis respectively, and c is the limiting angle of re- 
sistance. 

1294. A vertical water-wheel weighing 5 cwt. has a cylindri- 
cal bearing of 3 inches radius ; find the pressure upon the circum- 
ference which will just overcome the statical friction of the axle, 
the diameter of the wheel being 15 feet, and the coefficient of 
friction being '2. 

1295. A balance having equal and uniform arms 10 inches 
long, turns upon a cylindrical axle 1 inch in diameter; find by 
how much a 20 lb. weight in one scale may be exceeded by the 
weight in the other, before the friction is overcome; the weight of 
each scale being 1 lb., of each arm 241bs., and the coefficient of 
friction tan 30**. 

1296. A uniform lever 2 feet long, weighing 1 lb., is balanced 
upon an axle whose radius is half an inch, when weights of 10 oz. 
and 14 oz. are suspended at its extremities, the former weight 
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being about to preponderate; find the length of the arms, if the 
coefficient of friction be •4. 

1297. Show that if P be the force which, acting at the cir- 
cumference of a horizontal wheel radius R^ supported upon the 
plane end of its cylindrical axle, radius r, just overcomes the fric- 

tion, P = j^ j where W is the normal pressure on the bearing. 

1298. State Guldin's Theorem for determining the surface of 
a solid of revolution, and apply it to find the centre of gravity of 
an arc of a semicircle. 

1299. The area of a parabola is two-thirds of that of its cir- 
cumscribing rectangle, and the volume of a paraboloid is one-half 
of the volume of a cylinder of the same base and altitude, all the 
sections of the solid through its axis being equal parabolas. Find 
the distance of the centre of gravity of any given semiparabola 
from its axis. 

1300. The properties of Guldin being assumed, find the 
position of the centre of gravity of the arc of a circle in terms 
of the arc, its chord, and the radius of the circle. 

1301. Find, by Guldin's Theorem, the volume generated by 
the revolution of a parabola about the tangent at its vertex ; the 
curve being limited by its latus rectum. 

1302. Find the centre of gravity of the semi-ellipse cutoff 
by the major axis; and thence determine the volume of the solid 
generated by its revolution round that axis. 

1303. A sphere is divided into eight equal parts by three 
planes perpendicular to one another; find, by integration, the 
position of the centre of gravity of one of these parts. 

1304. Find the centre of gravity of the ^ I 

parabolic spandril ABC ; A being the vertex of 
the parabola, and its axis being parallel to BC. 

1305. In a common isosceles trussed roof 
in which the two struts are parallel to the 
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opposite rafters, find the tension of the king-post, supposing the 
weight of the tie-beam to be 1 cwt, of the roof 10 cwt., and of 
t'le king-post and of each strut 56 lbs.; and state what would be 
the effect upon the king-post if the tie-beam were to give way, 
supposing the parts of the truss to be rigidly connected. 

1306. The radius of curvature of a deflected rectangular 
beam being j^-wi r > where H is the modulus of elasticity, b 

the depth in the plane of curvature, c the breadth and a the 
length of the beam; show that the amount of deflection at its 

extremity is represented by „ . ^ , 

1307. A beam of fir 8 inches square and 10 feet between its 
horizontal supports, has a |-inch iron wire securely fastened to its 
middle point, by means of which increased weights may be sus- 
pended until the beam or the wire give way; determine which 
will first take place, the tabular constant for the breaking strain 
of fir being 11 00 lbs., and the tensile strength of iron wire 36 
tons per square inch. 

1308. Find the maximum pressure on a vertical revetment 
wall 20 feet high, the natural slope of the eai-th being 30**, and a 
cubic foot of earth weighing 140 lbs.; supposing the friction 
against the wall to be the same as that of the eartL 
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1309. Wliat allowance per mile must be made in the length 
of rails upon a railway for a change of temperature of 100°, the 
modulus of expansion of wrought iron being -00000642 ? 

1310. The length of a base line being measured with glass 
rods was found to be 23702 ft., but the temperature of the rods 
was observed to be 10° above the standard; what was the true 
length of the base; the modulus of expansion for glass being 
•00000431 1 
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1311. Two steel six-foot rods are found to differ from each 
other by '0035 of an inch, when the difference of theii* tempera- 
tures is 8°*5 j at what temperatures will they be accurately the 
same in length supposing the temperature of the longer one to be 
kept unaltered at 60°, the modulus being '00000636 ] 

1312. The bore of the tube of a thermometer is '014 in. and 
the quantity of mercury in the thermometer is one-third of a 
cubic inch ; how many inches of scale would there be between 32** 
and 212**; the modulus of cubic expansion of mercury in glass 
being -00008696 1 

1313. The weight of an empty thermometer tube is 250 
grains, and when filled with mercury it is 1327 gi'ains; find the 
diameter of the tube when the mercury rises 6*2 inches for a 
change of 50**. 

1314. A steel bar 3 feet long is riveted at one end to a 
brass bar of the same weight, so that their free ends are towards 
the same parts. Find the length of the brass bar so that the 
distance of the centre of gravity of the mass from the free end 
of the steel bar may be unaltered by change of temperature, 
the modulus for brass being -00001052. 

1315. Supposing the ends of the horizontal bar of an iron 
railing to be immoveably fixed in two vertical walls ; find the 
thrust exerted upon the walls when the temperature riaes 30° F. ; 
the section of the bar being three square inches, the modulus of 
elasticity 29000000, and of expansion -0000642. 

1316. The four iron wire stays of a mast are each one square 
inch in section and are inclined to the mast at an angle of 30° ; 
find the increase of vertical pressure upon the mast due to a 
change of 40° F. 

1317. The specific gravity of ice (water at 40° F. being the 
standard) is '91, find its modulus of expansion, supposing the 
expansion in volume to be three times the linear expansion ; and 
show this supposition to be very nearly correct. 
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1318. The strain upon a hempen cable being 10 tons, what 
must be its dimensions that it may bear this safely, and what 
additional strain will be produced by its own weight if it be 50 
£ithoms long 1 

1319. Show that if w be the weight of a unit of length of 
a bar of uniform section and length I, the extension X produced 
by its own weight will be 

where m is the modulus of elasticity. 

1320. The bearing area of a wire rope of which the circum- 

ference is C, being -— r^ (see Qu. 874), find the dimensions of an 

8^d 

iron wire rope which will bear vnth safety a strain of 1 tons. 

1321. Find the length of copper wire rope which it will be 
just possible to suspend by one end. 

1322. What must be the dimensions of a square cast-iron 
column to support safely, a mass of brick work 12 feet high, one 
foot thick and six feet long ] 

1323. It is proposed to substitute sandstone columns for 
some of granite originally planned, what must be the change in 
dimensions ] 

1324. Define the "unit of work," and find the number of 
units expended in raising a weight of 1 ton of building materials 
to a height of 40 feet. 

1325. Find the time required to raise a block of granite 
4 feet long, 3 feet broad, and 2^ feet thick, to a height of 20 feet, 
by two men working at the winch of a traversing crane, the num- 
ber of units of work by each man per minute thus working being 
2600, and the modulus of the machine '8. 

1326. How many gallons of water per minute can be pumped 
up from the bottom of a shaft 200 fathoms deep by an engine 
working at a pressure of 15 lbs. to the square inch; the diameter. 
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of the piston being 40 inches, the length of stroke six feet, the 
number of strokes 10 per minute, and the modulus -65 ? 

1327. Supposing the water in the last question to be carried 
over a wheel of 25 feet diameter which works a pump the water 
from which also passes over the wheel, find the whole quantity 
i-aised, the modulus of the wheel being '55, 

1328. A stream of water 10 feet broad and 5 feet deep, flow- 
ing at the rate of 37 feet per minute, is conducted over a water- 
wheel 15 feet in diameter, which works a pump by which the 
water from the stream is raised to a height of 20 feet; what is 
the quantity of water raised per hour, the modulus being '65 1 

1329. Find the horse power of the wheel in question 1328, 
and compare it with that of the engine in question 1326. 

1330. The diameter of the piston of an engine is 30 inches, 
the mean pressure of the steam is 10*5 lbs. per square inch, the 
length of the stroke is 12 feet, and the number of strokes per 
minute is 10; find how many cubic feet of water per hour the 
engine will raise from a depth of 200 fathoms, the modulus of the 
engine being '6. 

1331. In what time would two locomotives of 100 horse 
power each, convey a battery of field artillery from Woolwich to 
Brighton (60 miles), the engines, trucks, and carriages weighing 
W tons, and the men, guns, horses, and material A tons, suj)- 
posing a tons to be conveyed in the trucks and carriages at each 
trip, and the resistances to be 10 lbs. per ton 1 

1332. The piston of an engine is 3 feet in diameter, the 
length of stroke 5 feet, the number of strokes per minute 12, the 
pressure per square inch 15 lbs., and the modulus of the engine 
is 75 ; find the quantity of water which can be pumped from a 
depth of 30 fathoms. 

1333. The piston of an engine is 48 in. in diameter; the 
pressure upon it 15 lbs. per sq. in.: the length of the stroke 5 
feet, and the number of strokes 10 per minute; find the horse 

power of the engine. 
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1334. If the length of stroke be I, the number of strokes 
per minute w, and the pressure p ; what must be the diameter of 
the piston in order that the horse power of the engine may he K'i 

1335. What must be the horse power of an engine which 
will raise a tilt hammer weighing 1 j ton 25 times a minute, the 
lift being 2 feet 1 

1336. A locomotive has to move a train of 12 carriages, 
each weighing, with the passengers, 4 tons, at the rate of 50 miles 
an hour; what must be its horse power if the resistances be 10 lbs. 
per ton and the weight of the engine and tender 16 tons 1 

1337. If the weight of a train be 30 tons and that of the engine 
and tender 15 tons; find the radius of the driving wheel in order 
that with a pressure of 15 lbs., pistons of 14 in. diameter, a 
stroke of 3 feet, and a modulus of 75, the engine may work 
smoothly, and its full power be available, the resistances being 
estimated at 10 lbs. per ton. 

1338. Find an expression for the diameter of the piston of 
a locomotive in terms of r the radius of the driving wheel, p the 
pressure per sq. in., I the length of stroke, E the total resistance 
in lbs. and m the modulus. 

1339. Show that the length of stroke of a locomotive should 
be equal to the product of the total resistance, and the radius of 
the driving wheel, divided by the product of the modulus and the 
pressure on the piston, and multiplied by w. 

1340. A quantity of ballast is to be conveyed in trucks to a 
distance of 10 miles, by a train of 8 trucks, each weighing 2^ 
tons, and capable of carrying 7i tons of ballast. The engine is of 
20 horse power, and weighs with its tender 12 tons; and the resist- 
ances are 15 lbs. per ton. What quantity of ballast can be deli- 
vered in 72 hours, allow^g half an hour for discharge and loading 
at each trip 1 

1341. How many bushels of coaJ will be consumed in 24 
hours by an engine of 50 horse power, if its duty be 55 millions ?, 
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1342. How many bushels of coal will be consumed by an 
engine of 100 horse power and 70 millions duty, in raising 200000 
cubic feet of water from a depth of 150 fathoms 1 

1343. An engine of 65 millions duty has to pump water up 
three separate shafts of 70, 100, and 120 fathoms deep respec- 
tively, viz. 10 cubic feet per minute from the first, 20 cubic feet 
from the second, 50 cubic feet from the third. How many 
bushels of coal will the engine consume in 12 hours 1 

1314. If the depths of a number of shafts of a mine be 
/j,y^,^,/4 &c. feet, and the number of cubic feet of water pump- 
ed from them per minute be w^ , tO!,, w^, w^ &c. respectively, . find 
the horse power of the engine; and its duty, supposing it to 
consume JB bushels of coal in 24 hours. 

1345. Find the number of units of work required to wind up 
a rope of 4 in. circumference 800 feet long ? 

1346. What is the number of units of work required to 
wind the same rope, supposing it to be laid horizontally on the 
ground, the coefficient of friction being '70? 

1347. Two boxes are worked up and down a shaft 150 feet 
deep by a connecting rope over a drum. The load each box will 
contain is 3 cwt. of coal. The engine has a piston of 8 inches 
diameter, the pressure of steam is 10 lbs., the length of the 
stroke 3 feet, the number of strokes 20 per minute, and the modu- 
lus -52. Find the quantity of coal raised per hour. 

1348. Find the quantity of coal raised per hour by the 
same engine, supposing that only one box be used, that the time 
occupied in emptying the box added to the time of descent will 
be equal to the time of ascent of the loaded box, and that no 
time is lost in unhooking the empty box and hooking the full one 
at the bottom of the shaft; the i-ope being 3 inches in circumfer- 
ence and the weight of each box 56 lbs. 

1349. Find the number of units of work expended in dis- 
tributing 5000 tons of ballast equally over a line of railway, sup- 



DYNAMICS. 159 

posing 18 tons to cover 10 yards length of the line, and the 
resistances to be 12 lbs. per ton. 

1350, Find the number of units of work required to hoist 
the main-sail of a ship 50 feet by SO feet to a height of 40 feet, 
supposing the sail-cloth to weigh 4 lbs. per square yard, and the 
yard to weigh 5 cwt. 
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1351. Define the terms "uniform motion," "variable mo- 
tion," " velocity," " moving force," and " accelerating force." 

1352. State the three "laws of motion," and give illustra- 
tions of their truth from familiar facts. 

1353. State the second law of motion, and mention experi- 
mental facts which would lead to its assumption. What is the 
nature of the final evidence which is considered conclusive as 
to the truth of this law 1 

1354. Define "variable velocity;" explain how it is pro- 
duced by the action of a constant force ; state how this connexion 
is made use of in the dynamical measurement of such a force; and 
find the numerical representative of the force of gravity, suppos- 
ing the minute and the yard to be the units of time and space 
respectively. 

1355. Find the unit of space when the accelerating force of 
gravity is 14, and the unit of time 5 seconds. 

1356. Show that, when a body moves imder the influence of 
a constant force ^ the space s passed over in the time t will be re- 
presented by the formula 

1357. An engine starts a train with a pressure which con- 
tinues uniform for 5 minutes, when it is found that the train 
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is moving at the rate of 23 miles an hour. At what velocity 
would the train be moving at the end of 15 minutes, if the pres- 
sure continued uniform during that time ? 

1358. A balloon, rising with a uniform velocity of 30 feet per 
second, is carried by the wind over a horizontal distance of one 
mile in 1". 28'.; find the angle which the line of its motion 
makes with the horizon, and the horizontal distance from an 
object at which a heavy body must be let fall from the balloon, 
when at a height of half a mile, so as to strike the object. Does 
the body fall in a straight line ] 

1359. A wherry pulled at the rate of five miles an hour, is 
required to cross a river half a mile wide, to a point which is a 
quarter of a mile lower down the stream than the point of start- 
ing : what angle must the direction of the boat's head make with 
the bank, supposing the stream to run at the rate of 3 miles an 
hour; and how long will it be in crossing? 

1360. A body weighing 322 lbs. is urged forward on a per- 
fectly smooth horizontal plane by a constant pressure of 10 lbs.; 
and another body weighing 483 lbs. is moved forward in the oppo- 
site direction by a pressure of 75 lbs. Find the point at which 
they will meet, supposing them to have been 500 feet distant 
from one another at the commencement of their motion. 

1361. A railway train and its locomotive of 40 horse power 
weigh 40 tons when empty, and 100 tons when loaded. Find the 
velocities in the two cases, supposing the engine to work with full 
power in each case, and that the resistance is 8 lbs. per ton. 

1362. Find the numerical value of the force of gravity when 
the minute and the foot are assumed as the units of time and 
distance. 

1363. Two railway trains, running in the same direction on 
parallel lines of rails, at the rate of 20 miles an hour and 30 
miles an hour respectively, arrive, at the same instant, at a junc- 
tion where the lines diverge at an angle of 30**; find the relative 
velocity of the two trains after passing the junction. 
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1364. Find the pressure, in tons, vMch will bring each of 
the trains in the last question to rest, in three minutes, supposing 
them each to weigh 50 tons. 

1365. A pressure of 2 tons acts upon a railway train weigh- 
ing 150 tons for 10 minutes; find the momentum the train has 
acquired. 

1366. A railway train weighing 30 tons, detadied from the 
engine, is moving against the wind at the rate of 20 miles an 
hour; how far will it run before coming to rest, supposing the 
resistance of the wind and the effect of friction to be equivalent to 
a pressure of 2 cwt. 1 

1367. If a 68-lb. shot be propelled from the mouth of a gun 
with a velocity of 322 feet per second; find the statical pressure 
urging the shot forward while in the gun, supposing it to be 
uniform and the shot to take *05 second to trav^:«e the bore. 

1368. Distinguish between the statical and dynamical mea- 
sures of a force, and find the pressure, in ounces, of a force, whose 
dynamical measure is 10, upon a body which weighs 644 oz. at 
the surface of the earth : find also the weight of this body, sup- 
posing it to be removed to a distance from the suiface equal to one- 
fourth of the radius of the eartL 

1369. Show that the force of gravity is represented numeri- 
cally by 79000 very nearly when the units of distance and time 
are a mile and an hour respectively. 

1370. Two bodies, A and B, of equal weights w, and a third 
body C of weight p, are attached to one another in alphabetical 
order by strings a inches in length, and C hangs freely over the 
edge of a table upon which A and B are placed in contact with 
one another; find the velocity with which A commences its motion, 
excluding friction. 

1371. The steam from a locomotive makes an horizontal angle 
of 60° with the line of rails when the train is running at 10 miles 
an hour, and an angle of 30° when the train runs at 20 miles an 
hour; find the direction and velocity of the wind. * 

C. W 
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1372. A spherical shot is rolling directly across the deck of a 
ship with a velocity of 10 feet per second; find the point at which 
it would strike the side, supposing the ship, which is steaming 
at 10 miles an hour, to be suddenly arrested in its course when 
the shot is 30 feet from the side; and find the velocity with which 
it would strike. 

1373. A railway train 150 feet long passes a station in 5 
seconds, and another train two-thirds of the length of the former 
passes the same point in 4 seconds; and it is observed that the 
line of steam from the former is half the length of that from the 
latter; find the velocity of the wind, which was blowing in the 
direction of the line of rails. 

1374. A dragoon is galloping at the rate of 14 miles an hour 
past a sentry, who does not perceive him until he is at the nearest 
point to his post, 200 yards distant; what allowance must the 
sentry make in taking his aim, supposing the velocity of his rifio- 
buUet to be 1000 feet per second? 

1375. A person travelling westward at the rate of 4 miles an 
hour, observes that the wind seems to blow directly from the 
south; and that, on doubling his speed, it appears to blow from 
the south-west : find the velocity of the wind and its direction. 

1376. A body is thrown, with a velocity of 25 feet per 
second, horizontally from the window of a railway carriage moving 
at the rate of SO miles an hour, {ind in a direction making an 
angle of 30° with the rear of the train ; find the direction of the 
vertical plane in which it moves, and the perpendicular distance 
from the rail at which it strikes the ground, supposing the window 
to be 8 feet from the ground. 

1377. A steamer whose course was N.E. had the smoke from 
its funnel passing off in a line to the westward from the steamer, 
the wind being due S. ; find the velocity of the wind, supposing 
that of the steamer to have been 12 miles an hour, and bearing in 
mind that the motion of the steamer has no effect upon the par- 
ticles of smoke after they have issued from the funnel 
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1378. A boatman sees from the bank of a river, when at a 
distance of balf a mile, a yessel ^hich is sailing through the 
water at the rate of 5 miles an hour, and coming up with the 
tide which is running at the rate of 3 miles an hour; and, as he 
wishes to board her, he immediately puts off. In what direction 
must he keep the head of his boat, supposing that he can pull at 
the rate of 5 miles an hour, and that the vessel maintains her dis- 
tance of one-fourth of a mile from the bank of the river) 

1379. A boy attempts to drop a stone into the funnel of 
a locomotive as it passes under a railway-bridge at the rate of 
40 miles an hour; where will it strike the train, supposing that 
it is dropped when the funnel is immediately underneath, and 
that the boy's hand is 48*3 feet above the roofs of the carriages) 

1380. The captain of a steam-frigate, steaming parallel to 
the coast at a distance of a quarter of a mile, wishes to fire a 
broadside at a certain point in an enemy's battery at the water's 
edge, when directly opposite to it; how many feet, and on which 
side of the object must the guns be laid, supposing the steamer to 
be running at the rate of 14 miles an hour, and the horizontal 
velocity of the shot to be 800 feet per second? 

1381. Two spheres A and B, of which the mass of ^ is double 
that of Bj but the velocity of B double that of -4, move in oppo- 
site directions; find their velocities after impact^ e being the elas- 
ticity of the spheres. 

1382. Two non-elastic bodies^ moving in opposite directions, 
impinge directly upon one another with velocities of 20 feet, 
and 15 feet per second; what will be their common velocity after 
impact, supposing the ratio of their masses to be 5 : 3? 

1383. A, B, and G are three ivory balls whose elasticity is |: 
^ ( = 9 oz.) impinges directly on -8 ( = 6 oz.) which is at rest, with 
a velocity of 10 feet per second; and then B impinges directly 
upon Cj at rest; find the weight of (7, in order that it may move 
on with a velocity of 15 feet per second. 



164 MATHEMATICAL EXAMINATION QUESTIONS. 

1 384. Two spheres, A and J?, moving with equal velocities 
of 9 feet per second in directions inclined 60° to one another, 
impinge when thej are at equal distances from their respective 
starting-points. Determine their motions after impact; their 
common elasticity being §, their volumes equal, but the mass of 
A double the mass of B, 

1385. Two spheres, A and By moving in opposite directions, 
impinge directly upon one another with velocities of 5 and 2 
respectively; find the ratio of their masses in order that A may be 
reduced to rest after impact, and find the velocity of B after 
impact, their common elasticity being §. 

1386. Two bodies, A = l6 and B = 24>y moving in lines which 
are inclined 30° to the common tangent at impact, with velocities 
of 20 and 1 6 respectively, strike one another obliquely : find their 
distance from one another 4 seconds after impa.ct, their common 
elasticity being -|. 

1387. Two spheres, A and B, impinge upon one another with 
velocities of 10 feet and 8 feet respectively, in directions which 
make angles of 60° and 150° with the line of centres at impact. 
Find their velocities and the directions of their motions after 
impact, the mass of A being double that of B, and their modulus 
of elasticity being J. 

1388. Two perfectly elastic spheres, of masses m and m, ap- 
proach each other obliquely with velocities . V and V\ and in 
directions which make angles a and )3 with the line of centres at 
the time of impact ; determine the motion after impact, when 

F : V^ :: B. cos j8 : A. cos a. 

1389. Two spheres, A and B, having equal velocitieiSi impinge 
directly upon one another; find the ratio of their masses, so 
that, after impact, the motion of B may be reversed, and its velo- 
city doubled. 

1390. If two planes inclined at an angle a to one another be 
placed vertically upon a horizontal board, find the angle at which 



DYNAMICS. 165 

an elastic spliere rolling along the board must strike one of the 
planes in order that after three successive impacts it may retrace 
a poHion of its course. 

1391. Show that if a body be projected frotn the angle A of 
a plane triangle ABC so bs to strike the side GB at a point i>, 
then, if its course after reflexion at i> be parallel to ABy 



ianDBAJlt^^. 
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1392. Three equal spheres, A, B, and Cj ate at the angular 
points of a triangle ABC (the angle C being greater than 60*) ! 
what will be the resulting velocity of C, and the direction of its 
motion, if A and B move uniformly along the sides AC and BC 
with velocities proportional to those sides 1 

1393. A body A impinges upon B at rest, vrith a velocity 
of 10 feet per second, and B, in consequence, strikes against a per>- 
fectly hard plane inclined at an angle of 45^ to B*a course; find 
the position of ^ four seconds after impact by A, supposing it to 
take place 15 feet from the plane, the modulus of elasticity being |) 
and Aa mass being | of that of B, 

1394. Two bodies, A and B, move in the same direction 
with velocities of 50 and SO respectively; find how long after 
impact they will be 64 feet from each other, their common elas- 
ticity being '8 ; and find the ratio of their masses, so that, if pos* 
sible, A may remain at rest after impact. 

1395. A billiard ball is struck from one comer ii of a bil- 
liard table ABCJDf and after striking three of its sides fiJls into 
the pocket at B; show that the alternate sides of its course are 
parallel, and find the distance of the first point of impact from 
B, when AB = a and BC= b, 

1396. Three spheres A, B and C, of the same material, are 
placed in the same straight line, upon a perfectly smooth hori- 
zontal table, B and C being 4 feet apart; A is then struck so 
as to impinge upon B with a velocity of 9 foet: find the posi- 
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tion of G 77*5 seconds after the commencement of ^'s motion, 
the radii of the spheres being as 1 : 2 : 4, and the elasticity 
represented by f . 

1397. A and jB, two elastic spheres moving in opposite direc- 
tions, with velocities 9 feet and 6 feet per second, respectively, 
strike one another; find their distance from one another S seconds 
after impact, their common elasticity being |, and the weight of A 
two-thirds the weight of A 

1398. A sphere 3 inches in diameter impinges directly with 
a velocity 10 upon another sphere of the same material 2 in. in 
diameter, moving in the same directio^ with a velocity 4; find 
the position of each body with reference to the place of impact 
three seconds afterwai*ds. 

1399. A stone is dropped from the top of a vertical shaft 
of a mine, and is heard to strike the bottom in t seconds ; find an 
expression for the depth of the shaft, supposing the velocity of 
sound to be a feet per second. 

1400. A stone is let fall from the top of a cliff, and after 2^ 
seconds it is heard to strike the base; find the height of the 
cliff, supposing sound to travel at the rate of 1120 feet per 
second. 

1401. Two bodies are projected vertically upwards, at the 
same instant, with velocities of 100 feet and 50 feet respectively, 
and they are observed to pass one another at the end of 3 seconds; 
find the difference of level of the points from which they were pro- 
jected. 

1402. A body is let fall from the top of a vertical cliff 579*6 
feet high; with what velocity must another body be projected 
from the same point, vertically upwards, at the same instant, 
in order that it may strike the base of the cliff four seconds after 
the first body? 

1403. A body runs down a plane inclined at an angle of 30^ 
And then Mis over a vertical cliff 150 feet high; find the vertical 
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velocitj with whicli it strikes the ground, the length of the plane 
being 50 feet 

1404. A sphere^ 2 inches in diameter, is let fall from a 
height of 80*5 feet, and, one second afterwards, another, 1 inch 
in diameter, is projected vertically downwards from the same 
point with a velocity of 64*4 feet per second; find the time in 
which each will reach the ground, the coefficient of elasticity 
being |. 

1405. An arrow shot vertically upwards just reaches the top 
of a tower; find the height of the tower, supposing the time of 
flight from the bottom to the top to be 2^ seconds. 

1406. A body is projected with a velocity of 60 feet per 
second up an inclined plane which makes an angle of 30^ with 
the horizon; what will be its position at the end often seconds) 

1407. An elastic ball is let fall from a height of 10 feet; 
find the height to which it will rise at the 3rd rebound, sup- 
posing the elasticity to be f : and deduce a general expression 
for the whole space passed over by the ball before it comes 
to rest. 

1408. A railway train is moving with a velocity of SO miles 
per hour, and the steam is shut off from the engine at the top 
of an incline of 1 in 322 ; find the rate at which the train woidd 
be moving after it had passed over one mile of the incline, 
supposing that there were no friction. 

1409. Two bodies, A and By are both projected vertically up- 
wards at the same instant with velocities of 25 feet and 200 feet 
respectively, A frY)m the top> and B from tJie bottom of a vertical 
diff 300 feet high. Find the point at which they will meet, 
and the directions of their motions at that instant. 

1410. Show that if a body be acted on by a constant force/ 
it will, in the interval between the end of the t^ and of the 
(t + rif^ seconds, describe a space <r such that 

cr = ^(2< + w)/. 
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1411. Two bodies are projected at the same instant, one ver- 
tically downwards fi^m the top, and the other vertically upwards 
from the bottom of a vertical clif^ with velocities of 50 feet and 
100 feet respectivdy, and they are observed to strike one another 
at the end of 2*5 seconds: find the height of the cliff. 

1412. Find the time in which a body, projected vertically, 
with a velocity of 322 feet per second, will reach a height of 1500 
feet; and how long it will continue to ascend. 

1413. A body is projected vertically upwards fix)m the base 
of a tower with a velocity of 128*8 feet {^g\ and is just two 
seconds in reaching the top; find the height of the tower; the 
height to which the body will rise; and the time when it again 
arrives at the top in descending. 

1414. With what velocity must a body be projected verti- 
cally upwards in order that it may reach the height of 200 feet in 
S seconds; how high will it rise; and after how many seconds 
will it again reach the former point? 

1415. A body is projected vertically upwards with a velocity 
of 100 feet per second: how high will it rise in 2 seconds, and 
what will be the space passed through by it in the last second be* 
fore it comes to the ground ? 

1416. How long will a sphere take to roll down a plane 
inclined to the horizon at an angle of 30**, its greatest height 
being 200 feet: and what would be the velocity acquired? 

1417. A body is let fall from the top of a cliff 600 feet high 
at the same instant that another is projected vertically upwards 
from* its base with a velocity of 125 feet; find the point at which 
they meet. 

1418. A railway train running at the rate of 15 miles an 
hour, comes to a downward incline of 1 in 70, which is one 
mile in length; find the velocity of the train at the bottom of the 
iBcliTie, and the time it takes to pass over the lower half of it 
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1419. Two given weights are connected by an inextensible 
string which passes over a smooth pnlley; find the motion of the 
weights, and the tension of the string. 

1420. Two bodies, A and By of eqnal masses, are connected 
hy an inextensible string which passes over a smooth pulley at 
the highest point of a smooth plane inclined at an angle of SO** 
to the horizontal plane on which it rests, A resting on the inclined 
plane, and B on the horizontal plane. Find the length of the 
string so that, if A be allowed to run down from the top of the 
plane, it may just reach the bottom. 

1421. Two weights, P and 2P, connected by a string, hang 
vertically over a perfectly smooth pulley; and, after the system 
has been in motion for 3 seconds, a weight iP h added to P : find 
the velocity at the end of the fifth second. 

1422. Two weights of 5 oz. and 3 oz. respectively, are con- 
nected by a string which passes over a fixed pulley : find the velo- 
city with which they will mov^ and the tension of the string. 

1423. A body A, weighing 16 oz., in running down a plane 
96'6 feet long, inclined to the horizon at an angle of ^0^ draws 
another body B, weighing 6 oz., vertically up by a string which 
passes over a smooth pulley at the top of the plane. Find the 
time in which it will run from the top to the bottom of the 
plane. 

1424. A railway train weighing 20 tons starts from rest 
down an incline of 1 in 200, and runs unimpeded for 5 minutes ; 
find the constant pressure which, acting in the opposite direc- 
tion to the motion, would then bring it to rest in 3 minutes. 

1425. A sphere of 4 oz. is projected up a plane 4 feet long, 
inclined at an angle of 30^, at the same instant that another 
sphere of 10 oz. is allowed to roll from the top; with what velo- 
city must the former be projected so that, after collision, the 
latter may rebound to the top of the plane; the coefficient of 
elacticity being '75 1 

1426. Two bodies^ weighing 10 and 5 ounces respectively, are 
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connected by a string passing over a pulley at the top of a double 
inclined plane; find the tension of the string when the inclina- 
tions of the planes are 50® and 45** respectively, 

1427. A sack of com weighing 2 cwt. is lowered from a 
height of 50 feet by a rope, which, passing over a fixed pulley, 
has a bundle of empty sacks weighing 1^ cwt. attached to the 
other end, and these are drawn up by the descent of the full sack ; 
how long will the sack take to descend, and with what velocity 
will it strike the ground ? 

1428. Two weights hang freely over a single fixed pulley; 
prove that, if friction and the inertia of the pulley be neglected, 
the force of gravity at different places on the earth will be propor- 
tional to the spaces descended from rest in the same time by 
the heavier body. 

1429. A weight of 16 ounces draws another of 10 ounces 
down a plane inclined at an angle of 45" to the horizon; find 
the vertical velocity of the latter at the end of three seconds, and 
the tension of the string. 

1430. A weight of 5 oz. hanging freely, pulls a weight of 
20 ounces along a perfectly smooth horizontal table, by means of 
a string to which both are attached; how long will the latter 
take to reach the edge of the table, from which it was originally 
10 feet distant, and at what horizontal distance from the edge of 
the table will it strike the ground, supposing the length of the 
string and the height of the table to be ea.ch 10 feet 1 

1431. The velocity acquired by a body in falling from rest, 
down a plane, is 25; find the velocity it would acquire if pro- 
jected from the top, down the plane, with a velocity of 25. 

1432. A railway train weighing 100 tons, moving at the rate 
of 40 miles per hour, comes to an incline of 1 in 50; what addi- 
tional pull, in tons, will be required from the engine to keep the 
speed at the same amount) and how far would it run up if the 
engine were to shut off the steam at the base of the incline? 

1433. The "ways" along which. a ship was launched were 
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found to have an inclination of 1 in 20 : find tlie velocity with 
wliiclL she was propelled along the sm*&ce of the water, supposing 
the time she took to slide off the ways to be 10 seconds. 

1434. What velocity will a railway train acquire by its 
descent of an incline of 1 in 70, one mile in length ) 

1435. Find the velocity acquired by a railway train running 
down an incline of 1 in 100, one mile long. 

1436. Find the line of quickest descent from a given point 
to a given plane. 

1437. Find the length of the line of quickest descent from a 
given straight line inclined at an angle a to the vertical, to a 
point in the same vertical plane at a perpendicular distance p 
from the given line. 

1438. If a be the shortest horizontal distance of a given 
point from a given plane whose inclination is i, show that the 
length of the line of quickest dQ3cent from the point to the plane is 

2a . sin -- , 
2 

1439. Fiad the plane of quickest descent from a given plane 
to a given point. 

1440. Find the straight line of quickest descent from a given 
point to a given circle. 

1441. Find the line of quickest descent from a given circle 
to a given circle within the former. 

1442. A balloon with its car, &c, weighs 750 lbs., and is 
capable of just liffeing 1200 lbs.; find the height to which it will 
rise with the first-named weight in twenty seconds, supposing the 
resistance of the air to be equivalent to a constant downward 
pressure of 50 lbs. Find also the time in which a body^ released 
from the car at that point, will reach the earth, 

1443. Investigate frx>m first principles the expression 

sin (2«-t)= ^cos'i + sini, 
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where e is the elevation which, with the velocity F, will give the 
range r upon a plane inclined at an angle i to the horizon. 

1444. A body projected obliquely, and acted on by gravity, 
strikes a plane inclined to the horizon at an angle )3; find the 
range on this plane, and the time of flight, the angle and velocity 
of projection being respectively a and V. 

1445. If a body be projected at an angle of 60°, and strike a 
plane inclined at an angle of 30° ; show that the range in feet will 
be sixteen times the squai'e of the time of flight in seconds, if 
Sr = 32. 

1446. Find the elevation and velocity with which a body 
must be projected, in vacuo, in order that it may pass through two 
points distant h and h' from the point of projection, and k and k^ 
above its level ; find also the time of flight to the latter point. 

1447. If any number of bodies be projected from the same 
pointy at the same time, with the same velocity in the same verti- 
cal plane, but at various angles, they Will all, at any subsequent 
instant, be in the circumference of the same circle. 

1448. What would be the range, in DacilOy of a 32-lb. shot 
fired at an elevation of 10°, with a 6-lb. charge, upon a plane hav- 
ing an upward slope of 4*, supposing the initial velocity to be 
expressed by 

where C is the weight of the charge, and Tf^that of the shot ? 

1449. Investigate an expression for the determination of e, 
the elevation of a gun, which will caude a shot fired with a velo- 
city V to strike a plane, inclined to the horizon at an angle t, at 
a distance r from the guiu 

1450. Find the range of a shell, fired at an angle of 45° with 
a velocity of 500 feet, upon a horizontal plane, and the length of 
fuse requisite to cause it to ejiplode upon reaching the ground, 
supposing the fitse to bum at tlie rate of 1 inch in six seconds. 
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1451. Show that if a body be pi'ojected from the bottom of 
an inclined plane and strike the plane perpendicularly, the time of 

flight will be, in the usual notation, — r^-, — -, 

1452. Find the range of a shot, fired at an elevation of 30° 
with a velocity of 4O0 feet per second, upon a descending plane 
of 15^ 

1453. Prove that the maximum range upon a plane inclined 
to the horizon is obtained when the body is projected in the line 
of direction which bisects the angle between the vertical and 
the plane ; and that equal differences of elevation above and be- 
low this line will give corresponding equal ranges. 

1454. A sphere is rolled with a velocity of 20 up a smooth 
board 8 feet in length, inclined at an angle of SO* : find the 
horizontal distance from the foot of the board at which it will 
strike the ground. 

1455. A shell is to be fired from the top of a cliff 300 feet 
high with a velocity of 600 feet per second, to strike a ship at 
anchor 600 yards from the base of the cliff; what must be the ele- 
vation of the gun and the length of the fuse, supposing it to burn 
at the rate of '167 inch per second? 

1456. Let ABC be an isosceles triangle, resting with its base 
AB upon a horizontal plane, and let its surface be incliued to the 
horizon at an angle of 60®; it is required to find the velocity with 
which a ball must be projected in the direction AC, so as to roll 
off the surface of the triangle at the point of bisection of BC, 

1457. A particle is projected at an angle a, and strikes a plane 
inclined at an angle i ; find the time at which it is a feet distant 
from the plane. 

1458. A perfectly elastic particle is projected with a velocity 
t7, at an elevation a, directly- up a plane inclined at an angle i to 
the horizon. Find the greatest perpendicular distance of the par- 



174 MATHEMATICAL EXAMINATION QUESTIONS. 

tide from the plane; show tliat the velocities parallel to the plane, 
at the successive points of impact, are in arithmetical progression ; 
and find the number of bounds the pai*ticle will make before it 
commences its descent down the plane. 

1459. If X and y be the rectangular co-ordinates of a point re- 
ferred to horizontal and vertical axes, whose origin is the point of 
projection of a body, show that 

y = a?tane- /^ , ; 
2V . cos e 

where e is the inclination of the line of projection to the horizon 
and V the velocity of projection. 

1460. Two particles are projected with the same velocity so 
as to have the same range on the same horizontal plane; com- 
pare their times of flight. 

1461. If the wind were blowing at the rate of 40 miles an 
hour, what would be the equation to the line of motion of the 
balloon in Question 1442? And what would be its position and 
the direction of its motion at the end of ten seconds from the time 
of starting? 

1462. Find the length which a fuse must be cut in order that 
it may burst a shell when it strikes the ground at a range of 1200 
yards upon a horizontal plane, if the gun be fired at an elevation 
of 4^ ; the fuse burning at the rate of a fifth of an inch per second. 

1463. What is the charge of powder which will give a range 
of 1650 yards on a horizontal plane to a 13-inch shell fired at an 
elevation of 45^1 And what would be its range with that charge 
on a plane inclined to the horizon at an angle of 2^ 40'? 

1464. Find the range of a shot fired at an elevation of SO® 
with a velocity of l6l feet per second, upon a plane which rises I 
in 15. 

1465. If a triangle ABC have its base AB horizontal, and a 
body be projected from ^ at an elevation «, so as to pass through 
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G and J?; show that tan e is equal to twice the area of the triangle 
divided by the rectangle of the segments into which the perpen- 
dicular from C divides the base. 

1466. A perfectly elastic body is projected from a point A at 
the base of a plane inclined to the horizon, and strikes the plane 
perpendicularly: what is the distance from A at which it will 
again strike the plane ? 

1467. Two elastic spheres discharged at the same instant 
from points in a horizontal plane, describe the same parabola in 
contrary directions; after impact one of them retraces its path and 
the other falls vertically; find their elasticity of recoil and the 
ratio of their masses. 

1468. A sphere whose elasticity is ^, is propelled, with a 
velocity 10, down a plane inclined at an angle of 60° to the hori- 
zon, and at a distance of 15 feet from its starting-point strikes a 
hard and immoveable obstacle, which presents a horizontal surface 
to its impact; find the point where the sphere will again strike 
the plane. 

1469. Two equal inclined planes are placed back to back, 
and a body projected up one of them flies over the top and strikes 
the ground just at the foot of the other; find the velocity of pro- 
jection, the inclination of each plane being 30°, and their common 
altitude h feet. 

1470. A perfectly elastic sphere is let fall from a height of 
l6*l feet above the point where it strikes a plane inclined 45® to 
the horizon ; find the position of the body at the end of 2 seconds. 

1471. A body is projected with a velocity of 800 at an eleva- 
tion of 30® upon a plane inclined 15® to the horizon, and strikes the 
plane at an angle of 40®; find the range. 

1472. If an elastic body be projected on a horizontal plane, 
show that the successive ranges will be in a geometric progression, 
having the common ratio e. 

1473. The "sighting" of a rifle fixes the angle between the 
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direction of the object aimed at and the line of fire : show whe- 
ther, if aim be taken at the top of a vertical wall with the sight 
adapted to the horizontal distance of its base, the bullet will pass 
above or below the top of the wall; and find the eiTor in the 
oblique range. 

1474. Three points, B, G, and 1), in the same horizontal line, 
are equidistant from one another, and from the horizontal line AH, 
vertically below them ; prove that if any line CA be drawn to the 
horizontal line, the angle BAH is less than 9.GAU, and that if a 
body be projected fi:om A at an angle a = 9.0 AH so as to pass 
through B ascending, it will also pass through D; except in the 
case when A is vertically below B. 

1475. A shell is projected with a velocity of 805 feet per 
second ; find its greatest range upon a plane inclined upwards at 
an angle of SO**. 

1476. A perfectly elastic ball is suspended from the centre of 
the ceiling of a room h feet high, and 2a feet wide, by a string ; 
find the length I of the string, so that the ball, being struck ho- 
rizontally by an equal and perfectly elastic ball projected from the 
middle of the side of the floor, may just touch the ceiling. 

1477. A shot is fired with a velocity of 400 at an elevation 
of 30°, and is observed to strike an object at the end of 4 seconds ; 
find the inclination of the line which joins the object and the gun. 

1478. A pendulum oscillating in 2 seconds at the sea-level, 
has one inch cut from its length, and is then carried up a moun- 
tain 17600 feet high; find the time of oscillation in that position, 
the radius of the earth being 396O miles. 

1479. A seconds'-pendulum is carried to the top of a moun- 
tain 3000 feet high; assuming that the force of gi-avity varies in- 
versely as the square of the distance from the earth's centre, and 
that the radius of the earth is 4000 miles, find the number of os- 
cillations lost in a day. 
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1480. If two clocks, having pendulums of different lengths, 
gain or lose to the same amount, show that the corrections of 
their pendulums will be nearly in the ratio of their lengths. 

1481. Find the velocity with which the earth must revolve in 
order that bodies at the surface, in latitude 60®, may lose all their 
weight. 

1482. Show that if the vertical radius of a quadrant of a 
circle be divided into n segments, which are to one another as the 
odd numbers 1, 3, 5, 7, &c., and horizontals be drawn to meet the 
arc, the points of intersection will be such that a body falling 
down the arc from rest at the extremity of the horizontal radius, 
will have, at those successive points, velocities which are as the 
natural numbers 1, 2, 3, 4, <bc. ^ 

1483. A pendulum which makes n oscillations in a certain 
interval, at the surface of the earth, makes n — S oscillations at the 
bottom of one mine, and ti — 5 at the bottom of another, in the 
same absolute interval as before ; compare the depths of the mines. 

1484. A heavy particle is suspended from the centre of the 
ceiling of a room 15 feet wide by an inextensible string 6 feet 
long, and being drawn aside, in a plane perpendicular to the side 
of the room, until it touches the ceiling, is allowed to swing; find 
the point at which it will strike the opposite wall if the string be 
cut when the particle has made half an oscillation, 

1485. A simple seconds' pendulum is found to make 10560 
oscillations at the level of the sea, and 10558 in the same time at 
the summit of a mountain ; find the height of the mountain, the 
radius of the earth being 7960 miles : find also how far a body let 
fall at the top of the mountain would fall in 3 seconds. 

1486. The number of vibrations made in 3 hours by a pen- 
dulum at the surface of the sea was 20000 ; and Wlq number 
made in the same time, by the same pendulun^, at a height of 
10560 feet was 19990: find the radius of the.^atth, 

C. ^ VL 
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1487. If L be the length of the seconds' pendulum at the 
level of the sea, and I the length of the seconds' pendulum at a 
height A, show that the radius of the earth is 

1488. Find the change in the daily rate of a clock having a 
brass pendulum beating seconds, due to a rise of temperature of 
20®; the expansion of brass being '00001 of its linear dimensions 
for each degree. 

1489. Find the length of the simple pendulum which oscil- 
lates half-seconds; the force of gravity being expressed by 32*2. 

1490. Find the daily rate of a clock the pendulum of which 
is 38*64 inches long, supposing each vibration to mark one second 
upon the dial plate. 

1491. Find the length of the seconds' pendulum when the 
force of gravity is 32*2; and determine the daily rate of a clock 
having such a pendulum made of brass, due to an increase of 
temperature of 10 degrees, supposing brass to expand '00001 of 
its length for each degree. 

1492. A body is suspended freely by a fine thread from the 
ceiling of a railway carriage, and it is observed to attain a devia- 
tion of 40^ from the vertical; find the radius of curvature of the 
line of rails at that point, supposing the train to be moving at the 
rate of 15 miles an hour. 

1493. A horseman is galloping in a horizontal circle of 20 
feet radius at the rate of 12 miles an hour; find the natural incli- 
nation of the plane which passes through the axes of the bodies of 
the man and horse, to the vertical. 

1494. How much must the velocity of the earth's rotation be 
increased in order that bodies at its equator may lose all their 
weight; the radius being assumed as 4000 miles? 

1495. A curve on a railway has a radius of a quarter of a 
mile; find the difference in level of the lines of rails in order that 
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the pressure on the wheels may be equal, when a train runs round 
the curve at the rate of 20 miles an hourj the "gauge" or dis- 
tance between the rails being 4 feet. 

1496. A weight W is suspended from the ceiling of a railway 
carriage by a string a feet long; find the tension of the string and 
its inclination to the verticfid when the carriage is running round 
a curve of 1 mile radius at the rate of m miles an hour; find edso 
the number of small oscillations which it would then make in one 
minute. 

1497. A 24- lb. and a 12-lb. shot are successively whirled 
round on a horizontal table with a given length of string of the 
same strength attached to them, the velocity in each case being in- 
creased until the string breaks; find the ratio of these breaking 
velocities. 

1498. A boy whirls round a stone in a sling 3 feet long at the 
rate of sii turns in one second, and the stone is discharged at an 
angle of 30* to the horizontal plane; find the distance at which the 
stone will fall and the strain upon the sling, supposing the velocity 
to be doubled by the action of the boy's arm at the instant of dis- 
charge. 

1499. Find the centrifugal force at the surface of the earth in 
latitude 60®, estimated in the direction of the radius of the earth 
at that point, supposing the earth to be a sphere whose radius is 
4000 miles. 

1500. A particle suspended in the car of a bedloon revolves 
as a conical pendulum in a plane 21 inches below its point of sup- 
port, and it is observed to make 7 revolutions in 10 seconds. 
Find how high the balloon will have risen above the earth in 
2 minutes, supposing the force of gravity and the acceleration of 
the balloon to have remained constant » 

1501. A body being suspended by a string 2 feet long, and 

made to revolve as a conical pendulum, it is found that the tension 

of the string is twice the weight of the body; compare the time of 

revolution with the time of oscillation of the body as a simple 

pendulum. 

VL—1. 
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1502. At what angle is the arm of a conical pendulum in- 
clined when it revolves in the time of its oscillation as a simple 
pendulum ] 
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1503. The volumes of three fluids and their respective spe- 
cific gravities being given ; find the specific gravity of their mix- 
ture, supposing a loss of one-tenth in volume. 

1504. A cylindrical tube 1 foot long and 1 square inch in 
section is found to weigh w lbs. when empty, and W lbs. when 
filled with a certain fluid ; find the specific gravity of the fluid, 
water being the standard. 

1505. Explain the experimental process by which the equal 
transmission of fluid pressure in all directions is proved; and 
define the meaning of the term " pressure at a point." 

1506. The volumes of two fluids are as n to m, and their 
specific gi*avities are p and p'; when mixed together, they lose 
one joth of their volume : find the specific gravity of the mixture. 

1507. A coin, known to be composed of platinum and 
silver, is found to be of exactly the same size and weight as a 
sovereign; find the relative weights of the two metals in it, the 
specific gravities of platinum, silver, and gold being 21, 10-5, and 
17*5 respectively. 

1508. The specific gravity of silver being 10*5 and of copper 
8*9; fiiid the relative weights of the two which must be mixed in 
order to form a compound which shall weigh one-ninth more in 
air than in water. 

1509. A cubic foot of teak weighs 100 times as much as a 
cubic inch of lead; compare their specific gravities. 

1510. A certain mass of metal weighs 30 oz. in one fluid, 
and 35 oz. in another; what will be its weight when . immersed 
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in a mixture of equal volumes of the two fluids^ if it weigh 40 oz. 
in air? 

1511. In the hydrostatic bellows, when the wieight is con- 
stant, and water is poured into the pipe, find the rise ih the 
surface of the water in terms of the volume poured in and of the 
sectioned areas of the pipe and of the bellows. 

1512. The radii of two spheres are 2 inches and 3 inches, 
and their weights are 8 lbs. and 10 lbs. respectively; find the ratio 
of their specific gravities. 

1513. The specific gravity of copper being 8*8 and of tin 7*3, 
find the weights of each of these metals in a mass of gun-metal 
weighing 500 lbs., its specific gr&vity being 8*6. 

1514. A rectangle is immersed vertically to a depth a below 
the surface of a fluid, and has two of its sides horizontal ; find the 
position of the horizontal line which divides the surface into por- 
tions the pressures upon which are equal 

1515. A fluid A has a specific gravity 1*25, and another 
fluid B has a specific gravity *85 ; 5 fluid ounces of A are mixed 
with 7 fluid ounces of B^ and 3 fluid ounces of water are added : 
find how many grains a mass of lead weighing 745 grains, will 
weigh when immersed in the mixture; the specific gravity of lead 
being 11*4. 

1516. A piece of gun-metal composed of copper and tin, is 

found to weigh W ounces in air, and w ounces in water; show that 

the ratio of the weights of copper and tin is expressed by the 

fraction 

c Tr-(ir-t£?)< 

where e is the specific gravity of the copper and t that of 
the tin. 

1517. A vertical cylinder contains a quantity of water of 
which the depth is equal to twice the diameter of its circular 
base, and a right cone of a density equal to five iimes the denediy 
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of the fluid, having its base exactly fitting the cylinder, rests 
(vertex downwards) upon the fluid; find the total pressure upon 
the curved surface of the cylinder in terms of the weight of 
the water, supposing the axis of the cone to be equal to the 
diameter of its base. 

1518. Find the ratio of the pressures upon the upper and 
lower halves of a regular hexagon immersed vertically in two 
fluids, the one of double the density of the other, one of the sides 
of the hexagon being in the surface of the upper fluid, and its 
centre of gravity in the surface of the lower. 

1519. A vessel in the form of an inverted frustum of a cone 
is filled with water: compare the pressure upon the bottom or 
smaller end with the weight of the water, the frustum being 
12 inches deep, and the radii of its ends 4 inches and 1 inch. 

1520. A watch-chain which weighs 200 grs, in air, weighs 
only 184*7 grs. in water: find the ratio of the volumes of brass 
and gold in it; the specific gravity of brass being 7*8, and of 
gold 19-3. 

1521. A hollow equilateral triangular prism, the sides of 
which are squares, is placed on end and half-filled with water; 
it is then placed horizontaUy upon one of its sides. Compare the 
pressures on the end in the two cases. 

1522. If a hollow right cone, standing with its base down- 
wards upon a horizon fcal plane, be completely filled with water, 
show that the weight of the cone must be equal to twice the 
weight of the water in ord^ to prevent the cone from rising; and 
thence deduce the amount of the whole normal pressure upon the 
curved surface, and the consequent position of the centre of 
gravity of that surface. 

1523. A cylinder is completely filled with water; compare 
the pressure sustained by its curved surface when the axis is ver- 
tical and when it is horizontal 

1524. Compare the pressures upon the upper and lower por- 
tions r of a circla. immersed vertically in a fluid, the circle being 
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divided by a horizontal diameter, and the centre of gravity of 

4 

a semicircle being at a distance equal to -— of the radius from 

Sir 

the centre; and find the depth to which the circle must be 

immersed in order that the pressure upon the lower half may be 

the double of that upon the upper, 

1525. Compare the pressures upon the three upper and upon 
the three lower faces of a cube suspended by one of its angles in a 
homogeneous fluid, at a depth equal to the side of the cube, 

1526. Compare the pressure on the base and on the three 
sides of a regular tetrahedron filled with water, and having its 
base horizontal. 

1527. A cylinder is divided by a plane which cuts its axis 
perpendicularly at a distance from the lower end equal to one- 
fourth of its length ; find the depth to which it must be vertically 
immersed in a fluid, that the toted fluid pressures upon the whole 
surfaces into which it is divided may be equal. 

1528. A hollow thin square prism, filled with water, stands 
upon one of its rectangular faces, and one of its ends is loose, 
though water-tight; find the magnitude and point of appli- 
cation of a single force which would hold that end ia its po- 
sition. 

1529. Supposing both ends of the prism in the last question 
to be fixed, and the prism to be filled with equal volumes of 
two fluids of densities p and 3p which do not mix; find the 
pressure produced upon that portion of each end in contact with 
the latter fluid. 

1530. An isosceles triangular lamina floats Yertically in a 
fluid with one of its equal sides parallel to the sur&ce of the fluid, 
and with its centre of gravity in that sur&ice, the vertex of the 
tiiangle being supported by a string: And the ratio of the d^i- 
sities of the fluid and lamina, and the tension of the string. 

1531. A solid body is floating between two fluids of speciflc 
gra^ties s and /, and the part immersed in the denser fluid 
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is observed to be the same as if it were floating in a mixture 
of equal volumes of the two fluids; find the specific gravity of 
the solid. 

1532. A hollow water-tight 8-inch cube has one of its verti- 
cal sides loose, and capable of revolving about its upper edge; 
find the pressure at the lower edge necessary to keep the side 
closed when the cube is filled with wat«r. 

1533. An isosceles triangle is immersed in a fluid so that its 
vertex is at the surface and its base horizontal; find the locus of 
the centres of pressure of the straight lines drawn in the triangle 
perpendicular to its base. 

1534. A rectangular sluice gate ABCD has its two sides AD, 
BC and the axis EF upon which it turns, horizontal; find the 
height to which the water must rise above EF before the gate 
turns, when AB = ^ feet, and AE=^ feet, 

1535. A uniform cylinder of length 26 inches, and density p, 
floats in a fluid, with its axis vertical and half immersed ; another 
fluid is then poured upon the top of the former (with which it 
does not mix) to the depth a inches, which causes the cylinder to 
rise b inches in the lower fluid. Pind the density of the upper 
fluid. 

1536. A cylinder rounded ofl* at one end in the form of a 
hemisphere, is found to float in water with one-half of the radius 
of the hemisphere immersed, and the equilibrium is found to be 
neutral; find the density of the body. 

1537. A heavy cone, having its base 6 inches in radius, is 
suspended in water by a point in the circumference of its base so 
as to be completely immersed; find the magnitude and direction of 
the resultant pressure upon its curved surface, and compare the 
former with the total pressure upon the same surface, the point of 
suspension being 2 feet below the surfiuse of the water, and the 
height of the cone 12 inches* 

1538. A hollow cube having a weight suspended at one of its 
angles^ floats with the three nearest angles at the sur&tce of the 
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water; find the additional weight which will just bring the high- 
est angle down to the surface^ the edges of the cube being two 
feet long. 

1539. Eind the thickness of an iron spherical shell 20 inches 
in diameter which will just float in water, the specific gravities of 
iron, water, and air being 7*5, 1, and '00125 respectivelj. 

1540. A ship in dock is observed to have risen 3 inches out 
of the water, owing to the discharge of 50 tons of her cargo; find 
the area of her section at the water-line. 

1541. A body in the form of an equilateral cone and a hemi- 
sphere on the same base, floats in a fluid; find the position and 
character of the equilibrium when the density of the fluid is 
double of that of the body. 

1542. An empty hollow sphere of 4 inches radius, and weigh- 
ing 3 lbs., is fastened to the bottom of a vessel filled with water by 
a fine string; find the tension of the string when the sphere is 
wholly immersed in the water, and also when the water is replaced 
by the same bulk of oil, the specific gravity of which is '92. 

1543. A thin hollow cone 8 inches in diameter and 12 inches 
deep has a sphere of lead 3 inches in diameter placed within it; 
find the depth to which it will sink in a fluid the specific gra\ity 
of which is 1*135, that of lead being 11*35. 

1544. Four cylindrical pontoons 20 feet long, having hemi- 
spherical ends of 2 feet radius, are lashed together and a platform 
is laid upon them, and it is found that they are then half im- 
mersed; find the additioned weight they will carry. 

1545. Four cylindrical barrels 4 feet long by 2 feet 6 inches 
diameter are lashed together to form a raft, and it is found that^ 
when floating in the water, one^third of their diameters is im- 
mersed; And the additional weight which the raft will support 
when the barrels are completely immersed* 

1546. A cylindrical pontoon, having hemispheiical ends, is 
25 feet long and 2 feet in diameter^ and is immersed to half its 
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depth; find the additional weight it will bear before it is wholly 
immersed: find also the total pressure upon its surface in the 
latter case. 

1547. A diving-bell is sunk until the depth from surface to 
surface is 11 fathoms; find the volume of air which must be 
pumped in, in order to fill the bell, the temperature of the air in 
the bell being f lower than that of the external air. 

1548. A cylindrical diving-bell, 9 ^eet high, is to be sunk to 
the bed of a river 40 feet deep; find the height to which the water 
will rise within it. 

1549. The water in a conical diving-bell has risen one-third 
of its height inside the bell, where the thermometer stands at 60**, 
the atmospheric temperature being 40*. Find the depth from 
surface to surface. 

1550. A balloon filled with gas at a temperature of 60^ and 
pressure of 30 inches, ascends to a height where the thermometer 
indicates S5^ and the barometer 25 inches; find the change of 
volume of the g&s, and the height to which the balloon has risen. 

1551. Calculate the height of a point on Shooter's Hill, above 
the wharf in the Arsenal, from the following observations : — 

Barometer. Temp, of Mer. Temp, of Air. 



Arsenal 


29*475 


37 


34 


Shooter's Hill 


29*022 


S5 


32 


using the formula 




^ m 





H (in feet) = 60000 log - , 

in which the values of h and h' are supposed to be observed at 
temperature 32®. 

1552. A sphere, ap, gr, 1*25, is placed in a reservoir of water 
20 feet deep ; find the time in which it would reach the bottom, 
neglecting the resistance of the water. 

1553. An india-rubber hollow sphere, which contained air of 
three times the external density^ was suspended within a diving- 
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bell, which was then sunk to a depth x, when the sphere was 
found to be one-tenth less in circumference than when the bell 
was at the surface. Find x, on the supposition that the force of 
compression by the india-rubbisr remains practically unaltered. 

1554. Describe the " Air-Pump ;" and determine the increase 
of temperature required to restore the elastic force of the air in 
the receiver after two strokes of the piston, supposing the tempe- 
rature of the air to be 50®, and the capacity of the receiver to be 
ten times that of the pump. 

1555. Describe the action of the air-pump; find the density 
of the air in the receiver after 5 strokes of each piston, the ca- 
pacity of the receiver being to that of each barrel as 9 ^ 1 ; and 
calculate the increase of temperature from 40** Fahrenheit which, 
under a constant pressure, would have produced the same amount 
of rarefeiotion in the air. 

1556. Describe the common suction-pump; and determine 
the force necessary to move the handle downwards, when the 
length of the pipe from the piston to the surface of the water is 
15 feet, the diameter of the piston 6 inches, the length of the 
handle 5 feet, that of the arm at right angles to it and connected 
with the piston-rod, 1 foot, and the play of the handle 60**. 
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7x 4* 2 
1557. Find the limiting value of , when x approaches 



3x-5 



infinity. 



1558. Define the "differential coefficient" of a function ; and 
find the differential coefficient of 

, 1 +xj^ + a^ ^^ . xj2 
®l-i»^2 + aj* 1-0?* 
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1 559. Show that d . ooyz = xydz + xzdy + yzdxy and apply this 
form to the differentiation of the function 

w = aj". e*. tana?. 

1560. Prove that d,a= a*, log, acfos, 

1561. Investigate the following formulae : 

(a) d . («") = naj""* • db ; 
(6) d(xi/)=^Xtdf/ + f/.dxl 

(df) e?. tana;±=seo'a;.c2». 
Differentiate the following functions : 



1562. 



1565. u = 



i_,^. 1566. uJ^±^^. 

ir/»^ rc — ^(aj+1) -^^o a;* — a; + l 

1567* — %; — r(. 1568. €* = -;; -. 

X + ^(oj +1) oj* + a; - I 

1569. w=.— ^,. 1570. y= ^ 



1571. ,= (i±^-_«.).(..5..)t. 

1572. « = log {^(1 + «•) + ^(1 - a;^}. 

1573. «=aj'-3log{l+a0*. 1574. u = \og '"','/f~f' 

fj(x —a) 

1575. „ = ^jJ2«£ + log (1 _ e). 

1576. log (« . e«**) and tan"' a? /- . 
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1577. « = «".«-"*. 1578. « = tan-'-^-i. 

1 — ar 



1579. «t = sin (na;) . sin" oj, 1580. w = cos 



.Sa 



-,«""-! 



a;*"+l 



1581. w = e'.logsina:, 1582. «*=—-;—« -logtan-. 

® 2 sin' a; 2 ^ 2 

tan — 
1583. w=-_A__.tan-» — 



Jia'-br^ //a -by 



V \a + 6/ 



1584. w = tan"*a; + tan"*a;'. 1585. w=^{sin(a;+a).sin(a;-a)}. 
1586. «^ = e'. logsiDOJ. 1587. w = 8in«. sin~*a?. 

1588, w = log.tane'^'. 1589. w= i-tan"*?^^. 

1590. y = a? . ^(a'' - a;*) + a", sm * - + log j—-^ 3e^ . 

1591. y = .log-J^-J-^---^.tan^-^, 

1592. y = log 1 V - ~ tan"* os. 

1593. Investigate Maclaurin*s Theorem; and, by means of it, 
expand sin^'a; in series arranged according to the ascending powers 

of X : 

1594. «^ = log . cos a;, 1595. Yersa?. 
1596. «^ = cos"'a;. 1597. 6'.ooa{xJS), 
1598, e'. tana?. 1599. u^^tsuT^x, 

1600. If u=f{x-\-y\ show that the first differential coeffi- 
cient will be the same whether y be considered constant and x 
variable or vice versd; and show how this theorem may be em- 
ployed in the investigation of Taylor's Theorem^ 



190 MATHEMATICAL EXAMINATION QUESTIONS. 

Expand by Taylor's Theorem in series arranged according to 
the ascending powers ofh: 

1601. sin-' (a; + A). 1602. cos""' (aj + ^). 

1603. log(a; + A)». l604. tan (a + A). 

1605. tan""' (a; + A). 

1606. Show, by Taylor's Theorem, that if u=/(x) have a 
maximum or a minimum value, depending upon the variable x ; 

then, for that value, *-r-=0; and that if, for that value, -=-^ do 

(tx cix 

not also vanish, it must be negative in the former case and posi- 
tive in the latter. 

1607. Define the meaning of "maxima and minima values" 
of the function of a variable; and determine the form of a thin 
hollow cone which, with a given capacity, shall be constructed 
with the least expenditure of material. 

1608. Explain how the maxima and minima values of a 
function of one variable are determined; and find the shortest line 
to a parabola from a given point in its axis. Explain the result 
when the distance of the point from the vertex is less than 
half the latus rectum. 

1609. A boatman, S miles out at sea, wishes to reach a 
point on the beach 5 miles from the nearest point of the coast; 
'he can pull at the rate of 4 miles an hour, but he can walk 
at the rate of 5 miles an hour: find the point at which he 
must land. 

1610. Find the greatest cone B which can be described 
within a given cone A ; the vertex of B being the centre of the 
base of A, 

1611. Inscribe the greatest rectangle in a given parabolic 
area terminated by a double ordinate perpendicular to the axis, 

1612. Find the dimensions of a cylinder of a given volume 
Fj such, that its sur&ce shall be the least possible. 
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1613. Find the greatest right cone which can be cut from 
a given sphere. 

1614. A steamer whose course is due west and speed 10 
knots is sighted by another steamer going at 8 knots ; what course 
must the latter steer, so as to cross the track of the former at the 
least possible distance from her ? 

1615. If from a circular piece of paper a sector be cut outn, 
and the straight edges of the remaining sector be joined, a cone 
will be formed; find the arc of the first sector, so that the cone 
may have the greatest volume possible. 

161G. Let ABCD be a parallelogram of which -4(7 ia a dia- 
meter; it is required to find in AG a point F^ such that BF beiiig 
drawn and produced to meet CD in E^ the sum of the triangles 
AFB and EFG may be a minimum. 

1617. Within the angle ACB made by two straight lines CA^ 
CBf a point P being given ; it is required to draw a straight line 
through P, so that the sum of the segments of the other lines 
intercepted between it and the angular point C may be the 
least possible. 

1618. Let i) be a point in the diameter AB of a semicircle 
AFB; it is required to find the position of the point F, so that the 
sum of the distances AP and FD may be a maximum. 

1619. A square piece of sheet-lead is to have its edges turned 
up perpendicularly, so that the vessel thus formed may contain 
the greatest possible quantity of fluid. Find the depth of the 
vessel. 

1620. A weight F draws another § up by a string passing 
vertically over a pulley; find Q so that the momentum acquired 
by ^ in a given time may be a maximum. 

1621. Find the subtangent at the point, aj = a, of the curve 
y^ = a' . (2a - a?); and also its asymptote. 
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1622. Find the equation to the normal in the "Witch," 

QCfif = a? {a — x), 

1623. Show that ify=/x be the equation to a curve having 
a rectilinear asymptote, the intercept of the asymptote on the axis 

doc 
of oj is the limit towards which x — y j- approaches as x approaches 

infinity. And find the asymptote of the curve y^ = «?•{- aaj*. 

1624. Find the subtangent and the radius of curvature of an 
ellipse, at the point whose abscissa, measured from the centre, is 
one-fourth of the major axis of the curve. 

1625. Find the radius of curvature of the parabola at the 
vertex and at the extremity of the latus rectum. 

1626. Find the radius of curvature of a cycloid at the ex- 
tremities of the axis and at the points corresponding to x = a, 
the equation of the curve being 

x = a. vers"^ - — {2ay - y*) % 

1627. Find the radius of curvature at the point where a? = - 
in the curve osy = a', and show that the equation to the evolute is 

(a+)8)^-(a-i8)*=(4a)i 

1628. Find the radius of curvature at the vertex of the curve 
y^=a' (03* — ¥)y and if it have asymptotes determine them. 

1 629. Trace the curve y^=a' — x^; finding its asymptotes and 
points of inflexion. 

1630. Trace the curve y*-a;*=4aa:, and investigate its pro- 
perties with regard to asymptotes and points of inflexion. Find 
also its radius of curvature at the point as = 0, 
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1 631. Trace the curve y (a* + o^ = aafy and determine its pro« 
perties with respect to asymptotes and points of contrary flexure. 

1632. Trace the curve y^x — af] finding its points of in- 
flexion and- asymptotes, if any. Find alsaits radius of curvature 
at the extremity of its greatest ordinate. 



INTEGRAL CALCULUS. 
Find the values of the integrals : 

1633. f-?^. 1634. l^^^^dx. 

J(a + Sxy J(irx-af)* 

1635. f ^ . . 1636. /■ ^ -.. 

1637. r/'^V dx. 1638. '^ 



r sx + i 



X 



af-x'-Gx' 



1639. -j^^,. 1640. f^. 

1641. j^. . 164^ /j^. 

x^dx 

1649. d^^^^^^^^.dx. 1650. fmn6a;-*.(a+6a;")'^\efoj. 

1651. f^.. 1652. f-^^dx. 

J{x-S,y jar + x-o 

C. V^ 



1647. ( '^ , . 1648. /5<B'(3-2ai')*.<fa; 
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(a + bx)^ 



1653. / "^ . . 1654. f(2ax-^af)i.dx. 

J(a + bx)^ J 



dx i-cr/. l2x-^S)dx 

(a'+aO* a^-af + 2x 



1655. / — — I. 1656. 



1657. f_J?^. 1658. r ^ , 



1659 



. f-^^. 1660. f,,^'^^.. 

r 

1661; J-|^|r-,ei» 1662. fx'logx.dx. 

1663. ja;"logaj.<fo?. 1664. • j—- 



e^ 



(log a:)"" 



1665. L'/cfe. 1666. «?«^= "^ 



€ — € • 



[x.e^.dx. 1668. f~ 

J J 00 



1667. /a?.6'^\(iaj. 1668. /i^^cZor. 



cos** 03 



1669. J?!b!^. 1670. [tB.t7x.dx. 

J cos as y 



sin""* aj 



1671. /ajsm-'aj.da;.- 1672. f^^^^^^^dx: 
J J {l-x'f 

1673. j sin* X . cos^ X . dx. 1674. cos'a5.c?a;. 

1675. -^. 1676. f-^. 
COS a; J cos x 

1677. /-?^. 1678. ft8Ji*x.dx. 
J sin a; y 

1679. . Find the value of / ,, / f ^, .. 



i 
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1680. The equation to the cycloid (origin at the vertex) being 

y = a Vers~* - + {2ax - otf)\ 

show that the length of a cycloidal arc measured from the origin, 
is twice that of the chord of the corresponding arc of its gene- 
rating circle. 

1681. Find the area of the portion of a parabola cut off bj 
the latus-rectum ; and the volume of a conic frustum generated by 
the revolution of a rectangular trapezoid round its perpendicular 
side. 

1682. Find the area of the curve y* = a", (aj* — 6") between the 
abscissas a and h, 

1683. Find the area of the curve a;y" = 2a — a? between the 
limits a; = and x^a. 

1684. Find the area of the curve 

of y — a 



a** y 



a 
from a: = to a? = - . 

2 



1685. Find the area of the curve y' = aj" . (a; - a)' between the 
limits x = and x=a, 

1686. Find the area of the "Witch of Agnesi" bounded by 
the curve whose equation is auy* = 4r" (2r — aj), and by a straight 
line perpendicular to its axis and passing through the centre of 
the generating circle. 

1687. Find the area of the curve y = x-x^ intercepted be- 
tween the axes. 

1688. Find the area of the curve 

y . (4a" + a^ = 2(a; + a)a* 
between the limits x = and x= 2a. 

1689. Find the area of the curve expressed by the equation 

ocy' == (a " x)% 
between the limits x = and a? = a. 
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1690. Find the Yolume of the solid generated by the revolu- 
tion of the curve 

round the axis of y. 

1691. An ellipse revolves round a tangent at the extremity 
of the major axis; find the volume of the ring generated by the 
ivrei^ 0(f the senu-ellipse furthest from the tangent. 

1692. !Find the volume of the solid formed by the revolution 
of the curve a?y* = (a — xf round the axis of y, between the limits 
a; = and x = a^ 

1693. Let DG and (7i be the semi-axes, minor and major, of 
an ellipse, and from any point E in the arc DAy draw EF parallel 
to AC and meeting DG in F; and let FC = A : it is required to 
fijid the area DFEy and the volume of a conoidal bullet generated 
by that area about FE, 

1694. Find the volume of the solid generated by the revolu- 
tion of the curve 

about the axis of x; from a? = to a; = a. 

1695. Find the volume and curved surface of a paraboloid 
between the limits x = a and x^hy the equation to the generating 
curve being y"=4miB. 

1696. Find the centre of gravity of a quadrant of a circle. 

1697. Find the centre of gravity of a circular sector of which 
the arc is 2a; and thence deduce that of a semicircular area. 

1698. Find the centre of gravity of a segment of a circle in 
terms of the radius r of the circle, the semi- arc a of the segment, 
and the radius p of the base of the segment : and show what this 
becomes in the case of the semicircle. 

1699. Find the centre of gravity of a semi-parabola of which 
ihe abscissa is a and the ordinate h. 
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1700. Find the centre of gravity of a circular arc a, in terms 
of the arc, its chord, and the radius of the circle. 

1701. Find the centre of gravity of the solid generated by the 
revolution of the figure formed by two straight lines VA, AB at 
light angles to one another, and the parabolic arc VB about VA ; 
when V is the vertex of the parabola of which the axis is parallel 
to AB. 

1702. Find the centre of gravity of a material line, the den- 
sity of which varies directly as the distance from one of its ends. 

1703. Let the density of the sections of a right cone parallel 
to its base vary inversely as theijf distances from the vertex ; find 
the centre of gravity. 

1704. Find the centre of gravity of a cone, the density of 
every point of which varies inversely as the wth power of its dis- 
tance from the plane of the base. 

1705. Find the centre of gravity of the solid formed by the 
revolution of the area of the curve 

about the axis of x] between the limits x = 0^ and a; = a. 

1706. At a point i>, in an ellipse, the ordinate DH is equal 
to the abscissa HGj G being the centre. Find the centre of 
gravity of the segment cut off by the double ordinate DUE. 

1707. Let the density of a triangle vary as the nth power of 
the distance of any point in it from a straight line drawn through 
the vertex parallel to its base; find its centre of gravity. 

1708. Let the density of a quadrant of a circle of unifoi^m 
thickness vary as the nth power of the distance of any point in it 
from the centre of the circle; find its centre of gravity. 
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MOMENTS OF INERTIA. 

Find the moment of inertia of 

1709. A uniform rod about an axis through its centre of 
gravity and perpendicular to its length. 

1710. A circle about an axis passing through its centre per- 
pendicular to its plane. 

1711. An equilateral triangle about one of its perpendiculars. 

1712. A circular arc about the diameter which bisects the 
arc. 

1713. A circular arc about an axis passing through its vertex 
and perpendicular to its piane. 

1714. The circumference of a circle about any tangent. 

1715. A circular area about any diameter, 

1716. A circular ring about an axis perpendicular to its 
plane passing through its centre. 

1717. A cylinder about its axis. 

1718. A sphere about any diameter, 

1719. A right cone about its axis, 

1720. A spherical shell about a diameter, 

1721. A hollow cylinder about its axis. 

1722. A spherical lamina about a diameter, 

1723. A cylindrical lamina about its axis. 

1724. A parallelogram about an axis perpendicular to its 
plane and passing through the intersection of its diagonals. 

1725. A parabolic area about an axis perpendicular to its 
plane and passing through its vertex. 

1726. A cube about its diagonal. 
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1727. A cube about the diagonal of one of its &ces. 

1728. A cube about one of its edges. 

1729. A cone about its slant side. 

1730. A spheroid about its axis of generation. 

1731. An ellipsoid about one of its axes. 



CENTEE OF OSCILLATION. 

Find the time of a small oscillation of 

1732. An equilateral triangle about an axis perpendicular to 
its plane> through one of its angles. 

1733. A cube about one of its edges. 

1734. A sphere about an axis touching its surface. 

1735. A right cone about an axis touching the circumference 
of its base. 

1736. Show that an arc of a circle will oscillate about an 
axis through its middle point perpendicular to its plane in the 
same time as if its mass were collected at the opposite extremity 
of the diameter of the complete circle. 

1737. Show that a cylinder of 8 inches radius will oscillate 
about an axis on its surface parallel to its geometrical axis, in the 
same time as if its mass were collected at a point one foot distant 
from the axis. 

1738. Show that a hemispherical surface will oscillate about 
a diameter of its base in the same time as a simple pendulum, 
the length of which is two-thirds of the diameter. 
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MOTION IN A RESISTING MEDIUM. 

1739. Find the time in which a body of given weight falling 
from rest through the air will acquire a Telocity v ; assuming that 
the resistance varies as the square of the velocity. 

1740. Find the space through which the body will have 
fallen when it has acquired the velocity v. 

1741. If a particle be projected in a medium the resistance 
of which varies as the velocity, find the space described in the 
time t, supposing no other forces to act. 

1742. A body is projected vertically upwards with a velocity 
V; find the height to which it will rise, the resistance of the air 
varying as the square of the velocity. 

1743.. If in 1741 the resistance vary as the square of the 
velocity, find the space described in the time ^ by a body whose 
weight is w, 

1744. A body is projected with a velocity F obliquely into 
the air at a small angle of elevation a ; show that, if the vertical 
resistance of the air be neglected^ the range on a horizontal 
plane is 

_.log|__sm2a+lj, 

where to is the weight of the body, and k the resistance due to a 
unit of velocity. 



EXAMINATION PAPERS. 
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A. 

I. Oeometbt. 

1. Deduction, If two sides of a triangle be bisected, show 
(Jirom the First Book of JSitclid) that the line joining the points 
of bisection is parallel to the third side, and equal to half that 
aide; and thence show that if all the sides of a quadrilateral figure 
be bisected, and the adjacent points of bisection be joined, the 
figure so formed will be a parallelogram equal to half the given 
quadrilateral 

2. In every triangle the square of the side opposite any of the 
acute angles is less than the squares of the sides containing that 
angle, by, dec. 

3. If two straight lines within a circle cut one another, the 
rectangle contained by the segments, <bc. 

4. Equal triangles which have one angle of the one equal 
to one angle of the other, have their sides about the equal angles 
reciprocally proportional; and triangles which have one angle of 
the one equal to one angle of the other, and their sides about the 
equal angles reciprocally proportional, are equaL 

5. The circumferences of circles are to one another as their 
diameters. 

6. If two straight lines meeting one another be parallel to 
two other straight lines which meet one another, but are not in 
the same plane with the first two; the plane which passes through 
them is parallel to the plane passing through the other. 

COOBDINATE Ge03IETBT. 

7. Investigate the relation between a and a\ so that the lines 
y = aaj + j3, y = a'a5 + j3', may be perpendicular to one another. 
The line 2/ = ax+b passes through the point (1,-2), and is per- 
pendicular to the line 5y — 10a;+12 = 0; find the values of a and 6. 

8. Oonstruot the circle denoted by the equation 

»" + y"- 603 + 10y- 15 = 0; 
and find the position of that diameter of it which passes through 
the origin of coordinates. 
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A. 

II. Arithmetic and Algebra. 

1. Define the terms "fraction,** "power," "root," "index," 
"logarithm" and "modulus." Explain also the reasoning by 
which it is shown that a — (6 — c) = a — 6 + c. 

2. A person owes £800 bearing interest at 5 per cent, per 
annum. At the end of each year he pays X120 for interest and 
in part payment of the principal Find the amount of his debt at 
the end of the second year. 

3. Beduce ) L — 7= =75 to its most simple fonn ; and find 

(a+c)'-(6 + (^)* ^ ' 



the value of 



a*-6''~c* + 26c a-6 + c' 



4. Solve the following equations : 5x + 6 = -x + ^ , .. (i) ; 

J{x+S)-'J{x+5) = Jx (2); . 

(a;-y)(aV + 6y) = a'(«''-A«^y = c' (3). 

5. A and B agree to pay their expenses for a certain time in 
the proportion of the numbers 4 and 7. At the end of this period 
it was found that A had paid the sum of £102, and B £78, What 
has the one to pay and the other to receive in order to settle the 
account 1 

6. The equation a? — oi^— 33x — 63 = has two equal roots : find 
them by means of the dervoed equation; find also the third root. 

7. Define a geometrical progression, and show that if each 
term be subtracted from the preceding, the successive differences 
constitute also a geometrical progression. Sum the latter series to 

n terms, when the first term of the original series is 2 and ratio ■- . 

8. Investigate the formula for the number of shot in a square 
pile; and show that if the number in a square pile be to the 
number in a triangular one of the same number of courses as ^ to 



q^ then the number of courses in each is 



2.2-;? 
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; III. Flakx Trigokohitry. 

. ' 1. ' Explain the law of the '*algebi*aio sign" in each of the 
£>ur quadrants of the circle, in reference to the '^ tangent*' of an 
arc or angle ; and prove the relations 

tan (90** + ii) = - oot J, and tan (180"- -4)- - tan A. 

2. If sine a = t > "w^hat are the surd expressions for the cosine, 
secant, tangent and cotangent of a? 

3. The sida a and its opposite angle A, of a right-angled 
triangle ABC (right-angled at C), are 152 feet and 18" 25' 16"; 
iind the other parts of the triangle. 

4. Prove the following relations : — 

sin (J + ^ = sin ^ cos ^ -i- sin ^ cos A ; 

/J T>\ tan A — tan B ,. .«»» t » -w^ , , ^. 

tan(i-Jg) = ^^^^^^^^ ; cosM -sm'i?=cos(^-hi?)cos(^-J5). 

5. If a, &, c be the sides, and A^ B, C the opposite angles of a 
plane triangle^ and ako « = r (« + 5 + c) ; show that 



2 V 8 (8 -a) 



6. Given a= 126 feet, 6 = 132 feet, and c= 140 feet; find A, 
B and C. 

7. An object is seen from two ships A and J? in a river, 480 
feet asunder. At A the elevation of the object above the level of the 
river is found to be 28" 20', and the angle subtended by it and the 
ship B, 48" 25'. Also at B the angle subtended by the object and 
the ship A is found to be 20" 15'. Find the height of the object 
above the level of the river. 

8. Prove that if the sides a and 6 of a plane triangle ABC 
include an angle of 60", 

cos (60' - J) = ^. 
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IV. Spherical Tbigokometrt. 

1 . State Kapier^a Etdes for the solution of right-angled ephe- 
rical triangles; and exemplify them : 1st, when a side is taken as 
middle part; 2nd, when the complement of an angle is taken as 
middle .part; 3rd, when the complement of the hypothennse is 
taken as middle part. 

2. If a,h, c are the sides opposite to the angles A^ B, C of & 
spherical triangle, show that 

cos a = cos h cos c + sin & sin c cos A^ 

3. Show that, if 8=-(a + h + c), 

At 



COS 



1 . ._ /sin B sin (« — a) 

2 sj sin 6 sin c 



4. The three sides of a spherical triangle are 50* 37', 83® \^\ 
and 40*^ 12'; find its three angles. 

AsTROifOMY. 

5. Define the following terms: — "pole" and "equator" of 
the heavens; "meridian"; "ecliptic"; " the obliquity of the eclip- 
tic"; "the declination and right-ascension"; "latitude and lon- 
gitude of a heavenly body;" "the latitude and longitude of a place 
on the earth." 

6. Point out, by means of a figure, how the time of rising of 
the sun, and its azimuth when rising on a given day and at a given 
place, are determined. 

7. What angle or arc in the heavens is the measure of the 
latitude of a place on the earth ? What other angle or arc is it 
equal t9? and how is the latitude of a place determined by obser- 
vations on a circumpolar star ? 

8. Point out, by means of a figure, how the latitude and lon- 
gitude of a star are determined from its observed right-ascension 
And declination. * . 



2or 

A. 

V. StAtic& 

1. A straight lever is inclined at an angle of 60^ to the hori- 
zon, and a weight of 360 lbs. hang freely at the distance of 2 inches 
from the fulcrum is supported bjr a power acting at an angle of 
60^ with the lever,^ at the distan^ce of ^ feet on the other side of the 
fulcrum: find the power. 

2. The arms of a lever are in the ratio of 2 to 1, and are at 
right angles to each other. A weight of 20 lbs. is suspended freel j 
from the shorter arm, and 5 lbs. froiQ the longer : find the angle 
which the longer arm makes with the horizon when the lever is in 
equilibrium. 

3. A point is kept at rest by three forces represented by 
5 lbs., 6 lbs., 7 lbs. : determine the angles which the directions of 
these forces make with each otiier. 

4. A weight of 400 lbs. is supported on two props, 4 feet and 
8 feet long respectively, resting at their other ends, 10 feet apart, 
on a horizontal plane : find the pressure on each prop, and the ho- 
rizontal thrust of each on the plane. 

5. Determine the weight that will be supported by a power 
of 40 lbs. applied to a system of pulleys of the third kind, where 
each string is attached to the weight, in which there are three 
moveable pulleys, each weighing 5 lbs. ; giving the whole investi- 
gation, on the principle of the tension of the string applied to this 
particular case. 

6. A power of 10 lbs. supports a weight of 19 lbs. on a plane 
inclined 30*^ to the horizon : find the angle which the direction of 
the power makes with the plane. 

7. At what distance from each other must the threads of 
a screw be cut, that a power of 28 lbs., acting at the extremity of 
an arm 25 inches long, may press by means of the screw with the 
weight of 5 tons? 
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A. 
VI. Dthamios. 

1. A weight of 84 oz. is connected with another of 77 oz. hj 
a string hanging over a fixed pulley: how far will the heavier 
descend, and what velocity will it acquire in 5 seconds? 

2. A body is projected with a velocity of 40 feet per second 
down a plane inclined to the horizon at an angle of 30^ : in what 
time will it describe 200 feet on the plane, and what will be its 
velocity at the end of that time? 

3. Show that the times of descent down all chords drawn 
through either extremity of a vertical diameter of a circle are 
equal, and that the velocities acquired at the lowest point of these 
chords are proportional to their lengths. 

4. Find the straight line of quickest descent : (1) From the 
circumference of a given circle to a given point within it : (2) 
From a given point without a circle to the circumference of 
the circle. 

5. Deduce an expression for the time of flight of a projectile, 
in terms of the range, the angle of elevation of the projectile and 
the angle of inclination of the range plane; and thence determine 
the length of fose for a range of 1200 yards on a plane rising at 
an angle of 5^ 30', the shell being fired at an elevalion of 15^, and 
the fuse burning at the rate of an inch in three seconds. 

6. A = 3 oz., B = 7 oz., C= 5 oz., are three perfectly elastic 
balls: after A has impinged directly with a velocity of 10 feet per 
second upon £, at rest^ G impinges directly upon £, in the dii'ec- 
tion opposite to A^s first motion, with a velocity of 12 feet per 
second : find the ultimate velocities of A^ £, C, considering the 
original velocity of ui as positive. 

7* Find the amount by which a seconds pendulum must be 
shortened in order that it may keep true time at an elevation 
of 15000 feet. 
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A. 
VII. Hydrostatics. 

1. State the principle on which the pressure of a fluid upon 
any plane surface is determined : and the altitude of a triangular 
prism and each side of its base being one foot, find the pressures 
on its sides and ends when filled with water: (l) when the prism 
is placed upright on one of its ends; (2) when a rectangular face is 
horizontal with the opposite dihedral angle upwards; a cubic foot 
of water weighing 1000 oz. 

2. The specific gravity of gold being 19*25, and of copper 
S% what are the weights of copper and gold respectively in a 
compound of these metals which weighs 800 grains in air, and 750 
grains in water? 

3. A pontoon in the form of a right hexagonal prism floats 
with one of the rectangular faces horizontal ; its length is 8 feet ; 
each side of the hexagonal ends is 1 ft. 6 in. ; and its weight with 
the portion of bridge which it supports is 1461 "4 lbs. : to what 
depth will it be immersed in the water, a cubic foot of which 
weighs 62*5 lbs.1 Find also the additional weight which it bears 
when sunk to the depth of 2 feet. 

4. Describe the Mercurial Barometer; state on what the 
height of the column of mercury in it depends; what it is a mea- 
sure of; and why it is difierent at difierent altitudes above the 
earth's surface. 

6. Describe the Condenser: R being the volume of the re- 
ceiver, and h that of the barrel of the condenser : find the density 
of the air in the receiver after n strokes of the piston, the density 
of the external air being taken as the unit 

6. A Diving-bell in the form of a cone, the diameter of the 
base of which is 8 feet, and the axis 10 feet, is let down into the 
sea until the water rises 5 feet within it : find the depth to which 
it was let down, and the density of the contained air. 

c. 14 
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A. 
YIII. Differential Calculus. 

flu 

1. Find -J- in the following functions : 



u — e sin x. 



d^v, , « , d^u 



2. If w = tan a;, find -p^ ; u — x log aj, find 



dx^' ^ ' dx 



8 ^ 



w = a^ , nnd -y-^- . 



3. Of all cylinders inscribed in a given hemisphere whose 
radius is a, find that which has the greatest convex surface. 

4. Find the subtangent to a curve whose equation is 

{y-V)J{a'^x') = a\ 

Integral Calculus. 

5. Find the following integrals : 

r a^x^dx C dx f x^ dx 

6. Find the area of a curve whose equation is 

y^ (a* — x^y = a' a?^, from a; = to a;. 

7. Find the volume of a segment of an ellipsoid generated by 
the revolution of an ellipse about its major axis; and show that 
the volume of the whole ellipsoid is two-thirds of that of its cir- 
cumscribing cylinder. 

8. Show that the distance of the centre of gravity of a para- 
bola from its vertex is | x, 

9. By the property of Guldin, find the volume of a solid 
generated by the revolution of a parabola about a double ordinate 
s Qb, the corresponding abscissa or height of the parabola being a. 
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I. Oeometrt. 

1. Give definitions of the following: — 1. "a diameter of a 
circle;" 2. "a segment of a circle;" 3. "a square;" 4. <' parallel 
straight lines;" 5. "the rectangle contained by two straight 
lines;" 6, "an angle in a segment of a circle;" 7. "a rectilineal 
figure described about a circle;" 8. "duplicate ratio," and "tri- 
plicate ratio;" 9* "reciprocal figures;" 10. "a dihedral angle;" 
11. "a solid or polyhedral angle." 

2. Parallelograms upon the same base, and between the 
same parallels, are &;o. 

3. If a straight line be divided into any two parts, the square 
of the whole line is equal to <&c. 

4. The opposite sides of a quadrilateral described about a 
circle are together equal to the other two opposite sides. 

5. If two triangles have one angle of the one equal to one 
angle of the other, and the sides about the equal angles propor- 
tionals, the triangles shall be equiangular, and &o, 

6. If two planes which cut one another be each of them 
perpendicular to a third plane, their common section shall be 
perpendicular to the same plane. 

Co-ordinate Geometry. 

7. The line y = ax + b passes through the points (5, — 7) 
and ( — 3, 2); find the values of a and b. Construct also this line. 

8. Determine the radius of the circle which passes through 
the points (0, 0), (1, 2) and (1, - 2); and show also that (J, i) ia a, 
point in the same circle, 

9. Investigate the equation in general of the conic sections, 
and show that such equation represents three distinct curves. 

14-^ 
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B. 

II. Arithmetic and Algebra. 

1. If in quick marching, 110 steps are performed every 
minute, and each step is SOj inches in length, what is the rate, 
in miles, of marching per hour] 

2. Find the value of the expression : 

1 1 1 

+ 



x{x~a){x—b) a {a - x) (a — b) b{b — x){b-'a)' 

3. Solve the following equations : 

a{x-y) = b{x + y)y af-f = c'y 

sf{3 + Jx) -h J{4, - Jx)- J{7 + 2 Jx) = 0. 

4. Two railway trains are dispatched from a station, along 
two different lines, the one starting an hour before the other. 
As the rate of motion of the later train is 5 miles an hour more 
than. that of the other, it arrives at a distance of 100 miles from 
the station at the same hour of the day in which the earlier one 
completes an equal distance. Find their rates of motion. 

5. Find the least root of the equation 

of - 13'572x -f 24 7148 = 
by the'toethod of continuous approximation, and also by the com- 
mon method. 

6. Investigate a formula for the sum of n terms of an arith- 
metical series, a being the first term, and d the common difference 

33 
of the terms. Sum also to 25 terms, the series 18 + --- + 15 + &c. 

7. Find an expression for the number of shot in a rectan- 
gular pile of n courses ; m+1 being the number of shot in the 
top row. Determine also the number of balls in the length and 
breadth of the lowest course of an incomplete rectangular pile of 25 
courses; the number of balls in the length and breadth of the 
top coui-se being, respectively, 24 and 18 balls. 

8. Develope a* in a series of ascending powers of x; and 
thence deduce the base of the Napierian system of logarithms. 
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B. 
III. Trigonometby and Mensuration. 

1. Trace tlie changes of algebraic sign of the trigonometrical 
functions sine and cosine of an arc, for the first four quadrants of 
the circle; and explain why secii and sec (180 -^ A)y which coin- 
cide, should be one positive and the other negative. Prove also that 

sec A = 7 , tan (180 - -4) = - tan A, 

cos A ^ ' 

2. Prove the relations : 

cos (A-^B) = cos A cos B — sinA sin B, 
cos 2ii = 2 cos'A -1 = 1-2 8inM> 
2sin-4 cos^=sin(-4 + jB) + sin(ii--B). 

3. Given two sides of a triangle, 200 feet and 250 feet, and 
their included angle 52° 23' : find the third side and the remaining 
angles. 

4. An object B on the summit of a hill, and two stations 
G and D are in the same vertical plane : at C the angle of eleva- 
tion of B above the horizontal plane is 50® 1 8' 20'' > at D the angle 
of elevation of B is SO"* 16' 12" ; the distance 0Z> = 124 yards ; and 
the line DC rises from D towards C at an angle of 4® 12': find the 
distance of B from 2>, and its vertical height above that station. 

5. Deduce an expression for the area of a triangle in terms 
of two of its sides a, b and their included angle 0% 

6. The sides of a plane triangle are 6, 6-^ J{2) and 6 — ^2; 
find its area. 

7. The area of a regular polygon of n sides, whose side = a, is 

a" ^180 
w.— .cot . 

4 n 

8. The convex surface of a cylinder inscribed in a sphere is 
one-third the surface of the sphere : find the radius and altitude 
of the cylinder in terms of r, the radius of the sphere; and shoW' 
generally, that if the convex surface of the cylinder is one w*** of that 

of the sphere, the radius of the cylinder, is ^ . . A 
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B. 

lY. Spherical Tmgonometby. 

1. Define the following; — "a great circle of the sphere;" "a 
small circle;" "the poles of a circle;" "a spherical angle;" "a 
spherical triangle;" " the polar triangle." 

2. Show that the sides of the polar triangle are the supple- 
ments of the angles of the primary triangle; and the angles of the 
polar triangle are the supplements of the sides of the primary 
triangla 

3. If ay h, c are the sides opposite to the angles A, JB, C of a 
spherical triangle, show that 

cos c = cos a cos & + sin a sin b cos G, 

4. Show that, if « = - (a + 6 + c), tan - A 

'sin (« — 6) sin (« — c) ^ 
sin B sin (s — a) ^ 

and thence that, tan A (ii 4- jB) = f^ =^ cot i G. 

' ^^ ^ cos ^ (a + 6) * 

6. The base of a right-angled spherical triangle is 57® 19'> and 
the adjacent acute angle 31° 53': find the remaining parts of the 
triangle by Napier^s Hules. 

Astronomy. 

6. Define the following terms: — "Zenith;" "Meridian;" 
"Prime vertical;" "Aaimuth;" "Hour circles;" " Right Ascension 
and Declination;" "Latitude and Longitude of a heavenly body;" 
" Latitude and Longitude of a place on the earth." 

7. Point out by means of a figure how the time fi:om appa- 
rent noon is determined from the observed altitude of the sun 
on a given day, knowing the latitude of the place of observation. 

8. Find the latitude of a place in terms of h, the observed 
time of the sun being on the prime vertical, and 8 the north polar 

diatance of the sun. 



=/ 
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B. 

V. Statics. 

1. Two forces represented by 5 lbs. and 7 lbs. act at a point, 
in directions making an angle of 50° with each other : what weight 
will represent their resultant, and what angle will its direction 
make with that of the greater force) 

2. Suppose that in the common gyn, the windlass or axle, 
round which a rope passing over a pulley fixed at the top of the 
gyn is coiled, is 10 inches; and the lower block in the system 
of pulleys (of the second kind, where the same string passes round 
all the sheaves) contains three sheaves, the rope being fixed to 
the upper block : what weight will a man support on the hook of 
the lower block, when applying a force of 100 lbs. on the end of a 
handspike, 7 feet long, placed in the windlass ? 

3. If in a system consisting of any number of particles a, point 
be taken, and if each particle be multiplied by the square of its 
distance from the pointy show that the sum of these products will 
be the least when the point is the centre of gravity of the system. 

4. A beam, 8 feet long and weighing 100 lbs., is suspended 
from a hook, by two cords, 6 feet and 10 feet long respectively, 
attached to its ends : find the angle which the beam makes with 
the vertical when in the position of equilibrium, and also the 
tension of each cord. 

5. AB ia A beam, which with a weight IT, suspended from B^ 
is to be supported against a vertical wall VL, by a chain CD fixed 
to the wall: given the weight of the beam = 100 lbs., the weight 
W= 300 lbs., the length of the beam AB = S feet, the angle BAL, 
which the beam makes with the vertical, = 30°; find the distances 
ACf AD oi the points of attachment (7, />, of the chain to the wall 
and to the beam, from the point A, where the beam rests against 
the wall, so that, CD being perpendicular to A By the whole may 
be in equilibrium; and determine the tension of the chain (72), 
and the pressure against the wall 7L, 



216 

B. 
YI. Dynamics. 

1. ii = 2 and B—3 are two perfectly elastic bodies : A, moving 
with a velocity of 20 feet per second, impinges directly on JB 
moving in the opposite direction with a velocity of 12 feet per 
second : find their directions and velocities after impact. 

2. "With what velocity must a body be projected vertically 
upwards from the base of the Monument to reach the top, 210 feet 
above, in 3 seconds? and what will be its velocity when it reaches 
the top] 

3. F and Q are two equal weights, each 16 oz., connected by 
a string passing over a fixed pulley : what weight must be added 
to F that it may descend through 1 foot in 2 seconds, supposing no 
inertia in the string or pulley, and that g = 32 feet ? 

4. Find geometrically, the straight line of quickest descent, 

(1) From a given straight line to a given point below it; 

(2) From the circumference of a given circle to a given 
point without it, and below the highest point of the circle. 

5. A body weighing 3 lbs. revolves as a conical pendulum 
and makes three revolutions in seven seconds; find the tension of 
the string, 10 feet long, by which it is held. 

6. Given the velocity of projection v, the angle of elevation e ; 
investigate the expression for the range on a plane passing through 
the point of projection and making a given angle i with the horizon. 

7. Investigate the expression for the time of flight in terms 
of e, i and r the range. 

8. If 1 inch of fuze bum 4' 9 seconds, find the length that a 
fuze must be cut, in order that a shell may explode on reaching 
the ground at a range of 800 yards, on a horizontal plane, when 
fired at an angle of elevation of 45^. 

9. With what velocity must a shell be fired, at an angle of 
elevation of 30", to strike an object at the distance of 900 yards 
on a plane which rises at an angle of 5° 1 



217 



B. 

VII. Hydrostatics. 

1. A hexagonal prism being filled with water is placed with 
one of its rectangular faces horizontal ; find the pressure on each 
end, and also oh each of the rectangular faces, each side of the 
hexagonal ends being 1 foot, and the length of the prism 2 feet. 

2. The specific gravities of platinum, gold and silver being 
respectively 21, 17 '5 and 10*5, and the value of an ounce of each 
30a, 80«. and 58, respectively, it is required to find the value of a 
coin composed of platinum and silver which is equal both in weight 
and in magnitude to a sovereign. 

3. A cylindrical pontoon with hemisphencal ends, 3 feet in 
diameter and 20 feet long in the cylindrical part, when floating 
has a fourth of the diameter immersed ; what is the weight of the 
pontoon; and what additional weight does it bear when only a 
fourth of the diameter is above the water, a cubic foot of water 
weighing 62^ lbs. ? 

4. A diving-bell in the form of a paraboloid, the diameter of 
its base being 9 feet and its height 12 feet, is let down into the 
sea until the water rises 4 feet within it; find the depth to which 
it was let down, and the density of the air within it, the pressure 
at the surfEice of the sea being equal to 33 feet of sea-water. 

5. Describe the air-pump, and show the degree of rarefaction 
of the air in the receiver after n turns of the handle, the content 
of each barrel being an m*** part of the content of the receiver. 

6. A cylinder 1 feet high being filled with water, it is re- 
quired to find where a small orifice must be made in its side so 
that the water issuing from it may strike the horizontal plane on 
which the cylinder stands at the distance of 8 feet from the base. 

7. An oaken sphere is let fall from the surface of the sea; in 
what time will it strike the bottom at the depth of 20 fathoms, 
neglecting the resistance of the water, the specific gravity of the 
oak being 1 '17, that of the sea-water 1 '03, and ^ = 32 J 
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B. 



VIII. Differential Calculus. 



1. Find the dififerentials of the following functions of x : 

1 X + a . a a 

u = loff, , u = Sin a; cos a;. 



2. If i^ is a function of x, and u^ represents u when, in it, x 
becomes x + h, what is the value of u^ (Taylor's Theorem) ? 

3. u being a function of x, show that when u is either a 

maximum or a minimum, -7- = ; that it is a maximum when 

dx 

-7-8 is negative ; and a minimum when -j-^ is positive. 

4. Of all cylinders which can be inscribed in a given cone 
whose altitude is a and the radius of whose base is b, find 

(1) That which has the greatest convex surface; 

(2) That whose whole sur&,ce is the greatest. 

4. Find the subtangent to a curve whose equation is 

aj*y' = a* - x\ 

6. Find the expression for the radius of curvature in the 
parabola and in the ellipse; and find its value at the vertex in the 
/>arabola, and at the extremities of the axes in the ellipse. 
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Integral Calculus. 

1. Find the following Integrals : 

/afdx f(2X'-5)dx C x^dx f x^dx 

2. Find the area of the curve whose equation is y(a-aj) 
= 05 (a + x), from 05 = to oj = ^a, 

3. Find the length of the arc of a cycloid whose equation is 

y = J{2ax — 05") + a vers"'- , 
from 05 = to 05 = a, and also from 05 = a to 05 = 2a. 

4 Find the volume of a solid formed by the revolution of a 
curve whose equation is ay" = {a — x) {a' + 03'), about the axis x, 
from 05 = to 05 = a. 

5. Give the expression for determining the distance of the 
centre of gravity in a solid of revolution ; and determine the posi- 
tion of the centre of gravity of a spherical segment. 

6. State Guldin's properties of the centre of gravity; and 
from these properties find the volume and the sur&ce of the solid 
generated by the revolution of a semicircle, diameter = 2r, about 
an axis parallel to its diameter, at the distance c from the centre. 

7. Assuming that when a pendulous body vibrates in a cycloid, 
the force varies directly as the arc from the lowest point, find the 
time of vibration of such a pendulum whose length is L 

8. The length of the seconds' pendulum in the latitude of 
London being 39'ISS6 inches, determine from this the value of ff, 
the number representing the force of gravity. 
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C. 
I. Geometry. 

1. Give definitions of the following: "a right angle;*' "pa- 
rallel straight lines;" "an angle in a segment;" "ex aequali;" "a 
plane perpendicular to a plane;" "a dihedral angle;" "similar 
solid figures." 

2. The difference of any two sides of a triangle is less than 
the third side. 

3. The straight line drawn at right angles to the diameter of 
a circle from the extremity of it, falls without the circle ; and no 
straight line can be drawn between that straight line and the cir- 
cumference so as, &c 

4. The sides about the equal angles of equiangular triangles 
are proportionals; and those Which are opposite to the equal 
angles are, <&c. 

5. If a straight line be at right angles to a plane, every plane 
which passes through it shall be at right angles to that plane. 

6. Through two given straight lines to draw planes parallel 
to each other. 

COOtolNAtE GEOMEtftY. 

7. State clearly what is meant by the " equation of a straight 
line or curve;*' and find the equation of the line which passes 
through the points (1, 4) and (—3, 7)* 

8. The equations of the sides of a triangle are 

yzzx-2y f/=2x-\-3y BJid pz=3x-{-l ; 

construct this triangle, and find the co*ordinates of its angular 
points. 

9. Investigate the equation of the circle from its geometrical 
definition ; and find the radius of the circle denoted by the equa^ 
tion a;" + y' - 6a; + 4y = 12. 
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IL Arithmetic and Algebra. 
- 1. If SO men can dig a certain trench in 11 day?, how many 
men can dig a trench of the same sectional area, but 4 times as 
long, in 2 days? 

2, Beduce to its simplest form the expression 

and extract the square root of 23 — 8 J7 in a binomial surd. 

4 

3. Solve the equations : Jx + J {9. + x) =— tt r , 

ij\<> + X) 






8/ ^^ 



n 1 

- + - = a, 
X y 



< 



1 1 7. 

X z 



1 1 

- + - = c. 
\y z 



4. If 962 men were drawn up in two solid squares, and it 
were found that one square had 18 ranks more than the other, 
what would be the strength of each square? 

5. Find the position of all the roots of the equation 

a;* - l6aj' + 86a;' - 168a; + 69 = 0, 
and determine the least root to four places of decimals. 

6. The number of shot in a rectangular pile consisting of ten 
courses is equal to six times the sum of the number of shot in a 
triangular pile and square pile, each of the same number of 
courses as the rectangular pile; find the number of shot in the 
ridge of the rectangular pile. 

7. Show that logjj, n = j — . log. n ; and if log^^ 3 = -477 1213 

and log,^ 5 = '6989700, find log^^ 6. 

8. The hypothenuse of a right-angled triangle is 10, and the 
excess of the perpendicular above the base is 2 ; find the sides of 
the triangle. 



222 

C. 
III. Trigonometby and Mensuration. 

1. Define the tangent, cotangent^ secant, cosecant of an angle; 
and express each of these functions in terms of the sine. Explain 
also the double sign in the results; and prefix the proper sign 
when the angle is between 270® and 360®. 

2. The sides a and 6 of a plane triangle, right-angled at C, 
are 183 and 197; find the angles and the remaining side. 

3. Prove the following formulae : 

-^ j = tani(^ +B)iejiUA"B)\ cot-4~tan-4 = 2cot2ii. 

COSj^ + COS-4 *^ ' *^ '^ 

4. State the three cases for the solution of plane triangles; 

prove the formula =- = =—4 — i>\ ; state to what case this 

^ a — o tan h(A—B) 

applies, and how. 

5. Prove that in a plane triangle right-angled at C, 

. ^ . 9.ah ^ . h'-a' 
sin 2 A = y. 5 ; cos 2-d = Ya i • 

6. A person on a level plain, on which stands a tower AB 
surmounted by a spire BCy observes that when he is 100 feet dis- 
tant from the base A of the tower, jS is in a line with the top of a 
hill, and the angle of elevation of B above the horizontal plane is 
43®; but when he is 80 feet further from A, (7 is in a line with the 
top of the hill, and the elevation of C is 34®; find the height of 
the spire and of the hill. 

7. Investigate a formula for the area of a triangle ABO in 
terms of the base b and the angles at the base A and (7. Deter- 
mine also the area of the triangle of which the base is 410 feet, 
and the angles at the base 30® 17' and 50® 11'. 

8. Prove that the areas of an equilateral triangle and hexa- 
gon, of equal perimeters, are to one another as 2 to 3. 

Find also the absolute values of these areas when the perimeter 
of each is 15 inches. 
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C. 

IV. Statics. 

1. Define the terms: — "absolutely at rest;" "relatively at 
restj" "force;" "equilibrium.** 

2. Three ropes are fastened at one of their extremities to a 
ring round a post, and three men A, JS, G pull horizontally with 
forces of 80 lbs., 90 lbs., 100 lbs. at the other extremities of these 
ropes; find the directions in which A, B, G must pull, that is, the 
angles which the ropes must make with each other, that the post 
may be undisturbed. 

3. Forces /, /', /", /", &c., make angles a. a , a ', a ", <fec. with 
the axis Ax: find the equivalent forces in the directions of the 
rectangular axes Ax, Ay, find also the resultant of these forces, 
and the angle which it makes with the axis Ax : and apply this to 
the case where the forces are represented by 5, 7? 2 and 9 lbs., and 
the angles which they make with Ax are 0^, 30^ 60*^, 90\ 

4. Three forces represented by 40 lbs., 60 lbs., 80 lbs. act in a 
vertical plane upon a point, and their respective directions make 
angles of 30®, 60®, 120® with the horizon; find the magnitude and 
direction of a fourth force that shall counterbalance their effect 
upon the point. 

5. A power of 50 lbs. is applied by means of a single moveable 
pulley to the arm of a screw : what will be the pressure of the 
screw, the distance between the threads being one-third of an inch, > 
and the length of the arm 12 inches? 

6. If the axis of the trunnions of a gun be 2 inches below 
the axis of the bore, and the centre of gravity of the gun be 5 
inches behind the intersection of the perpendicular from the mid- 
dle of the axis of the trunnion upon the axis of the bore, with this 
axis ; what is the greatest depression that can be given to the gun 
without its turning over] 
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C. 
V. Dynamics. 

1. State the three " Laws of Motion." 

2. A shot was let fall from the top of a cliff; one second 
afterwards another shot was projected vertically downwai*ds, from 
the same point, with a velocity of 35f feet; and the two were 
heard to strike the sea at the base of the cliff, at the same instant, 
6| seconds after the first was let fall; find the height of the cliff; 
and, from this, the velocity with which the sound travelled. 

3. A weight of 100 oz. is placed on a perfectly smooth plane 
inclined at an angle of 30° to the horizon, and is attached by a 
string passing over a pulley at the upper edge of the plane to an- 
other weight hanging freely : find what this weight must be that 
it may descend 27*5 feet in 5 seconds. Find also how far this 
weight would descend in the same time if the string passed over a 
pulley at the lower edge of the plane; and find the tension of the 
string in each case. 

4. What is the length of a pendulum which vibrates three 
times during the time that a body descends 64*4 feet on a plane 
inclined 30° to the horizon? 

5. Determine the equation between v the velocity of projec- 
tion, e the angle of elevation, and r the range of the shot on a 
plane which passes through a point at the distance h feet vertically 
below the point of projection, and which rises at an angle i from 
the horizon. 

6. A shot is to be fired from a battery to clear (l foot above) 
a parapet, at the horizontal distance of 600 yards from, and 11 
feet above the level of the battery, and then strike a point 60 feet 
beyond, and 5 feet below the top of the parapet: at what elevation 
and with what velocity must the shot be fired ? 

7. -4=4 oz., J5 = 3 oz., (7=5 oz., are three perfectly elastic 
spheres ; B being at rest, A impinges directly upon it with a ve- 
locity of 14 feet; and, immediately after this impact, C impinges 
directly upon B with a velocity of 12 feet in the direction opposite 
to that in which A had impinged; find the velocities of -4, B, (7, 

afier all the impacts. 
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•C. 
VI. Hysbostaticb. . 

1. A prismatic yessel^ whose base is an equilateral, triangle, 
and altitude is equal to one side of its base, is filled with fluid : 
compare the pressure on one of the triangular ends with that on 
one of the rectangular sides, when it stands upright on a triangu- 
lar end. Also, when a rectangular side is homontal, compare the 
pressure on one end with that on one of the inclined sides, (1) 
When the horizontal side is upwards; (2) When the horizontal 
side is downwards. 

2. The specific gravities of platinum, gold and silver being 
respectively 21, 17 '5 and 10*5, and the values of an ounce of each 
308. J 80s., and 58, respectively, -it is required to find the value of a 
coin composed of platinum and silver which is equal in weight and 
magnitude to a sovereign. 

.3.. A cylindrical pontoon, 20 feet long and 3 feet in diameter, 
has a fourth of the diameter immersed when floating; what is the 
w^eight of the pontoon, and what additional weight will it just 
bear, a cubic foot of water weighing 62 J lbs. ? 

4, Find the altitude of the roof of Sevemdroog Castle, 
Shooter's Hill, above the wharf in the Arsenal, from the follow- 
ing observations : — 

Thermometer. 
Barometer. Attached. Detached, 

Arsenal 29*475 in 37 34 

Sevemdroog Castle... 29 '022 in 35.. 32 

5, A diving-bell, in the form of a rectangular ' prism, and 
whose height is 8 feet, has descended until its upper surface is 40 
feet below the surface of the water : to what height will the water 
tisfe within it, and what will be the density of the contained air, 
that of the external air being 1, the height of the barometer 30 
inches, and the density of mercury to that of Water 14 to 1 nearly? 

6, Describe the common suction-^pump and explain its modQ 
of action by means of a figure, 

c. ^ 15 
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YII. DiFFEBENTIAL CALCULUS, 

1. u and V being functions of x, show that 

d(uv)_ du dv ^ 
dx " dx dx* 

and thence that, u, s^t being functions of x, 

d{ut8) du dt da 
dx dx dx dx 
uts "" t6 t 8 * 

2. Find the differentials of the following functions of x : 

«-(--*-)<--^'- -s^- 

^ = log, ^,_^ . t4 = log,sm«, 

3. Find the sides of the greatest rectangle that can be in- 
scribed in a given regular hexagon, a side of the rectangle being 
parallel to a side of the hexagon. 

4. Of all cylinders inscribed in a given cone whose altitude is 
a, and radius of its base h, find, 

1st. That which has the greatest convex surface] 
2nd. That whose whole surface is a maximum, 

5. . Find the subtangent to a curve whose equation is 
^ = ^, and give the values of the subtangent corresponding 
to a?=^a anda? = a. 

6. From the variable points C and F, equidistant from a 
given point A in the same straight line as C and P, perpendiculars^ 
CD, FM, to CF are drawn, of which CD=^AC, and Pif is inde- 
finite. From a given point P, in FG produced, the straight line 
CDMia drawn cutting FM in M, Find the equation to the locus 
ol the point If, and the expression for the subtangent to the curve. 
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0. 

YIIL Integral OALctLUft 

1. Find (Jie following integrals : 

/ x^'^dx f xdat 

/ x*dx f afdx 

2. Find the area of the curve Whose eqiiattetai is 

a*y*=x(aj"4.y")aj*, from x=0 to x = ^a. 

3. From the general expression for the volume of a solid of 
revolution, find an expression, 

1st. For the volume of a paraboloid^ 

2nd. For the volume of a spherical segment^ and of the 
whole sphere. 

4. Give the differential equations of rectilinear motion when 
a body is acted on by any force y! 

5. If a'meteorolite were to fiidl to the eartU from a height 
equal to ten times the radius^ with what velocity would it strike 
the earth, the force varying inversely as the square of the distance 
from the centre, abstracting the resistance of the atmosphere near 
the surface? 

6. Oive the expression for detetrmining the distance of the 
centre of gravity in a solid of revolutioil j and determine the po- 
sition of tl^e centre of gravity of a spherical segment. 

7. Prove Guldin's properties of the centre of gravity; and, 
from these properties, find the volume and the surface of the solid 
generated by the revolution of a semicircle, diameter = 2r, about 
an axis parallel to its diameter, at the distance o frx>m the centre! 
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1. Give Euclid's definitions of the following :— 

(1) A rectilineal figure described about a circle; (2) the 
same ratio, or equal ratios; (S) duplicate ratio and triplicate 
ratio; (4) similar rectilineal figures. 

2. The difference of the angles at the base of any triangle 
is double the angle contained hy a straight line drawn from the 
vertex perpendicular to the base, and another bisecting the angle 
at the vertex. 

3. In a circle, the angle in a semicircle is a right angle;; but 
the angle in a segment greater than a semicircle is &c. 

4. If a straight line be drawn pai*allel to one of the sides of 
« triangle, it shall cut the other sides, or these produced, propor- 
tionally : and, conversely, if the sides &c. 

5. If two straight lines meeting one another be 'parallel to 
two others that meet one another, and are not in the. same plane 
with the first two, the first two and. the other two shall contain 
equal angles. 

6. Harizontat Frcjection, On a given plane, to draw a 
straight line to pass through a given point and to have a given 
inclination to the horizon, not greater than that of the given plane. 

Co-ordinate Geometry. 

7. State clearly what you understand by the terms " co-or- 
dinate axes," "co-ordinates of a point," "positive direction," 
" negative direction," ^* equation of a locus," " locus of ah equation." 

8. Construct the lines represented by the following equations ; 

5y-6aj + l = 0, 3^+805-10 = 0, 7y = 6x; 
and find the apgles which they make with the axis of x. 

9. Determine the radii of the circles 

y'^x'-Gy-lOx-lS^O, and / + a5"-8y- 12a3 = 12; 

and show also that the line which joins their centres is equally 
inclined to the co-ordinate axes. 
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D. 

IL Abithuetic akd Algebba. 

1. Two persons, A and B, start from Shooter's Hill' and 
London Bridge, distant 8 miles, at the same time, the former 
walking at the rate of 3 J miles, and the latter at the rate of 3^ 
miles, per hour. At what distance from Shooter's Hill will they 
meet? Find also this distance on the supposition that A was 
detained 20 minutes on the road before he met JB. 

2. Simplify the expression ^ ^ ; 

i-3{i-i(i-)} 

and show that f ^ \ = (2 - ^2)*. 

3. Solve the following equations : J(5x + 10) = ^5x + 2, 

2 2 m n n m . 

aj + ^(2-i»*) aj-^(2-a;')' x y x y 

4. In the front of a detachment from an army were 175 
more men than in the depth ; and by increasing the front by 50 
men, the detachment was drawn up in 20 lines. Find the num- 
ber of men in the detachment. 

5. The first term of an aiithmetic series is a, the common 
difference ef, and the sum of n terms b\ find an expression for «. 
Find also the first term, the common difference, and the sum of n 

terms of the arithmetic series, of which the general form of the 

1 

v^ term is -(2w — 1). 
o 

6. The first term of a geometric series is 5, and the ratio 2 : 
how many terms of this series must be taken, that their sum may 
be equal to 33 times the sum of half that number of terms % 

r. -n. jxi- 1 . (•005234)'^ X (-01 7)*, , .^, 

7. Find the value of ^ -^ — i^ ^ by logarithms. 

(-024)^ 
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D. 

ff 

IIL TbIGONOHETRT and MENSUBAXIOir. 

1, Showbyafigure that tan4 = 7, and cotan ud = -—— r . 

2. Shew that aii60^-j3; and thence £144 cos 60\ tan 60% 

cot 60', sec 70*, vera 6a* 

3.. ii and B being anj two angles, show that 

/J Tj\ cot -4 cot ^ =P 1 

4. o^ &j c being the sides of a triangle, respectively opposite 

the angles A^ B, C, proye that v= ; state to 

«-^ tani(4-iO 

what ca9e in the sol\ition of plane triangles this is applicable^ and 
point out how it is applied. 

5. The three sides of a tnapgle are 300/ 500, 700; find each 
of its angles without employing logarithms. 

6. Wanting to know the distance between two church towers 
S and fff ^standing on a horizontal plane, I measured a base of 
880 yards on the «ame plane, from the extremities A, G of which, 
I took the following horizontal angles, yiz. from the station A, 
the angles between the other station C and the towers B and IT 
were respectively 91*13' and 67*17'; from the station C the 
angles between the other station A and the towers B and ff were 
respectively 79* ^4' and 99* ^T ; ftad the distance between the two 
churches B and H, 

7. The three sides of a triangle are G^S-k- J2, 6 - ^2 ; find 
its area. 

8. Show that the area of a regular hexagon of which a is the 

side is -^— a' : and the distance between two parallel sides of a 

regular hexagon being 20 yards, find its area and also that of its 
circumscribing cuni^le. 
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J>. 

IV. Spherical Tbioonometbt. 

L Define the following terms: — ''diametral plane,** and 
^'tangent plane, of the sphere;** ''side of a spherical tiiangle;" 
the "spherical excess;** "quadrantal triangle.** 

2. State Napier's Kules for the solution of a right-angled 
spherical triangle; and prove that if o^ &, c be the sides of a 
spherical triangle, right-angled at B, 

cos & = cos a cos a 

3. Given the side a = 38* 17', the angle A = 50® 16', and the 
angle B = 90^ of a spherical triangle ABC, to find the remaining 
parts by Napier*s Rules. 

4» Show that in any spherical triangle, if o^ &, o be the sides, 
A^ B,C their opposite angles, and ^ == ^ (a +. & + c), 

. , 1 ^ sin (* — 5) sin (* — c) , 1 , sin 8 sin (a — a) 

sin rr A.^ : 7 — ; , COS —A. — . — 7 — ;: • 

2 sm 6 Sin 2 sm o sin o 

5. The two sides a and 5 of a spherical triangle ABG are 108^ 
and 99® 21', and the angle A ^120^; find the angle B. Give also 
the equations in a logarithmic form, for the determination of the 
remaining parts of the triangle. 

Astronomy. 

6. Define the following terms : " The Poles and Equator of 
the Earth,** "The Poles and Equator of the Heavens,** "The 
Declination, and Bight Ascension of a heavenly body," " The Lati- 
tude and Longitude of a place on the EartL** 

7. Show by a figure that the Latitude of a place on the earth 
is equal to the altitude of the pole above the horizon. 

8. State how the Latitude of a place is determined by obser- 
vations of a Circumpolar star. 

9. State the principles upon which the determination of the 
l<mgitude of a place depends. 
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P. 

V. Statics. 

1. 'Give definitions of the following: 1. the "resultant'' of 
two or more forc^; 2. the "components" of a force; 3. the 
"centre of gravity;" 4. the "lever;" 5. the "inclined plane;" 
6. the "pulley." 

2. A force of 30 lbs. in a direction making an angle of 60® 
with the axis of a; is the resultant of two forces which make angl^ 
of 45** and 120® respectively with the same axis; find the magni- 
tudes of these forces. 

3. A plane figure, consisting of a square with an eqtiilateral 
triangle described upon one of its sides, is placed with its plane; 
vertical and an angle of the square resting upon a horizontal plane ; 
find the angle which a side of the square makes with that plane 
when the figure just balances on the point of support. 

4. Spheres of which the weights are 4 oz., 6 oz., 5 oz., 7 oz., 
are placed with their centres at the angular points A, B, C, J) of a 
trapezoid of which AJB and DC are the parallel sides; AjB= 10 
inches, £0= 4 inches, 02) = 7 inches, and DA = 5 inches : find the 
position of their centre of gravity — 

1st. When the bodies are supposed to be connected by inflexi* 
ble rods without weight ; 

2nd. When the connecting rods are of imiform density, and 
weigh ^ oz. per inch. 

5. If two forces acting upon the arms of a lever keep it at rest, 
they are to each other inversely as the perpendiculars drawn from 
the fulcrum upon their directions : prove this. 

6. A circular plate of metal, weighing 10 lbs., supported ty a 
hook at the point A in its circumference, has a weight of 50 lbs. 
suspended from the point j5 diametrically opposite to A : with what 
force must the point J) at the upper extremity of the diameter BB 
at right angles to ^ be pressed vertically upwards, that the dia- 
meter AB shall incline downwards at an angle of SO** to the horizon ? 
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VI. Dynamics. 

1. Define the terms "inertia;" "velocity;" "momentum;" 
" accelerating force." 

2. A ship's apparent course is N.W. by "W., 8 knots an hour, 
and the tide sets her W.S.W. at the rate of 3 knots an hour: 
what is her true course 1 and "what her rate of progress in that course 1 

3. A shot is fired from the ground vertically upwards with a 
velocity of 322 feet per second; and 6 seconds after, another shot 
is fired, with a velocity of 1288 feet per second, vertically upwards 
from the same spot : at what distance from the ground will the 
second shot pass the first ? 

4. A weight of 120 oz. is placed on a smooth horizontal plane, 
and is attached by a string to a weight of 41 oz. hanging verti- 
cally over the edge of the plane ; find how far this weight will 
descend in 5 seconds, the velocity it will acquire in that time, and 
the tension of the string, 

Ist. When the friction is neglected; 

2nd. When the friction is equal to one-eighth of the weight 
on the plane. 

5. From what height mu^t the ram of a pile-driver, weighing 
16 cwt., descend upon the head of a pile, that it may strike it with 
a momentum equal to that of a 42 lb. shoi> fired with a velocity 
1610 feet per second? 

6. A railway train, without locomotive engine, descends, from 
rest, a mile or 176O yards along an inclined plane which falls 
1 foot in 400 feet, and then ascends an inclined plane of 1 foot in 
600 feet : how far will it ascend along the latter plane, supposing 
no motion to be lost by friction or in the transfer from one plane 
to the other 1 

7. With what velocity must a shell be fired, at an angle or 
elevation of 45®, from a battery on a cliff 400 feet above the level 
of the sea, tp strike a ship at the horizontal distance of 2 miles 
from the base of the cliff? 
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YIL DiFFEBENTIAL AND InTEORAL CaLCULUS. 

1. u and V being functions of x, show that 

, u du dv 

jU vdu — udv ' V dx dx 

a — = 3 or J ' =s J * 

2. w being a function of a?, find -^, when 

t* = 3 sin"' X - (20* + 3x) J{1 -05*). 

3. Of all cylinders which can be inscribed in a given cone 
whose altitude is a lond the radius of whose base is h, find 

Ist. That whiph has the greatest convex sur&ce; 
2nd. That whose whole surfiice is the greatest. 

4. Find the subtangent to a curve whose equation is 

a::*y"s=a*-aj*. 

5. Find the foUowinje; integcals : 

f a^'^dx f xdx C o^dx f ^dx 

\a+h«ff }'^^^^' jw^' Jjij^^r 

6. Show, by menus of Taylor's Theorem, that the area of a 
curve is Jydx, 

7. Find the area of the curve whose equation is 

©y = (a5* + y*) JB*, firom x=:0 to x = ^a, 

8. From the general expression for the volume of a solid 
of revolution, find an expression, 

1st. For the volume of a paraboloid; 

2nd. For the volume of a spherical segment, and of the 
whole sphere. 
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E. 

I. Oeohetbt. 

1. If a straiglit lino &lls upon two parallel straight lines, 
it makes, <&c» 

2. Deduction. Show that the square of a straight line drawn 
from fche vertical angle of any triangle to the middle of the base, 
together with the square of half the base, is equal to half the sum 
of the squares of the other two sides of the triangle. 

3* If from any point without a circle two straight lines be 
drawn, one of which cuts the oipple, ax^d the other touches it; the 
rectangle contained^ ^c 

Prove the case in which the line that cuts the cirde does not 
pass through the centre. 

4. Triangles of the same altitude are to one another as 
their bases. 

5. Give the dei^nitions of the following^ : 

(1) A straight line at right angles to a plane; (2) the in- 
clination of a plane to a plane; (3) a solid angle; (4) similar solid 
figures; (5) a pyramid; (6) a pfura^lelepiped. 

6. If two planes which cut one another be each of them per- 
pendicular to a third plane, their common section shall be perpen- 
dicular to the same plane, 

V. CopOBDikate Oeometbt. 

7. Show clearly by means of a figure, that if 5 be constant 
and a admit of different values, the equation y=:ax-^hy represents 
a series of straight lines all passing through a given poii^t^ but that 
if a be constant and b admit of different values, it denotes a series 
of lines all paralleL 

8. Construct the droles «'+y*-10a;+2y-95 = 0, and 

«• + y* + 4aj - 2y - 4 = 0, 
dnd thence find the distance between their centres. 
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II. Abithheti^ and Algebra. 

1. Define the terms *^ fraction," ** decimal,'* "power," "in- 
dex," "logarithm," and "modulus." 

2. A person after paying 5 per cent, on his income had £800 
left ; determine his income. Find also the amount of income-tax, 
at sevenpence in the pound, on the sum left. 

3. Two sets of men, consisting of 12 men in one set, and 17 
in the otiier, are employed to work in succession in removing 
goods from a building. They are to receiye £42 among them. 
The first set work 11 days and the second 12 days ; find the sunt 
that each man receiyes. Diyide also the same sum amongst them 
when the first set work 8^ hours each day, and the second 10^ 
hours, the number of days being the same as before. 

4 Solve the following equations : 

ic»=21 + («"-9)*, f«s^=105] 

• (oc^ -xi/=l53\ <S5x = 3yz 

\x + y= ly (7ay = 15« 

5. The soldiers in the front of a column were to the number 
of ranks as 9 to 2, and the whole column consisted of 882 men. 
Find the number of men in front, and also the number of ranks. 

6. Form the equation of which the roots are 

2 + n/S, 2-J3, ^3 + V(-l), -3-V(-l). 

7. Sum to n terms, the series, s^ + 8^+8^ + etc., in which . 

«j=l+2 + 2' + 2*+ to 9» terms, 

«,= l + 2 + 2'+2*+ to (n-1) terms, etc 

8. . Decompose the fraction -j — z—s — r--i — tt: rr into frac- 

tions having denominators of the first d^ree. 

9. Expand - (a;" — a*)* to five terms by the Binomial Theorem, 
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III. Trigonometry and. Mensuration. 

^ • 1. Define the terms "sine," "cosine/^ **togent," "cotan- 
gent," and " secant," of an angle A ; and thence point out the 
method of connecting these expressions with the Eddes of a plane 
triangle, right-angled at (7. 

2. Prove the formulae 

- 1 . , J sin -4 + sin jB tan i(A+B) 

2 COs'-^= 1 +C0S-4 ; -: -: ; 5 = 7 }-f-: ^{ . 

3. The side a of a plane triangle is 17 feet, the angles JS and 
Vy 50° 16' 25" and 90° respectively; find the other parts of the 
triangle. 

4. a, b, c being the sides opposite to the angles A, jB, (7 of a 
plane triangle, show that 

a sin -4 a _ sin A 5 _ sin 5 
6~^sin^^<5 8inC^c""sin(7^ 

explain also the method of using these expressions in the solution 
of a plane triangle^ and point out the ambiguous case. 

a' + 6' — c' 

5. Show that in any plane triangle, cos C = —-7 . 

6. From a station on the bank of a river a person ascends, at 
right angles to the bank, 65 yards up a slope inclined at an angle 
of 16° to the horizon, when he observes the angle of depression of 
an object on the opposite bank and in the same plane as his first 
station to be 2° 50'. Find the breadth of the river. 

7. The four sides of a trapezium are, AB = 500 yards, 
iC = 400 yards, CD = 700 yards, DA = 300 yards, and the dia- 
gonal BJ) = 600 yards ; find its area, 

8. The base of a stone pyramid is a regular hexagon of which 
^ch side is 10 feet, and each of the slant edges of the pyramid is 
50 feet: find its weight, a cubic foot of the stone weighing 
165 lbs.: and find also the number of square feet in its slant 
surface, .. 



238 



IV. Statics. 

1. Prove tbat^ ^'If two forces acidng at any angles on the 
arms of any leveri are inyersely as the perpendiculars firom the 
fulcrum upon their directions, thej will balance each other." 

2. A weight of 20 lbs. is suspended to a string fixed at two 
points Af £, 10 inches apart, in the same horizontal line, the 
distances of the point of suspension, C, of the weight from the 
ends of the string being, AC =6 and JBC=S inches: what is the 
tension of each of the portions, AC and BC, of the string, and 
what are the horizontal and vertical forces on the fixed points 
A and^l 

3. In the first system of pulleys, where each pulley hangs 
by a separate string and the strings are parallel, investigate the 
relation of jP to IT, when there are three moveable pulleys, the 
weight of each of which is ^ ; and find what power will sup- 
port 2 cwt. by means of such a system in which each pulley 
weighs 8 lbs. 

4. If Pj, Pj, P3, P4, are bodies, considered as material 
points, in the same straight line as a given point A, and G is their 
centre of gravity, show that 

F^.AF^-^P,.AP,^P,.AP^-^P,.AP, ^ 
P^-^P^^P^^P, 

5. A gun with its carriage, weighing 40 cwt., is supported 
on a plane, inclined at an angle of 15^ to the horizon, by means 
of a rope fixed to the middle of the axletree, and passing thence, 
parallel to the plane, to the axle of a capstan at the top of the 
plane; there are four bars to the capstan, on each of which a man 
presses at the distance of 8 feet firom the axis, the axle being 18 
inches in diameter : what is the pressure exerted by each man} 

6. Four equal beams, each weighing 10 lbs., are suspended as 
a funicular polygon, from two points in the same horizontal line ; 
the two upper beams make angles of 50^, and the two lower, 
angles of 30^ with the horizon: find the weight suspended at the 
Jowest point when the system is in equilibrium. 
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E. 
V. Dynamics. 

1. Two sleamers are moying in parallel but opposite direc- 
tions; the first with an uniform Telocity of 9 miles an hour, the 
second with an uniform velocity of 15 miles an hour. A shot is 
fired from the first directly at the paddle-wheel of the second, 
it the instant when it is exactly opposite to the gun. Supposing 
the distance between the vessels to be 1200 yards, and the velocity 
of the shot, ll^OO feet, to continue uniform, how far abafb the 
paddle-wheel will the shot pass? 

2. On an inclined plane on a railway to a slate-quarry, the 
loaded waggons descending on one line are made to draw up the 
empty ones on the other, by means of a rope passing round a wheel 
at the top of the inclined plane. Suppose that the length of the 
plane is 400 yards, its height 100 feet; the weight of a train of 
empty waggons 10 tons, and of their load 70 tons; in what time 
will a train descend the plane; what velocity will it acquire at 
the bottom; and what will be the tension of the rope during the 
descent] 

3. At what elevation and with what velocity must a shot be 
fired, that afber clearing (1 foot above) a rampart at the hori- 
zontal distance of 2000 feet from the point of projection, and 15 
feet above its level, it may strike a gun 50 feet beyond the ram- 
part and 8 feet below its top? 

4. A = 20f B^ lly C^if^y are three glass spheres of which 

15 
the elasticity is -^ ; afber A with a velocity of 24 feet per second 

has impinged directly on B at rest, G impinges directly on B 
with a velocity of 18 feet in a direction opposite to ^*s motion: 
find the final velocities of the bodies. 

5. Two clocks A and B are each constructed to beat seconds, 
but A gains 10 seconds in a mean solar day, and B makes only 
6000 beats while A makes 6001 : how must their pendulums be 
altered that the clocks may show true time t 
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VL Hydrostatics. 

1. A duice-gate in the form of an eqtdlateral triangle,- each 
side of which is 4 feet, is placed with the base downwards, and 
turns upon an axis parallel to the base, the part below the axis 
being preyented turning in the direction of the pressure, but the 
:upper part being £ree: at what height above the base must the 
axis be placed that the gate may open when tiie water rises more 
than 6 feet above the vertex? 

2. The specific gravity of gold being 19*25, of platinum 20*00, 
and of silver 10*5 ; how much platinum and silver may be mixed 
with 10 oz. of the gold, that the weight of the compound may be 
20 oz., and its specific gravity the same as that of the gold? 

3. Supposing a pontoon to be made in the form of an equila- 
teral triangular prism ; that its length is 20 feet, each side of the 
triangular ends is 3 feet, and its weight with the portion of the 
bridge it supports is 750 lbs. : a cubic foot of water weighing 
62*5 lbs., find the depth to which it will sink when an additional 
weight of 3000 lbs. is placed on it :—:- 

1st. When the bridge rests upon one of the rectangular sides 
of the prism; 

2nd. When the bridge rests upon the ridge formed by two 
of the sides. 

4. Describe Nicholson's Hydrometer, and point out how the 
specific gravities of solids and of fluids are determined by means 
of this instrument, giving the formulae for the specific gravities. 

5. State how " Fahrenheit's," the " Centigrade" and " Reau- 
inur's" scales on Thermometers are determined; and jP^, C", 22** 
indicating any, the same, absolute temperature on these scales, 
give the relations of F, C, JR. 

6. Describe the principle and mode of action of the " Bramah 
JVeaa" 



241 

K 
VIT, Differential Calculus. 
1. Find the differentials of the following functions : 

1+05* X 

U=- a, U 



w = log,{a; + ^(aj*-l)}, w = ajV. 

2. u being a function of x^ show that when t» is either a 

maximum or a minimum, ^- = 0; that it is a maximum when 

ax 

—J IS negative, and a minimum when -^ is positive. 

3. Find the base and altitude of the greatest cone which can 
be inscribed in a given sphere whose radius is r, 

I 

4. ^^ is a horizontal line apd ^F is vertical: find the 
distance JBC, so that CA being drawn to the given point A, the 
time of a heavy bodj descending down GA shall be less than the 
time down any other line drawn from BV to the point A, (To 
be done analytically.) 

5. Find the value of the subtangent and of the subnormal 
in the witch, whose equation is xy* = a'(a — x}, 

6. Find the expression for the radius of curvature at any 
point in a parabola; and determine its value at the vertex of the 
parabola, and also at the extremity of the focal ordinate. 

Integral Calculus. 

7. Find the following integrals : 

i a^-lx + e ' ^^ reSolving the fraction, 
I x' ^(1 -9f)clx, integrating by parts, 
C. 16 
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Till. InTBQBAI. CAL0nLI7& 



1. Show, liy Taylor's Theorem, ihat in all Tatiable motions, 
ds 

2. When a body vibrates in a cycloid, tbe force in the direc- 
tion of the tangent varies as the arc to be described to the lowest 
point, and is equal to ^ when this arc is equal to I, the length of 
the semi-cycloid or twice the diameter of the generating circle : 
find the time of vibration in a cycloidal arc when the length of the 
commencing arc, measured from the lowest point, is a ; and point 
out on what supposition and in what manner this is applicable to 
the vibrations in circular arcs. 

3. By a change of temperature, the length of the pendulum 
of a clock which had kept mean time, beating seconds, was in- 
creased '0114 inch, the length of the seconds' pendulum being 
39*1386 inches: how was the rate of the clock affected? 

4. Give the expressions for the distance of the centre of 
gravity, on the axis x, for a curve line; for the area of a curve; 
for the volume of a solid of revolution and for its surface ; and find 
the distance of the centre of gravity of a semicircle from its centre. 

5. Show that tha moment of inertia of a plane surface re- 
volving in its own plane, ^bout the origin of the rectangular 
co-ordinates, is 

where fi is the mass of the unit of area, 

6. Find the radius of gyration of a parabola revolving in its 

« 

own plane, about an axis passing through its vertex. . 
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L Geohetby* 

1. If ABCD is a parallelogram, and E a point without it: 
MEA^ EB, EG, ED, BD be drawn, show that 

^EBG =^BE^ ^EBD, 
AEAD = ^EDC + ^BD. 

2. If in a circle, a point be taken in a straight line which is 

not a diameter, dividing it into two segments, and a straight line 

be drawn from this point to the centre, the square of this line 

together with the segments of. the former will be equal to the 

square of the radius of the circle. 

« 

3. Similar triangles are to one another in the duplicate 

ratio of their homologous sides. 

4. If two straight lines be at right angles to the same 
plane, they shall be parallel to one another. 

Analytical Geometbt. 

. 5. Find the equation to a straight line passing through a 
point whose co-ordinates are a/ = 3, ^ = 4, and perpendicular to a 
straight line whose equation is ^=^2x^5; and construct these 
lines to a scale by means of their equations, showing by the figure, 
that the second line is perpendicular to the first and passes through 
the given point. 

6. Find the co-ordinates to the point of intersection of two 
straight lines whose equations are 

y=3aj + 7, and y = 5x-9', 
and construct these lines to a scale by their equations, showing by 
the figure that their intersection is in the point determined. 

7. Find the equation to the parabola referred to rectangular 
co-ordinates, of which the origin is the middle point of the perpen- 
dicular from the focus on the directrix. 

8. Find the equation to the ellipse referred to rectangular 
co-ordinates, as in the parabola (quest. 7). 
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IL ABITHliETIO ANIK AlGEBBA. 

. 1. Give definitions of the terms ; '' simple quantity,'* *< com- 
pound quantity," ** binomial quantity," ** index," "root,*' and "co* 
efficient" 

2. If limestone be composed of 28 parts of lime to 22 parts of 
carbonic acid, and the process of burning drive off the carbonic 
acid; to what weight will 1 ton 11 cwt of limqstone be reduced 
by burning ] ( 

3. Explain briefly the methods of solving siimiltaneous equa* 
tions of the first degree. 

4. Solve the following equations : 

5. Find all the roots of the equation 

of- 9,01?- 2'99x + 5-61 = 0. 

6. The number of shot in a square pile of n courses being 

^ ^— i^— , show how the formula for the number of shot 

3.2.1 ' 

in a rectangular pile of n courses, and having m + 1 shot in the 
top TOW, is obtained : and compute the number of shot in an in- 
complete pile of 20 courses, having 30 shot in the longer, and 18 
shot in the shorter side of its upper course. 

7. Prove that in the expansion of (1 +«)" the second term 
is nz whether n be an integer or a fraction, positive or negative. 

8. From the equation between a number and its logarithm 
to the base a, show that log. {N y, N^ = log. N + log, N^^ 

loga In- = lOga N - log, F^, log. iT"* = m log, iT. 

1 

9. Log^,, 731 being 2-8639174, prove that 

lofto '00731 = 3-8639174, and log,^ 731000 « 5*86S91 74. 
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IIL . TBiGONOHirntT Aim Mensuration. 

1. Define tHe terms " complement/* " supplement," " secant," 
and *^ cosecant" of an arc or angle; and prove that 

cota = -: — , sin (90® + a) = cos a, sin30" = -. 
sma N / ' 2 

2. Solve tHe right-angled triangle ABCy of which £ is the 
right angle, and a = 173*4 feet, C= 20* tf 12". 

3. Provethat.^^-dn^ = 2cosl(4 + 5)sinl(^-2?). 

4. Show that the sides of a plane triangle are to one another 
as the sines of their opposite angles. Also solve the triangle of 
which a = 156, 6 = 127, and ^ = 50*. 

5. Two objects A and B subtend an angle of 50^ 18' 20" at a 
station S. Given the distances SA = 17 S^ yards, SB = I692 yards, 
to find the horizontal distance between the objects: (1) when 
Af B and the eye (S) of the observer are in the same horizontal 
plane; (2) when A and S are in a horizontal plane and B 120 feet 
above it. 

6. In an isosceles triangle in which a » ^ prove that 

c c* 

cos -4 = -7- , and versC = ;r— a . 
2a 2a' - 

7. Investigate the formula for the area of a plane triangle 
when two sides and the included angle are given; and thence find 
the area of the triangle in which 

h = 124 feet, c = I6I -4 feet, and -4 = 71* 12'. 

8. Assuming that the area of a circle is equal to half the 
product of the radius and circumference, it is required to deduce 
the particular foim, (1) in terms of the radius, (2) in terms of 
the diameter, (3) in terms of the circumference. State also, gene- 
i*ally, how the expression for the area enunciated above, is obtained 
by means of the inscribed and circumscribed polygons* 
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lY, Spherical Tbigoxometbt. . 

I. State Kapler's rales for the solution of right-angled sphe- 
rical triangles, and point out how thej are applicable to each case* 

2« The angles of a spherical triangle being A^ B, (7, and the 
sides opposite to them a, )3, y, show from the equations 

^,l^^ »m(«r-^8m(.r-y) ^^^.1^^ 8marip(<r-a> 
2 sinpsiny 2 sinpsmy 

1 cosl(a-^) ^ ^ 

•that sin - (-i + ^) = - cos- (7 and sin - (il — ^) 

% ^ ' 1 2 2 

sill :; (tt — )8) 

= , cos - C. 

.12 
sin —V 

3. Deduce Napier's first and second analogies, and state to 
what cases in the solution of spherical triangles thej are applicable. 

4. State what is understood by the spherical excess; and JS'^ 
being the spherical excess in a triangle of which the area in feet 
is n, and r the radius of the Earth in feet, show that 

^„ 180.60.60w 

js = -J . 

vir 

5. The radius of the Earth being 3954 miles nearly, find the 
spherical excess in a triangle whose sides are respectively 40, 50^ 
60 miles. 

Astronomy. 

6. Define the following terms: pole of the heavens, meri- 
dian, horizon, prime vertical, right ascension, declination, parallax^ 
sidereal year, tropical year. 

7. The latitude of the place of observation being known, 
show how the time of the Sun's rising and setting on a given day, 
and aJao his azimuth at that time may be determined. 
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T. Stoics. 

L Forces /, f^ /^, /'^, &a make angles a, a!', ct^^ a"', &c. 
with the axis Ax\ find the equivalent forces in the directions of 
the rectangular axes Ax^ Ay\ find also the resultant of these 
forces, and the angle which it makes with the axis Ax : and apply 
this to the case where the forces are represented by 5, 7, 9, and 
9 lbs., and the angles which they make with Ax are 0®, 30% 60% 90^. 

2. A power of 50 lbs. is applied by means of a single move- 
able pulley to the arm of a screw : what will be the pressure of the 
screw, the distance between the threads being one-third of an inch, 
and the length of the arm 12 inches) 

3. If the weight of a gun and carriage exclusive of the wheels 
be 18 cwt., and the centre of gravity of this mass be at the hori- 
zontal distance of 10 inches from the axletree; what weight will 
each of two men support when lifting the trail at a horizontal 
distance of 8 feet from the axletree ? 

4. A uniform beam AB^ 8 feet long and weighing 100 lbs., is 
hooked at ^ to a vertical wall FX, and is supported by a chain 
fixed to it at C^ and to the wall at JDx AG = 6 feet, and each of 
the angles AGD, GAD is 60^ j find the strain on CD, and the direc- 
tion and amount of the reaction at A when a weight of 1000 lbs. 
is suspended from B. 

5. A heavy six-pounder gun weighing 36 cwt. 3 qrs. is to be 
drawn up a slope of 30® inclination to the horizon by means of 
drag-ropes parallel to the slope : the fiiction being one-ninth of 
the perpendicular pressure on the slope ; what is the least num- 
ber of men that will be able to move the gun, supposing each man 
to draw with a power of IJ- cwt t 

6. Two uniform beams, each 20 feet long and weighing 1 00 lbs., 
rest against each other in the form of a roof, and are supported on 
the top of two vertical walls^ 30 feet apart, to which they are at- 
tached : find the direction and the amount of the reaction at the 
top of each wall, and the amount of the horizontal force tending to 
overturn the wall* 
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VI. Dtnamics. 

1. A and B are two irory balls whoso elasticity is represented 
Ly seven-eighths: A^8 diameter is 1 inch, and i^'s is 1^ inch, and A, 
moving with a velocity of 5 feet per second, impinges directly npon 
£, flioving in the opposite direction with a velocity of S feet per 
second : in what directicMi and with what velocities will they 
move after impact ? 

2. Prom what height must the ram of a pile-driver weighing 
14 cwt. descend npon the head of a pile, that it may drive it into 
the earth six inches; supposing the resistance of the pile to be 
represented by a pressure of 16 tons. 

3. A shot is fired vertically upwards with a velocity of 1610 
feet; find to what height it would rise if the air caused no resLst- 
ftnce to its motion ; in what time it would rise through the first 
mile of its ascent; and in what time it would again reach the 
ground. 

4. Two weights, -4= 125 oz., ^ = 36 oz., are attached to the 
two ends of a string ; A being placed on a horizontal plane, the 
string passes over a pulley fixed at the edge of the plane so that 
the string may be parallel to it, and JB hangs freely ; find the 
space described by ^ or J5 in 4 seconds, — 1st, supposing no fric- 
tion on the plane ; 2nd, supposing the Miction to be a fifth of the 
weight A, 

5. rind geometrically the plane of quickest descent : (1) from 
a given plane to a given point below the plane ; (2) from a given 
point without a circle to the circumference of the circle. 

6. Deduce expressions for finding the angle of elevation at 
which a shot is to be fired, and its velocity of projection, so that 
the shot may pass through two given points of which the co- 
ordinates are jt), q, p^, q^ 

7. An invariable pendulum which made 86380 vibrations in 
a day at one station was found to make 86423 at another. Com- 
pare the force of gravity at the two stations. 
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YII. Differential and Integbal Calculu& 

1. I£v=/{x), z=^(x) &nd u = vZf show that 

• du ch dz 
dx" dx dx* 

2. Find ^ when 

da^ 

3. Inyestigate Maclaurin's Theorem ; and expand see x, in a 
seiies terminating at the term yhich involves the fifth power 
of a?. ** . 

4. Find the greatest cylinder that can be inscribed in a 
given cone.. . . 

5. Show that in any carve, the value of the subtangent is 

dy* 
dx 

6. If i? be the area of a curve referred to rectangular co- 
ordinates x and y, show that -^ = y. 

7. Deduce the differential expression for the radius of curva- 
ture of a curve ; and find the co-ordinates of the centre of the 
circle of curvature. 

8. Find the value oiu in the following differential equations: 

du __ 5ax du • 6a5* du ^ 2ag — 17 

dx ~ J {a* - a^) ' ^^ {a-xf* cte "" Sos' - 7aJ - 6 ' 

9. Find the volume from a; = Otoa; = a^ of a solid generated 
bj the revolution, about the axis oo, oi& curve whose equation is 
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I. Geometbt. 

1. If a Bide of a triangle be produced, the exterior angle 
is equal, &c 

2. In an iBOSceles triangle, if a straight line be drawn from 
the Tertical angle to a point in the base, the square of this line 
together with the rectangle of the segments of the base is equal to 
the square of one of the equal sides of the triangle. 

3. The diameter is the greatest straight line in a circle; and 
of all others, that which is nearer to the centre, &c 

4. The sides about the equal angles of equiangular triangles 
are proportionals; and those, kc 

5. If two parallel planes be cut by another plane, their com- 
mon sections with it are parallels. 

6. The scale of slope of a plane being given, to find the 
index of a point in the plane when its projection is given. 

Analytical Geometry. 

7. The equations of two straight lines are 

y=aaj + 6, and y = aaj + )8; 

investigate the relation between a and a in order that the lines 
may be perpendicular to one ainother. 

Find also the point of intersection, and contained angle, of the 
lines 5y-6a?+ 10 = 0, Sy + 2aj-12 = 0. 

8. Prove that if p and q be the parts of the axes of x and y, 
between a line and the origin, its equation will be 

P ^ 

9. A circle passes through the points (0, 0), (0, 2) and (3, 4); 
find its radius, and the co-ordinates of its centre; and also the 
lengths of the three perpendiculars drawn from the centre on the 
iihree lines which join the given j>oints. 



251 

G. 

IL Abithmetio and Algebra. 

1. To how much will amount a rate of 2«. Tjrf. iu the pound 
on an estate rated at £1536. ISa. 4d.1 {By Vulga/r Fractions,) 

2. £6800 is to be diyided among Ay B and (7, so that ^'s 
share shall be to jS's as 2 to 3, and JS's to O's as 3 to 5. {To le 
done without Algebra.) 

3. A tank may be filled by one pipe discharging into it, in an 
hour, and by another in three quarters of an hour; in what time 
will it be filled if both the pipes together discharge into it? 

4. Given ^x + Jy = 7 aud iB*+y*=641 ; find the values of 
X and y. 

5. A regiment being formed in the greatest solid square it 
would admit of^ there were 23 men more than the complete 
square, and the same regiment being formed two deep in a hollow 
square, it was found that the number of men in each face of it 
was 94 more than in each face of the solid square : of how many 
men did the regiment consist ? 

6. Form the equation of which the roots are ^3-hj2; 
JS-jQ; -JS + JZ] - n/3 - ^2 : and show that these are tho 
roots of the equation so formed. 

7. Prove that the sum of the geometric series 

r^-1 
a + a/r -^ a/r* -^ a/i^ -¥ &c ton terms is a :p ; 

7*— 1 

and sum the series 5 + 4/25 + ^5 + 1 to 12 terms. 

8. By means of the table of logarithms find the value of the 
- . ('5123786)V(-0031742) 

^"'''*'^'' (0031742)- 4^(-5123786) ' 

9. The perimeter of a right-angled triangle is 10 yai*ds and 
its area is 30 square feet ; find its sides. 
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IIL Trigonometry and Mensuration. 

1. Define tlie terms "sine," "cosine,'* "tangent," and "co- 
tangent" of an arc; and show by a figure that 

. sin a 1 . / X X 

tana:^ , 8eca=3 — , tan(ir---a)'=: — tana. 

cos a cos a ^ ' 

2. In any right-angled triangle, show that the sine of either 
acute angle is equal to the ratio of the opposite side to the 
hypothenuse, and that the tangent of the same is equal to the 
lutio of the opposite side to the base. 

3. Prove the following formula : 

X /i T>\ tan-4-tanJ5 ^ .. l+tan'^l 

tan(il-^)=— — J- — , sec 24= - — T—rr- 

^ ' 1 + tan A tan B' 1 — ta,n'A 

4. Given a = 10, 6=1 3, c = 15, to find the angles A, By G, 

5. The horizontal distance between two vertical objects is 121 
yards, and the angle which the straight line joining the tops of 
the objects makes with the horizon, is 15° 25' , find the distance 
between the tops. 

6. From the bottom of a wall 50 feet high, the angle of ele- 
vation of the top of a vertical column in the same horizontal plane 
was 40° 20' 16", and at the top the angle of elevation of the same 
was 20" 16'; find the height of the column. 

7. Prove that the area of a plane triangle is equal to 
fj{8 (8 —a)(s — b) (s — c)}, in which ct, h, c are the sides opposite to 

the angles A, B, (7, and « = - (a + 6 + c). Find also the area of the 

triangle of which the sides are 17, 22, and 31 yards. 

8. A log of timber is 16 feet long, 20 inches broad, and 10 
inches thick. If 3 solid feet be cut from one end of it, what 
length will be left 1 

9. A cone, a hemisphere, and a cylinder have equal bases 
and altitudes ; show that the formulae for their solid contents are 
as the numbers 1, 2 and 3. Find also the content of a cone, 
hemisphere and cylinder, when the radius of each base is 2 feet, 
and the altitudes of the coije and cylinder are each 1 7 inches. 
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' IV. Statics. 

1. Define the terms "force," "reaction," ** composition of 
forces,** "resolution of forces,*' the "resultant of forces,*' the "com- 
ponents of a force," 

2. A force represented by 10 lbs. is in equilibrium at a point 
with two other forces, of which the directions make angles of 120® 
and 135®^ respectively, with that of the first force; find the weights 
which represent these forces. 

3. A rifle bullet is of the form of a cylinder, of which the 
radius is a and length 6, terminated at one end by a cone of which 
the radius is a and axis c ; find the centre of gravity of the bullets 

4. In the second system of pulleys, where each pidley hangs by 
a separate string and the strings are parallel, investigate the rela- 
tion of P to IT, when there are three moveable pulleys, the 
weight of each of which is A ; and find what power will support 
2cwt. by means of such a system in which each pulley weighs 8 lbs. 

5. The distance between the threads of the elevating screw, 
in question 5, being two-thirds of an inch, and the radius of the 
arm by which it is turned 5 inches, what power must be applied 
at the arm to elevate the breech, supposing no friction on the 
screw 1 

6. A beam, 8 feet long and weighing 100 lbs., is suspended 
from a hook, by two cords, 6 feet and 10 feet long respectively, 
attached to its ends : find the angle which the beam makes with 
the vertical when in the position of equilibrium, and also the 
tension of each cord. 

7. BO is a vertical wall, and FEA is a uniform beam resting 
against it and on a prop at E, at the distance of 4 feet from A, so 
as to make an angle of 30® with the horizon : find the length of 
the beam AF that it may be in equilibrium in this position. 
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V. Dynamics. 

1. ^ = 2 and ^ = 3 are two ivory spheres of which the 
elasticity is represented by seven-eighths; A^ moving with a 
velocity of SO feet per second, impinges directly on B, moving in 
the opposite direction with a velocity of 12 feet per second : find 
their directions and velocities after impact. 

2. A body being let fall from the top of a cliff 300 feet high, 
it is required to find with what velocity a body must be projected 
vertically upwards from the base of the clifi^ that it may meet the 
falling body half way in its descent. 

3. A weight of 84 oz. is connected with another of 77 oz. by 
a string hanging over a fixed pulley: how far will the heavier 
descend, and what velocity will it acquire in 5 seconds, 

1st. Supposing no inertia in the pulley; 

2nd. When the inertia of the pulley is represented by 10 oz. ] 

4. A body is projected with a velocity of 20 feet per second 
down a plane inclined to the horizon at an angle of 30^ : in what 
time will it describe 100 feet on the plane, and what will be its 
velocity at the end of that time, supposing ^ = 32 feet 1 

5. Find, geometrically, the straight line of quickest descent, 
(l) From the circumference of a given circle to a given point 
without the circle ; (2) From a given point within a circle to the 
circumference of the cii-cle. 

6. The ratio of the lengths of two pendulums is 25 to 16, and 
the difference of their times of vibration is two-fifths of a second : 
find their lengths. 

7. Deduce an expression for the time of flight of a projectile, 
in terms of the range, the angle of elevation' of the projectile and 
the angle of inclination of the range plane; and thence determine 
the length of fuze for a range of 1200 yards on a plane rising at an 
angle of 5° 30', the shell being fired at an elevation of 15*, and th^ 
fuze burning at the rate of an inch in 3 seconds. j 
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VL Hydrostatics. 

1. A yeiNE^l in the form of a pyramidi having each face an 
equilateral triangle, the side of which is 1 foot, is filled with water, 
and placed with a face horizontal j find the pressure on each fitce, 
(I) when the vertex of the pyrainid is upwards, (S) when the ver- 
tex is downwards. 

2. A rectangular sluice-gate^ 8 feet high, turns upon a hori- 
zontal axis parallel to the base, the part below the axis being pre- 
vented turning in the direction of the pressure, but the upper part 
being free to turn : at what height above the base must the axis 
be placed that the gate may open when the water rises more than 
7 feet above the top of the gate 1 

3. The specific gravity of gold being 19*5 and of silver 10*5, 
what are the weights of silver and gold respectively in a compound 
of these metals which weighs 900 grains in air, and 840 in water 1 

4. A cylindrical pontoon with hemispherical ends, 23 feet 
long and 3 feet in diameter, when floating has a fourth of the 
diameter below the surface of the water; what is the weight of 
the pontoon, and what additional weight will it just bear, a cubic 
foot of water weighing 62*5 lbs. 1 

5. Describe the Mercurial Barometer; state on what the 
height of the column of mercury in it depends; what it is a mea- 
sure of, and why it is different at different altitudes above the 
Earth's surface. 

6. Describe the common suction-pump ; point out its prin- 
ciple and mode of action; and explain why by means of it water 
cannot be raised above a certain height, stating that height. 

7. A diving-bell in the form of the frustum of a cone, the 
diameter of the base being 8 feet, of the top 6 feet, and the height 
6 feet (inside measures), is let down into the sea until the water 
rises 3 feet within it ; find the depth to which it descended, and 
the density of the contained air, the pressure of the atmosphere at 
the surface of the sea being equal to 33 feet of sea-water. 
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YIL . DiFPERENTIAIi CALCULUS. 

1. u being any function of a^ and u the value of u when x 
becomes x + h^ show that 

2. u being a function of «^ find -r- when, 

(3) w = e* log, sin «. 

3. Find the radius of the base and the altitude of the least 
cone that will circumscribe a given sphere. 

4. ui is a giv^i weight attached to a string hanging over a fixed 
pulley, and by means of which another weight x is to be raif^ed, 
by being attached to the other end of the string : it is required 
to find X in terms of ul, so that the momentum generated in a; in 
a given time may be a maximum. 

5. Find the value of the subtangent, and of the subnormal 
in the ellipse, and show that the subtangent is the same, for the 
same abscissa, as in the circle described on the major axis. 

Ikteobal Calculus. 

6. Find the following integrals : 

r Sfic'cfo; r{x+l)dx 

C x*dx r xdx 

jJia'-xy JJi^ax-xy 

V 

7. Investigate the difierential expression for the area included 
by a curve and two rectangular co-ordinates; and point out how 
this is applied to finding such areas. 
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'I.'- ^i»ustb¥. 

^ i. Give Euclid's definitions of the following : 

(1) Parallel straight lines; (9.) the rectangle containiBd by 
two straight lines; (3) the distance df a straight line from the 
pentre of a circle ; (4) osl angle in a segment of a circle; (5) simi- 
lar rectilineal figures. : 

2. If from the vertical angle of a triangle a straight line 
be drawn to the middle of the base, twice the sqnaire of this line 
together with twice the square of half the base will be equal to' 
the si^n of the squares of the other tw6 sides of the triangle.. 

3. About a given circle to describe a triangle equiangular to 
» given triangle. 

4. Equal parallelograms which have one aiigle of the one 
equal to one angle of the other have their sides about the equal 
angles reciprocally proportiotial : and parallelograms that have 
one angle of the one equal to one angle of the other and their 
sideft about the equal angles reciprocally proportional are equal to 
one another. 

Co-OBDINATE GEOMETRY. 

5. Find the distance between two points of which the co-or- 
dinates are x^- 7, 3^y = ^ 3, x^^= -5, y^^= 2; find the equation to 
the straight line passing through these points, and the angle which 
it makes with the axis x ; and construct the figure to a sdile./ 

6. The co-ordinates to the centre of a circle being a = 5, )8 = 3; 
find its radius that it may pass through a point of which the co- 
ordinates are a; == 2, y^l l and find the distance from the origin 
at which it cuts the axis x. Construct the figure to a scale. 

7. A parabola being a plane curve iu which the distance of 
any point from a given line is equal to its distance from a fixed 
point, find the equation to the parabola when the given line and 
the perpendicular upon it from the fixed point are the rectangular 
axes to which the curve is referred. 

C. VI 
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H. 

IL Abithmehg and Algebra. 

1. If a matt can perform a journey of 258| miles in 6f days, 
walking 11^ hours each daj, how manj hours a day must he walk, 
at the same rate, to perform a journey of 130| miles in 3}i days? 

2, There are fifteen 24-pounder guns in one fort, and twelve 
S2-pounder guns in another fort : all the 24-pounders with one 
S2-pounder are worth £1969; and all the d2-pounders with one 
24-pounder are worth the same sum : find the yalue of a gun of 
each sort. 

3.. Giren «(y + «) = 20, y{x+z) = S5 and «(a5+y) = 27 j find 

4. Given y^+y^ = |V2 and a^-(« + y) = l; 

find X and y. 

5. Determine all the values of x and y which satisfy the equa- 
tions X* + y*= 612 +0;* + y* and a^ + y'= 129 -ic*^. 

6. Determine the roots of the equation a?-\-af—lOx + S = 0, 
and by means of them resolve the j&action -= r into 

the sum of three fractions having denominators of the first degree. 

7. Pind an expression for the sum of n terms of the series 

l+2r + 3r' + 4r' + &c. 

8. The number of shot in the longer side of the base of a 
Complete rectangular pile exceeds the number in the shorter side 
by 10, and after a certain number of courses had been removed 
there were 25 shot in the longer side of the upper course : how 
many shot had been removed ? 

9. How many signals may be made by means of a red, a 
yellow, a green, a blue, and a white flag, hoisting them singly, two 
at a time, three at a time, four at a time, and ^ve at a time, the 
flags when combined being hoisted over one another in every 
joossible order 1 



259 

H. 
III. Tbigonohetry and Mensubation. 

1. Define the terms (1) complement of an angle, compleme^nt 
of an arc ; (2) supplement of an angle, supplement of an arc ; 
(3) sine; (4) cosine; (5) tangent; and show that the sine of an 
arc is equal to the sine of its supplement; and the tangent of an 
arc is equal to minus the tangent of its supplement. 

2. Prove that cos (il +^) = cos^cosJ5-sinii,sin5; andthen 
show that cos 2A = 2 cos" ^ — 1, or = 1 — 2 sin* A, 

3. The hypothenuse of a right-angled triangle is 175, and one 
of its sides is 57 ; solve the triangle. 

4. Having given cos A = — ^v , show that 

sin ^ -4 = ^ . {« (« — a) (« — 6) (« — c)}3, 8 being equal to — . 

5. The two sides of a triangle being 20 and 30, and their 
included angle 60\ solve the triangle. 

6. The angles of elevation of the top of a tower from two 
stations in the same vertical plane with it are 60^ and 30^, and 
the distance between the stations is 120 feet : find the height of 
the top of the tower above each station, (1) When both stations 
are in the same horizontal plane; (2) When the station nearest 
to the tower is 10 feet above the level of the more remote. 

7. Investigate the formulas for the areas and perimeters of 
regular polygons of n sides, described in, and about a circle of 
given radius r ; and apply them to find the perimeters and areas 
of the regular 2)olygons of 900 sides described in, and about the 
circle of which the radius is 100 feet. 

8. If the circumference of the dial of a clock be 15 feet, what 
will be the area of the sector passed over by the minute-hand in 
12 minutes 1 

9. The curved sur&ce of a hemisphere being 157*08 feet, 
find the area and circumference of its base. 

Vv— ^ 
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IV. . Spserical Tbigqkouetbt and AffmoNouT. 

1. Show that in a right-angled spherical triangle, the tangent 
:pf the angle at the base is equal to the tangent of the perpendicu- 
lar divided by the sine of the base. And give Napier's rules for 
tiie solution of right-angled spherical triangles. 

2. State Napier's four analogies, and point out the cases in 
spherical triangles to the solution of which they are applicable. 

3. Show that in any spherical triangle 

. cos a — cos iS cos Y 

cos^= — I . ^ . 2-. : • 

sm p Bin y 

4. The three sides of a spherical triangle are 50* 37', 83*^ 19', 
and 40* 12'; find its three angles. 

5. If 71 = number of square feet in the iarea of a spherical 
triangle whose sides are. small compared with the radius of the 
sphere, and D = number of feet in a degree on the surface of the 
sphere, show that the number of seconds in the spherical excess 

is 207r . j^ ; and point out how this may be applied to determine 

the sum of the errors of the observed angles in such a triangle. 

6. Define the following terms : equator of the heavens; eclip- 
tic; tropics; oblique ascension; zenith; azimuth; parallax; 
sidereal day ; solar day ; equation of time. 

7. The right ascension and declination of a heavenly body 
being determined by observation, show how its latitude and longi- 
tude may be computed. 

8. Show how, by observing the Sun's altitude on a given day, 
at a given hour, the latitude of a place on the Earth is deter- 
mined ; and also the Sun's azimuth at the time of observation. 

9. An eclipse of one of Jupiter's satellites, which occurred at 
19^ 52°" 19'-3, Greenwich time, was observed at 11^ 17°" 25"*8: 
what 18 the longitude of the place of observation ? 
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V> SrATiqp. 

1. Define the terms : " force,** " composition of forces," "equi- 
librium," "centre of gravity,** "fulcrum," ** moment of a forcQ 
about a point.*' 

2. If the men on one drag-rope of a gun pull with a force of 
400 lbs., those on the other ^ith a force of only 300 lbs., and the 
directions of thei- drag-ropes make an angle 6f 30® with each other ; 
with what force will the gun be urged forward, and what angles 
will the direction in which it is urged make with the drag-ropes? 

Find also the force that would be gained by the forces on the 
ropes being equally distributed, and the ropes being parallel. 

3. Two weights of 100 lbs. each are suspended by a string 
passing over two fixed smooth points A, B : find by how much 
the pressure on the upper point exceeds that on the lower when 
the line AB makes an angle of 45® with the vertical. > 

4. Find the magnitude and position of the resultant of two 
parallel forces acting on a rigid body. 

5. The diameters of the ends of a frustum of a cone being a 
and 5, and the height of the frustum h ; show that the distance of 
It» centre of gravity from the end of which the diameter = a is 

h a*+2a6 + 3y 
4* a*+2a6 + 6' ' 

6. A system of pulleys of the second kind, in which each' 
pulley hangs by a separate string, and consisting of four move- 
able pulleys, has the last pulley hooked to the arm of a screw at 
the distance of 10 inches from its axis: the distance between the 
threads of the screw being half an inch, and a power of 30 lbs. 
being applied at the fr^e end of the string passing round the first 
pulley, so that the strings being parallel, the force on the arm 
acts at right angles to it : it is r^uu*ed to find the pressure pro- 
duced ou the head of the screw. ' ...... ^ 
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VI, Dtkahics, 

1. A body being let ML from the top of a cliff 322 feet bigb, 
it is required to find with what velocity a body must be projected 
verticaUy upwards from the base of the cliff, that it may meet the 
fSsJling body half way in its descent. 

2. A weight of 84 oz. is connected with another of 77 oz. by 
a string hanging over a fixed pulley : how far will the heavier 
descend, and what velocity will it acquire in 5 seconds, (1) Sup- 
posing no inertia in the pulley; (2) When the inertia of the 
pulley is represented by 10^ oz.? 

3. Investigate an expression for the velocity with which a 
shot must be fired at a given angle of elevation 6, that it may 
strike an object at a given distance r from the point of projection, 
on a plane passing through that point and making a given angle i 
with the horizon, 

4. With what velocity and at what elevation must a shot be 
fired, that, clearing (1 foot above) a parapet 14 feet above the 
point of projection and at the horizontal distance of 1800 feet, it 
may dismount a gun 9 feet below the parapet, and at the hori* 
zontal distance of 1 50 feet beyond it ) 

5. A stone being let Ml from the top of a clif^ a pendulum 
S4^ inches in length was obsei*ved to make 6 vibrations during 
the descent of the stone to the sea : determine the cliff's height, 
the length of the seconds' pendulum being 39\ inches nearly. 

6. A particle suspended by a string 3 feet long is struck 

horizontally so as to produce in it a velocity of 12 feet per second; 

find the arc which the particle will have described when the 

string begins to slackeUi and the highest point to which the 

jDarticle will rise. 
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YIL DiFFEBBNTIAL CaLCULUS. 

X. Dhow tnat — -^ — = cobx, and — -^ = — smos, 

fML 

2. u being a function of x. find -^ , when 

a;— 1 

3. Find the vaJue of a; which renders r r« a maximum or 

a minimum, 

4. Find the altitude and diameter of the base of the greatest 
cone that can be inscribed in a given sphere, 

£f. Given the base of an inclined plane = &, to find its height 
so that the time of a body falling down the plane may be a 
minimum. 

6. ABB is a semicircle of which the diameter AB=^9,a\ the 
chord BB is bisected in E and AE joined, intersecting BP^ per- 
pendicular to AB^ in M : show that the equation to the locus of 
the point M is y*(2a -^xf^a? (2a - «), where x = AFy and y = FM; 
and from this equation determine the value of the subtangent and 
of the subnormal to a point in the curve which is the locus of the 
point M, 

7. The equation of the cycloid being 

X 

y = fj{^ax'-af) + a vers"* - , 

show that the length of a cycloidal arc is twice the corresponding 
chord of the generating circle. 

8. Find the area, from a; = to a^ of a curve whose equation 

X* y-a 

IS -1 = ^^^ • 

or y 
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■ YIIL IntaGBAi Calculus.' 

1. find tlie foUo wing. integials ; .' , 

• * . ' ' ' ' 

2. Find the volume of the solid generated bj the revolution 
of. ttie curv^ ^hose equation is j^^a' + a5^ + afe = a*, about the axis 
OS, between the values x=0 and x^^a, 

3. Find the di9tanoe of the Centre hf grfivitj oi the* segment 
of a sphere, from the extremity of the diameter; and state what 
thia djista&ce. ia in a hemisphere. 

Find also the distance of the centre of gravity of the segment 
of a spherical shell of very small thickness, and deduce the dis- 
tance for the hemispherical shell, including the plane circular base. 

4., Investigate the 1st of Guldin's pi-ope^ties of the centre 
of gravity. 

5. Show by Taylor's theorem, that in all variable motions 

- dv 

6. A body attracted to a centre by a force varying inversely 
in the sesquiplicate ratio of the distance, begins to fall at the dis- 
tance a] what wiU be its velocity at the distance |^ supposing 
the force at that distance to be equal to g, the force of gravity ? 

7. Show that, in a system of material' points, the Moment of 
Inertia with respect to any given axis is equal to the moment 
about an axis parallel to this and passmg through the centre of 
gravity, plus the moment of the whole system collected in its 
centre of gravity, about the given axis. 

- 8. The Moment of Inertia of a cirde^ radius r, about an axi^ 

j>assing through its centre and perpendicular to its plane being --- , 

find the Moment of Inertia of a sphere, radius a, about its dia^ 
meter, * > 
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I. Geometry. 

-. . . » ^ * • '.■■"'■ 

«... -J ' jf g^ straight line toucli a circle, and from the point of 

contact a straight line be drawn cutting the circle, the angled 
.which this line makes, (fec^ 

2. The sides about the equal angles of equiangular triangles 
are proportionals; and those which are opposite to the equal angles 
are, &c. 

3. If two straight lines be cut by pajrallel planes, they shall 
be cut in the same ratio. 

4. The. triangles formed by joining the corresponding extre- 
mities of three equal and parallel straight linet*, not all in the 
same plane, are equal, and their planes are parallel. 

5. The traces of two planes being given, find the projec- 
tions of their intersection^ when the traces of the given planes 
intersect in two points. 

6. Draw a plane that shall pass through a given point ^and 
through a given straight line. 

Co-ORDDfATE GeOMETBT. . 

7. Determine the equation to a straight line which is driawn 
through ift point whose co-ordinates are x^^5, y* = — 2, perpendi- 
cular to the straight line whose equation is 

• y = 2aj + 5, 
and construct the line by scale. 

8. The co-ordinates to the centre of a circle referred to rect^ 
angular axes' are a and fi : find the equation to the circle. Also 
determine the position and magnitude of the circle which is the 
locus of the equation 

y" + «'-4y + 6a;-.12 = 0. 

9. Give the definition of a ** conic section," and state when the 
conic section is a ^parabola," an "ellipse," >or an "hyperbola." 
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IL Abithmetic and Algebbju 

1. What sum of money lent at £3. 4«. per cent, per annnmi 
simple interest, will amount to ^10000 in 7^ years? 

2. A fiitlier left - of his property to his eldest son, ~ of (be 

5 y 

remainder to his second, and the rest to his third : the difference 
between the shares of the second and third was £1800 ; what was 
the share of each t 

3. Given the sum of three numbers equal to 13; the sum of 
the products of every two equal to 47; and the squares of the 
numbers in arithmetic progression ; find the numbers, 

4. When the price, per cwt,, of tin to that of copper was as 
3 : 2, 1 1 cwt. of gun-metal cost £64. 85., but when the prices of 
tin and copper were reversed, 11 cwt, of gun-metal cost £89. 12«. : 
what was the price of copper in the first case, and what the 
weight of copper and tin in the metal 1 

5. Solve the following equations ; 

(2) t?*« + i?*' = 84 and (v*-«^ («?-«) = 7. 

6. The equation aj' - 1 loj* + 7a + 147 = has two equal roots : 
find them by means of the derived equation, and the third root 
by depressing the equation, 

7. Decompose the fraction -5 — —5 intp three fractions 

X — zar — 35 + z ■ 

having denominators of the first degree, 

8. Investigate an expression for the number of shot in a 
square pile of n courses, that is, an expression for the sum of 
n terms of the series 1'+ 2' + 3*......7i'. 

9. By means of a table of logarithms find the value of the 

fraction (3-14159)' ^(-08857) 

*'^'°'' (•4753)' V(5-37462) * 
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IIL Tbigokometby and Mensubation, 

!• A and B being any two angles, show that 

. , , T>\ tan -i * tan J& 
tan(-4*-5) = - — - — ^— — ^^, 
^ ' laptanil.tanJ? 

J i. /i »\ cotan Jcotan^i»il ^ 

and cotan(-i*^) = — ; = —, 

' cotan Jjife cotan -4 
3. From sin 30" = i and sin 45*^ = \ J2, show that 

tan 15"= 2 - ^S, and tan 75" = 2 + ^S, 

3. Show that, in any triangle, the sides are to each other as 
the sines of their opposite angles; and apply this to finding the 
remaining side and angles of a triangle of which two sides are 
815*753, 238*825, and the angle opposite the greater of these two 
sides is 97** 13'. 

4. From the top of a hill I observed two church spires 
exactly in the same direction on the horizontal plane below the 
hill : the angle of depression of the base of the nearer spire was 
observed 15" 23^, and of the further spire 4" 12': the top of the 
hill being known to be 315 feet above the horizontal plane on 
which the churches stand, it is required to find, from these obser- 
vations, the distance between the two spires, 

5. Two sides of a court-yard in the form of a paral^logram 
are 40 feet and 70 feet, and its shorter diagonal is 50 feet; what 
will it cost paving at 3«. Qd. a square yard 1 

6. The side of an equilateral triangle, of a square and of a 
regular hexagon are in arithmetic progression ;' the sum of this 
progression is S6 feet; and the perimeters of the three figures are 
equal; find their areas. 

7. The diameter of the horizontal bottom of a circular reser- 
voir is 200 feet; the sides of the reservoir being inclined all 
round at an angle of 45", find the number of cubic feet of water 
contained in it when the depth of the water is 10 feet 
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IV. Statics. 

1. Define tke terms (1) "force," (2) "^vity," (3) "weight," 
(4) " resultant," and (5) state what is meant by the "parallelo- 
gram of forces." * , 

2. Assuming the parallelogram of forces, show that if y and 
f^ represent two forces acting at, a point, 6 the angle which their 

directions make with each other, and r their resultanfc, 

r*=/'+/,«+2j5rcos«: . fl 

find the resultant of two pressures acting at a point in direc- 
tions making an angle of 60° with each other, and find .also 
the angle which the resultant makes with the direction of the 
pressure 7 lbs. 

3. The extremities of a string 14 inches long are fixed to 
two points 10 inches apart, in the same horizontal line, and i^ 
weight of 8 lbs. is suspended, 

1st, from a knot in the string 6 inches from one extremity ; 

2nd, from a smooth ring which slides freely along , th^ 
string : 

find in both cases the tensions of each of the parts into which the 
string is divided, and state clearly the mechanical principles inr 
volved in each step of the investigation. 

4. Define the centre of gravity of a body, or system of 

bodies; and show that if m, m^,m^, m^ are bodies in a straight 

line, and a, a^, a,, ^3 are their distances from a fixed point in 

that line, the distance of their centre of gravity from the same 

point is . 

ami + a^wi, + \^^ + a^Wj 

m + Wj + wij + mj ' 

5. If a and ( be the two parallel sides of a trapezoid, and A 

the line which bisects these sides, show that the centre of griivity 

of the trapezoid will be in this line, and its distance from a along 

. . .„ , A a + 26 

jt will be-. r-« j 

3 a + b - -^ 
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V. Dynamics. 

1. A body projected vertically upwards from the bottom of 
a tower with a velocity of 60 feet per second reaches the top in 
2 seconds : what is the height of the tower 7 and how much above 
the top does the body rise ? ' 

« 

2. A weight of doz. draws a weight of 12oz. down a plane 
inclined SO^ to the hori^n, by means of a string passing over a 
pulley at the bottom of the plane: find the vei*tical descent of 
each of the weights in 3 seconds, the friction and inertia of the 
pulley being 1 oz., and g = S2 feet. 

. . 3. Investigate the expression for the velocity. of a shot which, 
being fired at an angle of elevation e, shall strike a mark at the 
distance r, on a plane passing through the point of projection 
and making an angle i with the horizon. 

4. Show how the value of e is determined from the equation 

2i;* cos e sin (e — t) 



r = 



g ' cosH 



in terms of r, v, i; and prove, that the range on a given plane is 
a maximum when the direction of projection bisects the angle 
between the plane and the vertical, 

5. At what elevation must a shot be fired with a velocity of 
400 feet that it may range 2500 yards on a plane which descends 
at an angle of 30® ] 

6. The length of the seconds' pendulum being 39*139 inches, 
find (1) the value of g the force of gravity, (2) the length of the 
pendulum which vibrates 80 times in a minute. 

7. A clock intended to beat seconds gains 7*4 seconds a day : 
how must its pendulum be altered that it may go right 1 
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Vl. Hydbostatics. 

1. A cylindrical vessel, of whicb the diameter is 6 incliedy 
and the length of the axis is 1 foot, being fJiled with wat6r is 
closed at both ends : find the pressure on the concave Bur£Eu;e, and 
also on one end of the cylinder, 

(1) When the axis is vertical ; 

(2) When the axis is horizontal; and compare the whole 
pressures in the two cases. 

2. Define the. " centre of pressure;" and deduce the difieren- 
tial expression for the distance of the centre of pressure of a plane 
surface immersed in a homogeneous fluid from the surface of the 
fluid. 

3. A sluice-gate in the form of an isosceles triangle, of which 
the altitude is 4 feet and base 5 feet, the vertical angle being 
downwards, turns upon a horizontal axis parallel to the base, the 
part below the axis being prevented turning in the direction of 
the pressure, but the upper part being free to turn : at what dis- 
tance from the top of the gate must the axis be placed, that the 
gate may open when the water rises more than 8 feet above its 
top? 

4. Some silver being alloyed with 100 grains of copper of 
the specific gravity 8*79, the alloy was found to weigh 1150 
grains in air and 1034*5 grains in water : what was the specific 
gravity of the silver employed ] 

5. The whole length of a cylindrical pontoon with hemi- 
spherical ends is 23 feet; its diameter is 3 feet; and its weight, 
with the portion of the bridge it supports, is 1660 : what additional 
weight does it bear wheii the axis of the cylinder is on the level 
of the surface of the water ? 

6. Describe Nicholson's hydrometer, and point out the man- 
ner in which it is applied for the determination of the specific 
gravities both of solid:5 and of fluids. 
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VII. DiPPERENTIAL CALCULUS. 

1. u being a function of Xy find -^ , when 
« 

(8) «=log. ^^^^^^.;_^ ; (4)« = «'sm<B. 

2. Show that when u^ a function of a?, is a maximum, 

^ = 0, and ^18 negative. 

3. Find the value of x which renders s & maximum or a 

1 +ar 

minimum. 

4. Find the altitude and the radius of the base of the least 
cone that can circumscribe a given sphere whose radius is r. 

5. Find the subtangent to a point in the curve whose equa- 
tion is ay" = (a + aj)'(2a - x). 

Integral Calculus. 
^. Find the following integrals: 
r Ixdx f (3x-k-Q)dx ~^ f ofdx f dx 

7. Show that the area of a curve between the curve and the 

/o 
ydx, 

8. Find the volume, from aj=a to a;=2a, of the solid gene- 
rated by the revolution about the axis a?, of the curve whose 
equation is xy* = (a + x)'{2a — x). 
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L Geometbt. 

1. In a circle, the angle in a semicircle is &c 

2. The rectangle contidned hj the diagonals of a qnJadrilateral 
inscribed in a circle is equal to both the rectangles contained by 
its opposite sides. . 

3. If, in a circle, an equilateral polygon be inscribed, and an 
equilateral polygon of the same number of sides be described about 
the circle, the peiimeter of the inscribed polygon will be to the 
perimeter of the circumscribed, as the perpendicular from the cen- 
tre on a side of the inscribed polygon, is to tlie radius of the circle. 

4. If two straight lines meeting one another be parallel to 
two other straight lines which meet one andther, but are not in 
the same plane with the first two ; the plane which passes through 
these is parallel to the plane passing through the others. 

5. Horizontal Projections, A plane being given by three 
points a,, h^y c^,, not in a straight line^ determine its scale of 
slope. 

Co-ORDiyATE Geometry. 

6. Find the equation to a straight line which, passing through 
a point of which the co-ordinates are x= — 5y y^= 3, makes an angle 
of 45° with the axes ; find the distances frx>m the origin at* which 
this line cuts the axes ; and construct the figure to a scale. 

7. Find the co-ordinates to the points in which a straight line 
whose equation is y = Sa? — 5,- intersects a circle described from the 
origin as its centra, with a radius equal to 4. 

8. An ellipse being a plane curve in which the sum of the 
distances of every point from two fixed points is equal to a given 
line, find the equation to the ellipse referred to rectangular co- 
ordinates of which the origin is the middle of the straight line 
joining the fixed points; the distance between these points being 
given = 2c, and the sum of the distances of a point in the curve 
from them = 2a. 
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II. Arithmetio and Algebra. 

1. Define the terms, "rfraction," "decimal," "root," "index," 
" power," and " logarithm." 

2. Beduoe the following to equivalent fractions with rational 
denominatora — n rr, —^- ^, and 



3. A ship whose value was £2000, was wrecked; ^ of it 
belonged to A^ f to J?, and the rest to (7. An insurance office pays 
them £1500 of their loss. How much of this must each receive % 

4. Find the values of x and y in the following equations : 

ah 

- + -=m 

ha ' aj+1 '*'3aj-l" 40^ \x—y=h]' 

X y 

5. Find the negative root of the equation 

a;*-24a5*+ 14403*-. 60aj- 5 = 0, 
to 7 places of decimals, and determine the first figure of the great- 
est root. 

6. If 8 be the sum of n terms of a series in geometrical pro- 
gression, a the first term, I the last, and r the common ratio, show 

that I = a/r'"^i and « = a . 

»•— 1 

Find also the limiting value of «, when r is less than unity; 

the seiies being convergent and extended without limit. 

7. -4, who travels three times as fast as J?, sets off* from a cer- 
tain place eight days after B in order to overtake him : in how 
many days will he effect this ? 

8. The number of balls in the shorter side of the base of a 
complete rectangular pile is 21 ; how many must there be in the 
other side that the pile may contain 4697 balls ? 

9. The first two terms of the expansion of (1 + a?)" being 
1 + nx, whether ti be a whole number or a fraction, positive or 
negative, determine the coefficients of the succeeding terms of the 
expansion. 

c. v^ 
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III. Trigonometry and Mensuration. 

1. Giyen sin <^ = cos 2 <^ ; find sin <^, and thence <^. 

2. A and B being any two angles, show that 

sin (-4 sb jS) = sin ^ cos B «*= cos A sin B, 
and cos (A:^B) = cos ui cos ^ <ii sin^ sin B, 

3. A and J? being any two angles, show that 

sin ii 4- sin -5 _ tan ^(A + B) 
sin A — sin B tan ^ (J. — ^) ' 

4. tty h, c being the sides of a triangle ABG respectively oppo- 

site the angles A, B, C, prove that cos B = -^ — j and apply 

this to finding each of the angles of a triangle of which the sides 
are 200, 300, 400 feet. 

5. A base of 300 yards was measured along one of the banks 
of a river, and the angles between this base and the lines from 
each of its extremities to a conspicuous object on the opposite 
bank were observed to be 54° IS' and 49® 37': find the breadth of 
the river, that is, the perpendicular distance of the object on the 
opposite bank from the measured base. 

6. My iT are two inaccessible objects whose distances firom 
each other is required. A base AB is so measured that each of 
the angles MAB, NBA is a right angle ; the angle MAN is one- 
third of a right angle, and the angle MBN is half a right angle : 
determine from these data the distance MN in terms of the base 
AB = h. 

7. Show that the area of a triangle is ^ 6c sin ^i ; and apply 
this to finding the area of a triangle of which the sides are 4 + Js 
and 4 — ^3, and their included angle is 32® 12'. Find also the 
third side of this triangle. 
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IV. Spherical Trigonoicetbt. 

1. A, Bj G being the angles of a spherical triangle A, B, G, 
show that the area of the triangle is «r*« -^ . 

2. State "Napier's Rules" for the solution of right-angled 
spherical triangles^ and exemplify them : (1) when a side is taken 
as middle part ; (2) when the complement of an angle is taken 
as middle part ; (3) when the complement of the hypothenuse is 
taken as middle part, 

3. Oy fif y being the sides opposite to the angles A, j9, C7 of a 
spherical triangle, and assuming the equation 

cosjScosy + siujSsinycosii — cosa = 0, (1). 

1. ^1, 2. 2. a^ A sin (cr - )8) sin (o- - y) ^ / o \ 

show that tan"-il = ^ -jA ^^ — r-^, where <r = -(a-f ^ff-f y). 

2 sin<r(sm<r — a) 2 ^ '^ '' 

4. Assuming the equation (1), show that 

cos ii + cos BoosG 

eos a = i — n—' — 7i • 

sm ^ sin 6 

5. Define the following terms : "pole" and "equator of the 
heavens," "meridian," "ecliptic," "the obliquity of the ecliptic," 
" the declination and right-ascension," " latitude and longitude of 
a heavenly body," the " latitude and longitude of a place on the 
earth." 

6. Point out, by means of a figure, how the time of rising of 
the sun, and its azimuth when rising on a given day and at a given 
place, are determined. 

7. What angle or arc in the heavens is the measure of the 
Latitude of a place on the earth 1 What other angle or arc is it 
equal to ? and how is the latitude of a place determined by obser- 
vations on a circumpolar star ? 

8. Point out, by means of a figure, how the latitude and lon- 
gitude of a star are determined from its observed right-ascension 
and declination. 
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V. Statics. 

1. A gan, weigHng 12 cwt. and suspended by a rope, is held, 
out from the vertical line passing thi*oiigh the point of suspension 
by means of a rope attached to the gun ; supposing that the sus- 
pending rope make& an angle of 15^ with the vertical, and that the- 
second rope makes an angle of 30^ with the horizon ; what will be 
the tension of this second rope or the force exerted on it? and 
what will be the pressure on the point of siuspensiou, or the ten-' 
sion of the suspending rope 9 

2. The directions of three forces, 50 lbs., SO lbs., 70 lbs., make 
respectively angles of 30^, 45^, 60^ with the horizon : find their re- 
sultant and the angle which its direction makes with the horizon. 

3. A beam of uniform density rests between two planes, 
one of which is vertical, and the other is inclined to the horizon 
at an angle of 30° : find the inclination of the beam to the horizon 
when in the position of equilibrium. 

4. Two rulers, each 30 inches long and weighing 15 ounces, 
are placed lengthwise over each other, and to the under one 
a weight of 45 ounces is hung at one end 4^ inches from an edge 
on which it rests : in what direction and how far must the upper 
ruler be slid upon the lower that the whole may be in equilibrium? 

5. A field-gun, which with its carriage weighs 24 cwt., is sup- 
ported on a plane inclined to the horizon at an angle of 30", by 
ineans of ropes going round on the outside of the wheels, and each 
hooked to a block of pulleys of the first kind, in which the same 
rope goes round all the sheaves, and having two sheaves in the 
lower block, the other block being fixed at the top of the plane so 
that the ropes are parallel to the plane; what power must be ap- 
plied at the free end of each of the ropes that the gun may just be 
supported independently of friction 1 
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VI. Dynamics. 

1. A body is projected vertically upwards with a velocity of 
161 feet per second, and one second after, another body is project- 
ed vertically upwards with the same velocity : where will the two 
bodies meet ? 

2. A weight of 4 lbs. hanging vertically, draws a weight of 
12 lbs. along a horizontal table : supposing that a weight of 1 lb. is 
just sufficient to overcome the friction, how far will the weight of 
4 lbs. descend in 5 seconds, g being taken equal to 32 feet ] 

3. Prove that the times of descent down all chords drawn 
from either extremity of a vertical diameter of a circle are equal. 

4. Find geometrically the plane of quickest descent from a 
given point without a given circle, to the circumference of the 
circle. 

5. . Deduce the equation which subsists between t? the velocity 
of projection of a shot, e the angle of elevation, r the range, and i 
the inclination of the range-plane to the horizon. 

6. Find the velocity with which a shell must be fired at an 
angle of elevation of 12°, to strike a mark at the distance of 750 
yards on a horizontal plane. 

7. There are three ivory balls Ay By G whose elasticity is |, 
A = 8 oz., J5 = 7 oz., C = 5 oz. ; A impinges directly, with a velocity 
of 12 feet per second, on By at rest, and, immediately after, G im- 
pinges directly on B with a velocity of 4 feet per second in a direc- 
tion opposite to that of ui's motion : find the final velocities of -4, 
B and G. 

8. The length of the seconds' pendulum beiiig 39*139 inches, 
how much will a clock with a seconds' pendulum movement lose 
in a day if its pendulum be a metre qr 39*37 inches in length? 
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VII. Differential Calculus. 

1. V and t being fanctioos of Xy shew that : . 

,, V ^ ^ du dt dv 

(1) when« = *<, _ = «^ + i_, 

,^v ' t? du 1 dv V di 

(2) when« = -. _ = -.-_^._. 

2. u being a fanction of as, find -^ when 

w = -= , u = cos"* (4aj' — Saj). 

e + 1 

3. Find the greatest rectangular building that can be erected 
on a plot of gronnd in the form of a segment of a circle, the height 
of the segment being SO feet, its base or chord 120 feet, and con- 
sequently the radius of the circle 75 feet. 

4. A weight W is to be raised from the horizontal plane ED 
to the point G, up an inclined plane, by means of a weight P 
attached to a string passing over a pulley at G, and hanging ver- 
tically on the other side : given the height BG = a, to find the 
inclination of the plane AG, that W may be drawn up it in the 
least time possible. 

5. Find the subtangent and subnormal in the conchoid of 
Nicomedes, the axis x being that passing through the generating 
point. • 

Integral Calculus. 

6. Find the following integi*als : 

Iw^^'' }«^-Q^-r L'ia'-^ff j^/(^'^-*^'^- 

7. Find the area, from x = to a; = ^a, of the curve whose 
equation is x J{a' + y') = ay. . 
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VIII. .Integral Calculus. 

1. Show that the area inoluded between the co-ordinates x, y 
to a point in a curve and the curve i»fydx. 

2. Find the length of the curve from aj = to x-^a in a 
curve whose equation is -y^ = q ^ vers"* tj{<'^ — ^)« 

3. Find the volume from a: = a, to 05 = 0, of the solid described 
by the revolution, about the axis a, of a curve whose equation is 

4. Find the distance of the centre of gravity of a parabola 
whose altitude is a and base 26, from its vertex. 

5. Find the distance of the centre of gravity of a cone, whose 
altitude is a and radius of its base 5, from its base ; and also of 
the frustum of this cone, in terms of h the radius of its base, /3 the 
ladius of its upper section, and h its height. 

6. By means of the property of Guldin find the volume of 
the solid generated by the revolution of a parabola whose altitude 
is a and base 2&, 1st, about its base ; 2nd, about a tangent to tho 
parabola at its vertex ; and give the ratio of the two solids thus 
generated. 

7. A body attracted to a centre by a force varying directly 
as the distance from the centre, begins to fall at the distance a 
from the centre ; find the velocity of the body when arrived at 
the distance \ay and the time of idling to that distance, the force 
at the distance m being equal to g : and show that with this law 
of force the time of falling to the centre is independent of the dis- 
tance from which the body begins to fall. 

8. If T is the distance of particles in a body M from a fixed 
axis about which the body revolves, and / the moment of inertia 

of the body about that axis, show that 7= Y~f- dr. 
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L Geometry. • 

1. If four straight lines be proportionals/ the rectangle con- 
tained hj the extremes will be &c. And if &c 

2. If the sides of a pentagon, no two sides of which are 
parallel, be produced till they meet, the sum of all the angles at 
these points of intersection will be eqnal to two right angles. 

3. If two circles touch each other externally or internally, 
any straight line drawn through the point of contact will cut off 
similar segments. 

4. If a straight line stand at right angles to each of two 
straight lines at their point of intersection, it shall also be at 
right angles to the plane which passes through them, that is, to 
the plane in which they are. 

Co-ordinate Geometry. 

5. Find the equation to a straight line passing through a 
point whose co-ordinates are a/ = 5, t/ = — 3, and parallel to a 
straight line whose equation is ^ = 3a; + 1. 

6. The co-ordinates to two points are a5^=9, y^ = 4, «,^=5, 
y^^= 7 : find the length of the line which joins these points, and 
also the length of the perpendicular let &11 upon this line from 
the origin of the co-ordinates, 

7. Find the co-ordinates to the intersections of a straight line 
whose equation is ^ = 3a; — 4, with a parabola whose equation is 

y»=l6. 

8. Show that in the parabola, the locus of the middle points 
of any number of parallel chords is a straight line parallel to the 
axis of the parabola. 

9. Show that the locus of a point whose distances from two 
fixed points are together always equal to a given line, is an ellipse 
of which the major axis is that line. 
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11. ABITHM£nO AND AlOEBBA. 

1. X9240 is to be divided among A, By and (7, so tbat ^'s 
share shall be to j^s as 3 to 5, and ^s share to (7*8 as 7 to 2 : find 
their shares, without employing Algebra. 

2. A person having purchased ^ of a copper mine which was 
valued at £20,000, afterwards sold | of his share for Xl 2,000 : 
how much per Cent did he gain on the purchase-money of the 
part sold 1 

3. Extract the cube root of '098 to 10 places by Homer's 
method, contracting the work for the final figures. 

4. Solve the following equations : 

(1) oj" + 9, J {a? - 003) = 2 {oa: + J{ax)}, 

(2) 05 + y = aacyy and 05* + y* = JVy* . 

(3) 7** = 2 + 7', applying logarithms. 

5. Fonn an equation of which the roots are 

1+VS, 1-^3, 3+V(-l), S-V(-l)- 

6. Find the least positive root of the equation 

a?*- 10aj'+ S3aj"- 48aj + 20 = 0, 
by Homer's method, and state the character of the other roots. 

7. The number of shot in a square pile of n courses being 

^ / ^ — - — , show how the formula for the number of shot 

in a rectangular pile of n courses, and having m + 1 shot in the 
top row, is obtained ; and compute the number of shot in an in- 
complete pile of 20 courses, having 47 shot in the longer and 23 
shot in the shorter side of the upper course. 

8. Given the sum of two sides of a triangle = 8, the perpen- 
dicular from the vertical angle on the base = a, and the diameter 
of the circumscribing circle - d : find all the sides of the triangle. 

9. If (f is expanded in a series I '\- Ax'\- Ajx? + A^a? + ka.^ 
show how the co-efficients -4^, A^^ A^ <fec, are determined in terms 
of Ay and state what A represents. 
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III. Trigonometry and Mensuration. 

1. A and B being any angles, prove that 

sin ii + sin J5 = 2 sin ^(ii + jl?)cos ^ (A -B)^ 
sin ^ - sin ^ = 2 cos i (^ + jl?) sin i (ii - jl?). 

2. Prove that, in any plane triangle, the sides are to each 
other as the sines of their opposite angles ; and state to the solur 
tion of which case in plane triangles this applies, and in what 
manner, 

3. a, 5, c being the sides opposite to the angles A^ B, C of a. 

plane trianele, prove that — — r = |4-j =i : and state to the 

^ 6 J I' ^_^ tani(^-^)' 

solution of which case in plane triangles this applies, and in what 
manner. 

4. If « = - (a 4- 6 + c), prove that sin' ■^A= - — — ^^ ; and 

point out how this is applied to the determination of the three 
angles of a triangle, when the three sides are given. 

5. A straight line or base of 500 yards having been measured 
along the south bank of the Thames near Woolwich, the horizon- 
tal angles contained by the base and straight lines drawn from its 
extremities to a station on the Essex bank of the river were ob- 
served to be 69° ^S' and 77° 40': find the perpendicular breadth of 
the river at the Essex station. 

6. From the deck of a ship, 10 feet above the sea, the angle 
of elevation of the top of a cliff was observed 21° 34', and from a 
mast-head, 65 feet vertically above the former point of observa- 
tion, the angle of elevation of the top of the cliff was observed 
15° 31': find the height of the top of the cliff above the level of 
the sea, and the distance of the ship from its base. 

7. The area of a square inscribed in a circle is 200 square 
feet; find the area of the equilateral triangle inscribed in the 
same circle. 
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IV. Statics. 

1. Define the terms: "density of a body," "resultant," 
"composition of forces," "resolution of forces," "horizontal and 
vertical components of a force," " moment of a force about a point." 

2. Assuming the parallelogram of forces, show that, if three 
forces -P, Q, JR, acting at a point, are in equilibrium, P : Q :: sine 
of the angle formed by the directions of Q and B : sine of the 
angle formed by the directions of F and E, 

3. If forces f^f^yf^t <fec., the directions of which make the 
angles a, a^, a^,, &c. with the axis a?, be resolved in the directions 
of that axis and of the axis y at right angles to it, show that, if 

X=fQm a +/, cos a^ +/^ cos a^, + &c., 
and Y =y sin a ^-/^ sin a^ +/^ sin a^ + <fec. 

R the resultant of the forces fif^jf^y &c. is equal to J{X' + F") ; 

Y 
and, being the angle which R makes with the axis a?, tan ^ = y- • 

4. If P, P', P", <ko. are any parallel forces acting upon a 
rigid body, at points of which the perpendicular distances from 
any plane are «, « , z\ &c. ; if -ff be the resultant of these forces ; 
and if Z be the distance of its point of application from that 
plane ; show that, R = F + I^'hI^' + &c. ; and 

(P + P' + P" + &c.)Z=P« + P'«' + P'«' + &c.: 

and point out how this applies to finding the position of the center 
of gravity of any system of bodies considered as points. 

5. A right-angled triangle, of which the sides are 3, 4, 5, is 
suspended by a string fixed at the right-angle ; in what position 
will it rest, that is, what angle will its hypothenuse then make 
with the horizon 1 

6. An uniform beam rests with one end against a vertical 
wall, and the other on a plane inclined to the horizon at an angle 
a : find the inclination of the beam when in a position of equi- 
librium, the coefficient of fiiction being fi. 
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V. Dynamics. 

1. Two bodies A and B^ of which the elasticity is represented 
by 6, move in the same direction with yelocities a, b {a greater 
than b) ; show that, after the impact of A on JB, 
A + B ^ relative velocity . A •\' B ^ relative velocity 



(1 + c) ^ velocity lost hy A\ (1 + e) J. velocity gained by B ' 

2. A 9 lb. shot is fired vertically upwards with a velocity of 
250 feet per second, and at the same instant an 18 lb. shot is let 
fall from a point 1000 feeb vertically above the point of projection : 
find where the two shot will meet ; and supposing the impact of 
the one upon the other to be direct, and the elasticity of cast iron 
to be ^, find the time in which the 9 lb. shot will reach the ground, 
and the velocity with which it will strike, assuming g = 32. 

3. A body J? = 10 lbs., which rests upon a horizontal plane, is 
connected by a string with another body -4 = 6 lbs. which hangs 
freely ; ^ in its descent drawing B along the plane, it is required 
to find the time in which A will describe 16 feet, and the velocity 
it will have acquired, supposing the friction of B on the plane to 
be J of its weight. 

4. Show that the times down all chords of a circle, having 
one of their extremities in a vertical diameter, are equal : and find 
the straight line of quickest descent from the circumference of a 
circle to a given point within it. 

5. A pendulum 15 inches in length was observed to make 7 
vibrations during the time that a heavy body was falling from the 
top of a cliff to the sea: what was the height of the clifi*? 

6. A clock which had been regulated to mean time at the 
equator was found to gain 1"* 12" a day: find the increase of the 
force of gitivity at the place of observation, in terms of the force 
of gravity at the equator. 

7. Find an equation connecting v, e, r and ^, when the range 
plane does not pass through the point of projection, but at the 
distance b vertically below it. 



285 



VI. DiFFEBENTIAL AND INTEGRAL CaLOULUS. 

1. V being a function af a?, and u a, function of v, show that 

du du dv 
dx dv' dx' 

2. u being a function of a:, find -r- when 

dx 

^=(i3^«; w = log,y(a« + a:«)-^{a«-a?')}; 

^=^^^-^ ^8 ; w=iog.- — ^. 

(«» + «:«)* l+« 

3. Find the values of x which render a?* - 12aj^ + 52a:* - ^Qx a 
maximum or a minimum. 

4. Find the following integrals : 

JlOa;'. V(a'-aJ")'^; [«". ^/(a• + a^ e^a? ; 

f (5aj + 3) c?a; /* e;?a? 

Ja:" + 2a;-3^ j «'.^(a»-aO* 

5. Find the area, of the Cissoid of Diodes, between the values 

a: = and a? = - a. 

2 

6. Show that if F be the volume of a solid of revolution 

dY 

7. Give the general expression for the distance of the centre 
of gravity of a mass from the axis of y ; and apply this to finding 
the distance of the centre of gravity of any segment of a sphere, 
and also of a hemisphere, from the centre of the sphere. 

8. State Guldin's properties of the centre of gravity : and, 
by this method, find the volume of the solid formed by the revolu- 
tion of a parabola whose altitude is a and base 26; 1st about a 
taugent at its vertex; 2nd about its base. 
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I. Geometry. 

1. Show that in any triangle, if straight lines be drawn from 
each of the angles to the middle of the opposite side, four times 
the sum of the squares of these lines is equal to three times the 
sum of the squares of the sides of the triangle. 

2. ADB is a semicircle of which the centre is (7, and AEG 
is another semicircle on the diameter AG y ^jTis a common tan- 
gent to the two semicircles at the point A : show that if from any 
point F, in the circmnference of the first, a straight line FG is 
drawn to G, the part FG, cut off by the second semicircle, is equal 
to the perpendicular FH on the tangent. 

3. Equal triangles, which have an angle in the one equal to 
an angle in the other, have their sides about the equal angles, i&c. : 
and triangles which have, <S^c. 

4. If two straight lines be cut by parallel planes, they shall 
be cut in the same ratio. 

Co-ordinate Geometry. 

5. Find the equation to a straight line drawn through a point 
whose co-ordinates are of = 5, y = 7, and parallel to a straight line 
whose equation is y = 3a5 — 4 ; and construct both these lines to a 
scale by means of their equations, showing by the figure that the 
second line is parallel to the first and passes through the point 
required. 

6. Find the intersections of a straight line whose equation is 
y = 2aj + 5 with a circle whose radius is 5, the centre of the circle 
being the origin of the co-ordinates. 

7. Find the equation to the tangent at a given point of a 
parabola; and show that the subtangent is equal to twice the 
ahsciaaa^ 
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II. Arithmetic and Algebra. 

1. A person purchased an estate at the rate of £84. 78, 6d, 
per acre, and sold it at the rate of £90* 14«. Ofd, per acre: how 
much per cent, did he gain on the purchase-money? 

2. Divide £16815 among three persons A, JB, C, so that ^'s 
share shall be to ^'s as 3 to 7> and ^'s to (7's as 6 to 5 ; without 
using Algebra* 

3. Given ^x- Jy=2 said (x-^- y) Jxy = 510; determine all 
the values ofx and y which satisfy these equations. 

4. The number of courses in an incomplete square pile is 
equal to the number of courses wanting to complete the pile, and 
the number of shot in the incomplete pile is equal to 6 times the 
number of shot wanting to complete it : find the number of shot 
in the incomplete pile. 

5. Find the greatest root of the equation, as* — 3a^ — 2a? + 1 = 0, 
and the integer limits of the other two roots. 

6. The sum of three numbers in geometric progression is 21, 

7 
and the sum of their reciprocals is -— ■ : find the numbers. 

12 

30 

7. Decompose the fraction -g 5 — — into three fractions 

a? ~~" a? *~" oa? 

having denominators of the first degree. 

A'x' -4V 

8. Show that a' = 1 + -4a; + — -- +-z-z.— + <fec. 

where ^=a-l--(a-l)* + -(a-l)'-<fea 

9. Show that, if y and y^ are any two numbers. 



also, n being any number whole or fjractional, log„ y" = n log„ y. 



loga {yy) = logay + log. y,, and log« | = log, y - log„y^ ; 
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III. Tbioonouetbt akd Meitsubation. 

1. Sin 30° being ^, determine the values of sin 15°, cos 15*. 

2. Show than tan (1*^) = ^^^^^^ . 

^ ^, ... sin -4 + sin j9 tan A (-4 — ^5) 

3. Show that -r— ^ ^-^ = - — ?;. . p( . 

kUn ^ — sin ^ tan ^ (-d + ^) 

4. In a plane triangle, show that 

a sin^ a sin^ 5 sin^ » 

6 sinj5' c sinC* c sinCV* 
state to what case in the solution of plane triangles this is appli- 
cable, and point out when the solution is ambiguous and when not. 

5. From the top of a tower, 60 feet high, standing near the 
edge of a cliff, the angle of depression of a ship's hull was observed 
15® 19' 36", and from the base of the tower, the angle of depression 
of the ship's hull was 13® 5' 20": find the horizontal distance of 
the ship from the tower, and the height of the tower's base above 
the level of the sea. 

6. Simultaneous observations at two stations, A and B, in 
the same vertical plane as a balloon, gave the angles of elevation 
of the bottom of the car 13® 59' 40", and 21® 00' 12" : the station 
A was 6810 feet further from the balloon, in horizontal distance, 
than B, and 300 feet above the level of B : find the vertical height 
of the car above the level of B and its horizontal distance from 
that station. 

7. The three sides of a triangle are 6, 6 ■¥ ^2, 6 — ^2; find 
its area. 

8. Show that the volume of the frustum of a cone whose 
altitude is a, and the radii of whose base and upper surface are H 
and r, is 

9. ABC is a cone whose altitude -42) = 4 inches, and dia- 
meter of its base BG = 6 inches; and EFGH is a cylinder in- 
scribed in it. The convex surface of the cylinder is one-fourth 
tha>t of the cone : find the dimensions of the cylinder. 
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IV. Statics. 

1. Show that, if from any point £, in the direction of the re- 
sultant i?, of two forces P and Q^ perpendiculars, LM^ LN^ be let 
fall upon the directions of the forces P and $, the|n F \Q\\ LN \ LM. 

2. The ends of a thread, 16 inches long, are fixed to pins at 
the points A and 5, 14 inches apart, and at the point C in it, at 
the distance of 6 inches from A, a force of 30 lbs. is applied by 
means of another tliread attached there, and so that^ when the 
threads are stretched, the angle AGD is a right angle : find the 
strain upon the pins A and B^ that is, the tensions of the strings 
GA and CB. 

3. An equilateral tiiangle has a square described on one of 
its sides : find the position of the centre of gravity of the whole 
figure. 

4. Show how the resultant of any number of forces, acting in 
the same plane, is determined, by resolving the forces in the direc- 
tions of rectangular axes ; and apply this to finding the resultant 
of three forces, -4 = 3, J? = 4, C = 2, 2> = 6, and the angle which its 
direction makes with that of the force -4, the angles which the 
directions of the forces By (7, D make with that of A being 30**, 
45®, 60® respectively. 

5. Suppose that the vertical pressure of a mortar on a prop 
placed under a particular part of its bed would be 9 cwt ; that a 
6-feet handspike is placed under the bed so that this point rest^ 
upon the handspike at the distance of 6 inches from its lower end, 
which rests on the platform ; and that the handspike is inclined 
to the horizon at an angle of 30® : with what force must a man 
press perpendicularly to the handspike, at its upper extremity, so 
as just to sustain the vertical pressure of the mortar, the coefficient 
of fiiction being *5. 

a v^ 
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V. Dynamics. 

1. Two inelastic bodies, A and j5, move in the same direction 

with uniform velocities a and h (a greater than 6), show that 

after the impact of ^ on ^ they will move with a common vela- 

,. Aa^Bb 
city equal to — — ^ . 

2. Two ivory spheres, 3 inches and 4 inches in diameter, 
move in opposite directions with uniform velocities, 25 feet and 
10 feet per second; find their motions after impact, the elasticity 
of ivory being represented by the fraction f . 

3. To what height would a shot rise if fired vertically with a 
velocity of 1200 feet per second, and in what time would it again 
reach the ground, abstracting the resistance of the air ? 

4. A body. A, resting upon a plane inclined at an angle of 30** 
to the horizon, is connected with an equal body B by means of a 
string passing over a fixed pulley at the top of the plane, B hang- 
ing freely : in what time will A describe 100 feet on the plane 1 

(1) Supposing no friction on the plane. 

(2) Supposing the friction to be one-tenth of the pressure on 
the plane. 

5. Find the straight line of quickest descent from a given 
]polnt without a given circle to the circle. 

6. The length of the pendulum vibrating seconds (in a 
^vacuum) in the latitude of London having been found to be 
39*139 inches, determine the value of g which represents the 
foi-ce of gravity. 

^ 7. If a clock constructed to beat seconds gains 1 minute in a 
day, how, and to what extent, must its pendulum be altered ? 

8. Show how the velocity and angle of elevation may be 
fletermined, that a shot may pass through two given points of 
wbieh the co-ordinates are p, q and^^, q^. 



. I 
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YI. DlFFEBXNTIAL CALCUI.TT& 

1. u being a fiinction of x, find -r- when 

^=-Vt TT ] «==« Sin' 26. COS OS. 

2. Find the values of x which render («* + lOa? + 1 1) (7 - a?)* a 
maximum or a minimum, 

3. Of all cylindrical pontoons terminated by equilateral cones, 
having the same given surface = a*, to find that which has the 
greatest volume. 

4. Find the value of the subtangent in a curve whose equa- 
tion is y*a5* = 6 (a* - x^)\ 

Integral Calculus. 

5. Find the following integrals : 

J{a' + x')i j2-5x+2x'' J *^^ ^ 

6. Find the area of the curve whose equation is 

a*a^=p'(a* + a^, from aj = to a?=-(». 

7. In what time would a body let fall from a point at a dis- 
tance from the earth's surface equal to its i*adius, reach the earth, 
and with what velocity would it strike ; the force of gravity varying 
inversely as the square of the distance from the earth's centre? 

8. Give the differential expression for the distance of the 
centre of gravity of any body from the axis y ; and point out what 
this becomes for an area, and also for a solid of revolution about 
the axis oc 

9. Find the distance of the centre of gravity of a parabola, 
and also of a paraboloid, from the vertex. 
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I. Geoxetbt. 

« 

1. Bisect a triangle hy a line drawn from a giren point in 
one of its sides. 

2. In a circle, tlie angle in a semicircle is a right angle; the 
angle in a segment greater than a semicircle is less than a right 
angle, and the angle in a segment less than a semicircle is greater 
than a right angle. 

8. Triangles, and also parallelograms, having the same alti- 
tude, are to one another, &c. 

4. If a straight line stand at right angles to each of two 
straight lines at the point of their intersection, it shall be at right 
angles to the plane in which they are. 

C0-0BDINAT£ GEOMETRY. 

5. Find the equation to a straight line passing through 
two given points, the rectangular coordinates to which are respec- 
tively a/ ^%'if — 5, oj" = 7, y'' = 2 j and find the distance from the 
origin at which this line cuts the azes^ and also the angle which it 
makes with the axis of a^ ' 

6. The equation to a given straight line being y = 3a; * 4, find 
the length of the perpendicular let fall on it from a point whose 
co-ordinates are a/ = 2, y' = 5 ; and represent correctly the positions 
of the given line and the given point. 

7. Find the equation to the circle whose radios is r, and the 
co-ordinates to its centre a/, %f -y and thence deduce the values of y 
corresponding to a; = 7^ in the circle whose radius is 5 and co-ordi« 
nates to its centre a/ = 9> y^ = 2. 

8. In the parabola, if a perpendicular on the tangent at any 
point be drawn from the focus, the tangent at the vertex will pass 
through the point of intersection, 

9. In an ellipse show that the square of the transverse axis is 
to the square of the conjugate, as the rectangle of the abscissae is 
to the jsguare of the ordinate^ 
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II. ARiTHinBTia Ain> Algbbba. 

1. A father left i of his property to one son, | of the re- 
mainder to a second, and the rest to a third : the difference 
between the shares of the second and third was £1200 : what 
was the share of each ? (ArUhmettcally,) 

2. Solve the following equations : 

(1) jc* + 2 ^(a* - aoj) = 2 {oa; + fj(ax)}. 

(2) x-^y = aoDy, and aj" + y" = 6Vy* ^ 

(3) 7*' = 2 + 7*) applying logarithms. 

3. Form an equation of which the roots are 5 + ,^5, 5 ~ ^3, 
2 + ^(- 1), 2 - ^(- 1) and - 3. 

4. Find the least positive root of the equation 

af-lOaf + S3a5- 20 = 0, 
by Homer's method, and state the character of the other roots. 

5. The first term of a geometric series is 5 and the ratio 2 : 
how many terms of this series must be taken, that their simi may 
be equal to 33 times the sum of half that number of terms ? 

6. Show, by the method of indeterminate coefficients, that 

the number of shot in a square pile, of which n is the number 

of courses, is 

{2n-f l).(n4- l).n 

3.2.1 

7. Assuming that the coefficient of the second term of the 
expansion of (1 + as)" is w, whatever n may be, prove the Binomial 
Theorem. 

8. Given the sum of two sides of a triangle =«, the perpendi* 
cular from the vertical angle on the base =: a, and the diameter of 
the circumscribing circle = d : find all the sides of the triangle, 

9. In a triangle, given the perpendicular from the vertical 
angle on the base = a, the base = 25, and the difference of the 
other two sides = Qd; to find those sides. 
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III. Tbigon'ometey and MBireURATlOK. 

1. "Fmd the value of cot (A ^ B) in terms of cot il and cot j9. 

2. Given tan tf = 2 sin tf ; find 0. 

3. In any triangle, a^ &, c being the sides opposite to thq 
angles A, By C, show that 

a + h tsin^(A'\-B) 
a^"tani(^-i?)' 

and point out how this is applied to the solution of the case where 
two sides and the included angle are given, 

4. a, h, c being the sides of a triangle opposite to the angles 
A, B, C, show that 

cos B = : 

and deduce from this the value of cos ^ B. 

5. If the exterior fiice of a front of fortification is 360 yards, 
the face of each bastion 100 yards, the angles which the lines of 
defence make with the exterior face each 16^, and the fianks axe 
perpendicular to the lines of defence, — ^what is the length of the 
fiank and of the curtain 1 

6. Investigate the formula for the area of a triangle when its 
three sides are given ; and find the area of a triangle of which the 
three sides are 4, 4 + ^3 and 4 — fj3, 

7. How many square feet are in the floor of a room, which is 
9 regular octagon having each diagonal 16 feet f 

8. Deduce an expression for the surface of a square pyramid 
of which the altitude is a, and a side of the base is b. 

9. If the depth of the ditch of a field-work is 10 feet, and its 
width at the bottom 8 feet less than at the top, what must be the 
width at the top that the ditch may furnish earth for the work 
the area of whose vertical section is 143 feet, allowing an increase 
in area of a tenth in the earth thrown out, when thus applied? 
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lY. Sphebicajl Trigonometry. 

1. Show that in a spherical triangle ABG^ nght-angled at B^ 
a, /3, 7 being the sides opposite the angles A^ B^ C^ 

. . sin a - . . tan a 

sin ^ = -: — n > «iJid tan A = — ; : 

sinks' siny' 

and state NapUr^9 Rtdea for the solution of right-angled spherical 
triangles. 

2. Show that^ in any spherical triangle, 

, cos a — cos B cos y 
C0Sil= . a ' -' 

3. Show that, in anj spherical triangle, if c = - (a + j3 + y), 

Sin — ^ ; ^— . J COS ~ A — ; — 5 — ; t 

% sinpsiny ^ S sinpsiny 

ASTRONOHT. 

4. Define the following terms : Meridian, Prime Vertical ; 
Bight Ascension, Declination, Latitude, Longitude of a heaverdy 
body; Equator of the Earth, Latitude and Longitude of a Place 
on the Earth. 

5. Show, by a figure, how the obliquity of the ecliptic is 
determined from the Sun's meridian altitudes at the summer and 
winter solstices. 

6. Given the latitude of the place and the Sun's declination, 
show by a figure bow the length of the day, and the Sun's azimuth 
at rising or setting, may be determined. 

7. Show how the hour lines are determined in a Tertical 
south dial (in north latitude), and also in a vertical east or west diaL 

8. Show how the latitude of a place is determined from two 
observed altitudes of the Sun on a given day, and the observed in* 
terval of time between the observations. 
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V. Statics. 

1. A force represented by 100 lbs. acting in a direction 
which makes aH angle of 60® with the horizon, is counteracted by 
two forces making angles of 30® and 120® with the horizon : find 
the weights which represent these forces. 

2. Pour equal bodies are placed in the angular points of the 
four solid angles of a triangular pyramid, show that their centre 
of gravity coincides with that of the pyramid, 

3. A handspike is placed under the breach of a heavy gun, 
and rests on its carriage to support it for elevating : what force 
must be applied at the further end of the handspike, supposing its 
whole length to be 5 feet 6 inches; the distance of the line of 
support on the carriage cheek from the end on which the gun 
rest^, 9 inches; the distance of the part of the breech of the 
gun resting on the handspike from the axis of the trunnions 
3 feet ; the distance of the centre of gravity of the gun from 
the same axis 6 inches; and the weight of the gun 28cwt. 
2 qrs. 1 

4. In a system of pulleys in which the stiings are parallel, 
and each string is attached to the weight, there being 4 ptdleys in 
the system : show that, when the power P is in equilibrium with 
the weight F*, 

(1) Neglecting the weight of the pulleys, W= (2* - 1) -P, 

(2) If A is the weight of each pulley, W= (2" - 1) (P + ^) ~ 4^4. 

5. A power of 50 lbs. is applied at the extremity of an arm, 
15 inches long, to a screw in which the distance between the 
threads is a third of an inch : what is the pressure exerted at the 
head of the screw, in the direction of the axis ? 

6. A 13-inch shell weighing 200 lbs. rests between two planes 
ABy BG inclined at angles of 30® and 45® to the horizon : find the 
pressure on each plane. 
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VI. Dynamics. 

1. A glass sphere half an inch in^ diameter, moying with a 
velocity of 24 feet per second, impinges directly on another sphere 
of glass 1 inch in diameter and moving in the same direction with 
a velocity of 6 feet per second : in what directions and with what 
velocities will the bodies move after impact, the elasticity of glass 

^eing ^ f 

2. A body is projected vertically upwards with a velocity of 
485 feet per second, in what time will it rise through I6l0 feetl 

3. Two bodies A and B, each weighing 5 lbs. avoirdupois, are 
connected by a string passing over a fixed pulley : what space will 
they describe in 10 seconds when an ounce weight is added to A, 
and what velocity will they have at the end of that time ? 

4. Find geometrically the straight line of quickest descent ; 

(1) From a given straight line to a given point. 

(2) From a given point within a circle to the circumference. 

(3) Between the circumferences of two given circles, the one 
being wholly within the other. 

5. Investigate the expression for the range of a projectile on 
a given plane pasfsing through the point of projection, in terms of 
Vy the velocity of projection ; e, the angle of elevation of the pro- 
jectile ; and i, the inclination of the plane of the horizon, 

6. In Atwood's machine, a weight of 22 oz. being placed on 
one side, and 23 oz. on the other, in what time will the heavier 
descend 64 inches, and what velocity will it have acquired, sup- 
posing the inertia of the wheels to be 3 oz. and ^ = 32 feet ? 

7. A particle is allowed to roll down the exterior of a para- 
bola whose axis is horizontal ; find the point where it will quit 
the curve. 
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VIL Hydkostatics. 

1. If IT be the weight of a body in air, and w its weight in 

W 
water, show that its specific gravity =»^rp ; and find the specific 

gravity of a piece of metal which weighs lO^'T^ grains in air, and 
97*29 grains in water. 

2. The whole length of a cylindrical pontoon with hernia 
spherical ends is 22 feet; its diameter is 2 feet 8 inches; and its 
weight with the portion of the bridge it supports is 1550 lbs. : 
what additional weight does it bear when the axis of the cylinder 
is on the level of the surface of the water 1 

3. What weight of fir-wood, specific gravity 0*57, must be 
attached to a piece of copper, specific gravity 8*79> ai^d weighing 
10 oz., that the mass may just float ? 

4. A prismatic diving-bell, of which the height inside is 8 
feet, is sunk in the sea to the depth of 70 feet ; find the height to 
which the water will rise inside the bell, and the density of the 
included air compared to that at the surface of the sea where the 
pressure of the atmosphere is 33 feet of sea water. 

5. Describe the principle of the barometer, and how this 
instrument is applied to the determination of the difference in the 
level of points on the earth's surface, 

6. Describe the action of the Fire Engine. 

7. Describe the action of the Bramah Press. 
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VIIL DlFFfiBENTIAL CaLOULUS. 

1. Find the differentials of the following functions of x :- 



u = log, , lA = sin a; . cos iB. 

x + a 

2. If f« is a function of x and u^ represents u when in it a; 
becomes x-hh, what is the value of u^ (Taylor's Theorem) 1 

oa*' cos 6 sm (6 ^ li 

3. From the expression for the range, r = sA , 

find the value of e which gives r a maximum on a given plane 
whose inclination is i, the shot being fired with a given velocity v» 

4. Find the value of the subtangent in the ellipse. 



Integral Calculus. 

5. Find the following integrals : 

, . f x^dx .. f dx /ov /" oc^dx 

6. Find the area of a curve whose equation is 

005 = ^J (a* - 05*), from x = to x=a. 

7. Find the area of an elliptic segment in terms of a circular 
segment radius = a (the semi-axis major), and having the same 
abscissa x, 

8. Find the volume of a paraboloid; and show that it is equal 
to half the circumscribing cylinder. 

9. Find the volume of a ring in the form of a double 
cycloid, and having an elliptical section. 
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Ans. X* + xy*. tj{a^ - 2«*y . 4^(»'y). 

106.2^!. 107. (x-y)V(«'-y-). 108. f^. 
109. 5±i. 110.«|^?. 111.4. 
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•1 1 
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* " c^x^ 



iifi - ■ - 117 ^»-*-y 11Q «•<■<» 

119. Question should be \ilf^)-^(fy ^ ^ . Ana. a^ 

1 -3«-»J*+Sa-»6*-a-'6' 
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120. 

m ^. 121. 

123. l-J{a + x). 



156. 



af — x-l 



a—h 



122. ^V{— 6V(-i)}. 



Sx 



124. 0. 126. yJ{o^-y'y 



126. 2 ^. 127. 1. 



128. 



a + y 
1 



129. » " - asy+yaT-y " . 130. -r — i- 

X —y 



131. 2. 



a' + y' 



132. 2. 



133. 






135. 21aj'-101a:*+10a?+136a;»+12a;-27; 7«' i; — ^^7; — 42: 

remainder — 490a; - 279. 

l2%.fk + d-on-hn. 13,7. V(x«« - y-). 138. («' - 6') "• 

139. *a*b* - 2a'6» - 1 *aV + 7ab'+l 26' - 6a-'6*. 140. 2. 

141. a'a!*-3a^6*a;iy^ + 3a'6a!*y^-a^6'y'^. 

142. 1 y'« - fiy** - 1 «». 143. «*- f «*+ 1. 144. ffl - 1 «*+ 1. 
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V{ 



c (a + 6 + c) + a6 



2 



}V{ 



c (c — a — 5) + «&»' 



}• 



146. V3.(V2-1); «)'-«= 1. 



148.^.4/20.(^3-1). 
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153. 1 
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l+{2a'-b') +(a« + aV) 
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154. 6(a! + y)-20. 

155. 6?_io + !lM_l!2^+HW.663xy^^ 

!Cy - - - - 



a 



a 



a 



a 



156, -.^ - -7- »■* + -TT »■* +«"*-! ^as"* - 2»'"' + ito. 
4 4 2 



C. 



^fi^ 
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169- 



157. 1 

+ 7 

-3 
+ 2 



1-3-31+25+ 3-15- 8 + 19 + 3 + 10 

+ 7 + 28-21+ 7* + 14 - (21) ± (0)- (21) + (U) + (56) 

lb Oife 0± 0± 0± 0± «fc(0)* (0)»fc (0)± (0) 

- 3-12+ 9-3* 0-6+ (9)-*= (0)+ (9) 

+ 2+8-6+ 2±0+ 4- (6)«fe (0) 



1+4-3+ l±0+2-3± 0-3+ 2+ 8 + 65 

The coefficients in brackets are not used in determining the 
final remainder. 



Quotient — + -^ 



as* 






" Final remainder" - 3aj" + 21iB* - 3a? + 14. 

Continuation of Quotient , + — r + -—. + — ^ + &c. 

X a? Sx*' 3a5* 3a;* 



168, 1 - 2a?"* + Sx'* - 5a?"* + Sx'"' - ISa?"*; 



-^+ - + 6a; --TT^ - -TT^ '-&C. 
2 2 2 2 



159, a? + a?~* + a?~* + a;"* + 



a? 



-a 



a?-l' 



7_ 1 1 1 1 ^189^7 

2 3 9 27 27x2 54 2* 

160. a?'-3a?"+2a?"+6a?-l; -2a?" + 2a? + l. 161. 3^+182^- 10. 

162. aV + SaV - 5a«6* + 7a'6» - 9aV + ^ ; 2a* - 3a«6-* - 4^a'b'\ 

2 

163. a?V-5a;V«'-ll«y«*- 10a?*yV-40ajyV-55y'«'; 
46la?yV-350y';5^ 

164. a"6"" + Sa*6-* - 5a*6-* + 7a'ft"" - 2a*5-» + 4a5-^ + 6 ; 
7a-V--4a-'6'+5a-V. 

165. a?*y-» + 2a? V - SxY'' + 6a?"y-« + Sxy'"" ; 
22a?"y + 2 laj-y - 6a?-y . 

166. a?-V+2a?- V" V+3y- V-4a^-V+ 5a?VV+6a:'y~V-7a?V V; 
-10a?VV-2a;"y-V. 

167. 6a;-y + 4a?-y-2a?-y+7y' + 9ay-8a;'y; -6y"' + 4a;y-\ 

168. 8a-«6»- 7a"V+ 6a-V- 5a-''6*+4a-*6*-3a-V+2a-»5'-a-»6. 

169. aa?y +3a?y-2a"*a;y + 5a-*a;y + Ga" Vy-4a- V+a" V V* i 
5a-V- 3a-Vy-* + Ga" Vy"«+ a-Vy"*. 



ANSWERS. 



170. 



307 

193. 






1 + 2 , ^ « «« 71-60-23 ,^ ,^ ^ 

-S=t: . . , =1-2 + 9-23+- — ' — r— r---15 + 12 = -S. 



1+2-3-1 

Arrange the work thus : 



1+2-3-1 



-5 


5-4.fc0.fc0-l 


1-1.4:0*0-1 + 1 


1 I 
5 25 




♦5 db + 25 - SO 


4 1 
l--±0.fcO-- 

5 5 






-4-25 + 30-1 


I 4 






- 4 ± - 20 + 24 


14^/.! 






-25 + 50-25 


4 ^ 4 24 

^0 + 
25 5 25 




1 


or - 1 + 2 - 1 


or*-l*0-r5 + 6 


1 + 2 




+ -1 +1 


-1+2-1 




-1 


+ 1-1 


-2-4 + 6* 






+ 1-1 


-2+4-2 








-8 + 8 








or - 1 + It 





172. 2aaj-3y. 
1286 



.*. as— 1 is the o. an. 
173. a? + aaf - 5a'x + 3a\ 



175. 



889 






176. 35. 
1102 



59 ' ' 59 

182. 3(1*^3)- 183. 4; 1. 

5±V*17. 5*^273 



180. 



177. 19. 

411 



174.«=j3. 

178.0;-g. 



662* 



181. 



9.1 

5' 5' 



!«• y{--- ©■}• 



185. 



2 



2 



186. 



4a» 



(1 + a)' • 



187. 4; 3. 



188 



.2.y^-±^^ 189. ^-^/{y-^-n . 190.-3; 2. 



191. *i{l-v({-3)}. 192. *5; *3V5. 193. 0; •^. 



3 
2 



308 ANSWEBS. 

194. 220. 

194. 9; 16; ^l^ll^. 195.-|(l-V5). 196.^. 
197. 3; -| ; 11±|n/97 . 193. _ S; - 5. 199. 2j Hf-b. 

200. a/^^. 201. a; i. 202. 8; ^. 203. 5; 2. 

204. a! = l-v'5;y=^5-l. 205. a! = 4ori^; y=|tor 1. 

3 00 

««/. 653 1102 

206. 3!=-^; y=-gg-. 207. «=ii or 5; 2^=5 or 11. 



208 



...i±i>ai, ,.../«. 



209. x=^—or4^; y«Iop8. 

210. a; = 4 or - i sfc^5 ; y = 1 or 1 ± ^5. 
211.0^=2*^13; ^=4^. 

212.a:=3; 2or ^"^-'^S y=2; 3 or ^^^^Hl. 

213- '«={i*i A/(^°)f' y={-i"iv/(^°)r- 

214. »=yi ^ = -47. 

216. x^adc. ^,^, ^ aV^b'? ' ^^ bV--aV-a'b'' 

218. a!=8; y=5. 

86' * V{36 (4a' -h')} - Sb' * ^{36 (^ - b')} 

aa, X- g3 , y ^ . 

S20, In question read oi' + y*; a! = 6; ys3or-2. 
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221. 248. 

221. .= 5, , or l^^ltm, y = 2. 5or2>^^>. 

223. a; = *2j y = *2. 224. a! = *5, *S; y=4id, *5. 

225. X = i ( VS« + ^56) or I { V(- a) + ^(- J)} j 

y = I (VSa - 'J5i) or 1 {y(- a) - y(- 6)}. 

226. «= 4 or-; y = 2op--. 

no« n -18+n/(-S9) ^ -IS -^(-39) 

227. aj = 9or 1^ — ^j y = Sor 1^-^^ \ 

228. a = 4; y=l. 229. »=6j y=4. 

230. aJ=3, 2, -2, -3; y = 2, 3, -3, -2. 

231. a: = 3, 2, -^, -^, |*V3, -3*^^; 

y-2, 3, -^, --, I^pV^, -3:fV3. 

^«^ 1 5 ^„rt 4a 5a 

232. «^ = '^-;3> ^"'^JS' ^ • ^"T^ ^^'^T' 
234. a = 49 or 25 ; y = 25 or 49. 

23ft x=3j2; y = ^/2. 237. aj = l; y = V2. 

1 5 

238. «-'fc2, *-^; y = *l, "p--^. 

239. a = «fcl, «fc2; y = «fc2, *1. 240. aJ-64; y=8. 

241. aJ = 2, ^^; y=3, -i. 242. « = 5, -3; y = 3, -5. 

243. x = ^9; y=*4. 244. a;=*3, *!; y=-fci, -ts. 

245. a = 2; y = i; « = 4. 246. a = i; y = 2j « = 4. 

247. aJ = 10; y=5; « = 3. 
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249. 284. 

250. a = -; y = -j « = -. 251. a; = -5j y = 7j «=2.. 

253. aj = 6; y=l2; « = 60. 

(6A; - gQ (go - 6') - (cl - 6m) (6c - a*) 

264. y - (^2 _^^ (ac- 6') - (6c - c') (c' - a6) ' 

255. x = l; y=2; z=3. 256. a = lj y = 2; «=4. 

257. « = i; y = 2j «=5. 258. » = 2; y = 7; « = 3. 

259. a; = 30or^; y =± 29 or 1^(3626); « = 36or-^. 
^^^ a + c?-56 + 7c a+6-5c+7^ 

260. i? = ^ ; a: = ^^ ; 

6 + c--5fl?+7a c + c?- 5a + 76 

y = 4 — -;^= 4 • 

261. 32 j 40. 262. 6cwt.; 9cwt.; 8cwt. 

263. 4lirs. 30min. a.iD.j 5lirs. a.m. 264. ^1* 2«. 6d. 

265. 7 lirs. 30 min. ; 150 miles. 266. 12. 267. 400. 
268. 530 gr. 490 gi\ 269. 24 days; 48 days. .270. 131-25. 
271. 1800. 272. 1296. 273. ^2. lOa.; 13^. 4>d. 
274. 18/^j 20lf. 275. 24750. 

276. 260 miles; 214 miles per hour. 277. 130. 

278. 6 miles an hour; 20 miles. 

279. ^8. Bid.] l8.^d.'y 38. Sid. 280. 12. 

281. Price of sulphur per cwt. 

__ ae-^bf+ cddb J{(ae + hf+cdy — 4>acde} 
" ■" 2ad ' 

C — CIQB 

Price of nitre per cwt. =y= — r — • 

282. Ij 3j 5; 7; 9. 283. 2^(}s. 284. 3 miles an hour. 
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285. 334} 

285. 64 miles. The trains must travel in the same direction, 
the Bristol train overtaking the London train, and having 
started at 7 a«in. 

286. ^ will have passed B three miles; B having turned back. 

287. 22-3 miles. 288. 32hr8.j 24hrs. 289. 9^^', 704. 

290. After 36 hours and 30 hours; 10 yards; 8 J yards, 

291. 7. 292. ^121; £\5L 293. 3-12. 

294. 3| months. 295. ^1- 8^. 

296. ^^^-^"-g hours; 

4^-A;-b^(A!' + l6A'-4U) 

297. 5 p.m.; 6 p.m. 298. 18 shillings. 

299. -156; 105^2. 301. 5; ^; ^; ^, &c.; 2500. 

302. (371 + 2)71. . 303. 30; SQ6. 304. 73; 99- 

OAK ^9 ^^ n ^^ ^^ one ^^ ^^ ^^ ^^ 

^^^* ¥^ T^ 9^ T^ T* ^^^* "T^ "T^ "T ^ "T" 
307. 45. 308. {n + 2) w. 309. - 108 ; - « . 

310. 3^-^- 311. ^. 312. 3 + 3j + 3 + | + 4 + &a 

313. -^. 314. 243i. 315. 24. 316. 8. 

A^H» o 10 11 , ^ 16 17 , 

317. 3 + — + -- + &C.; 5 + — + — +&a 

318. 5; 7; 9; n; 13. 

319. 3hrs. 25 m. 320. 14 days. 321. 4; 5; 6. 

322. /^={2a + (7i-l)6}|; /S^, = {2a -(71-1)6} I ; 

.*. /S'-/S'j = 7i(7i-l)6 and/S' + /S'j = 2a7i; .*. &c. 

323. On the fifth day. 324. 24 and 48 miles. 327. 1536. 

328. 49 and 1. 329. - 64. 331. -^. ^Jt~/lf 

333. S- 334. ^, and 8 4/3. 



5 
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335. 357. 

385. ^^^^ and 4-2 ^2. 336. ^. 

337. - ^ . gf^ and 1 VlO- 338. 62 (V2 - 2). 

339. (i-^>^>»-/'-;^^^^^^^)(/>--^) . 340. 40 US 4. 1). 

341 ^4; 4^2; i; ^i; ^^ 342. 

343, — ^Ip^j ^-^- 344. 1000; sooo and 9000. 

345. 63. 348. 3276. 349. 7. 

352. a : b :: : dfletahe the greatest, .'. d the least 

Let-i-=w»,.\ -;=mandw>l; a + c? = «i6 + c?and6 + c=&+»id 

{mh + c^-(6 — mei^=(w-l) (6 — cQ which must be +, since w» > I 
and 6 ><3?, .'. a + c? > 6 + c. 

354. Express in front of ordinary train ^ ^a — 15. 

355. 25 and 100. 

356* x — yy X and a? + ^ are in AritL Progression; if thej be also 
in Harm. Progression, we most have 

+ — — - = -; .-. «• = «"-/; .-. 3^ = 0; 



x — y x-\ry X 
.'. x — y, X and ar+ y are identical 

Also ^= : .•. 05 — y, x and a+y would be in Creom. 

X x-\-y 

Progression. 

1 1 c-h-\-a ,1 1 a + c-6 
a c — h a{c — b) c a — b c^a-^b) 

111 1 / i\ f 1 1 \ ^ 

•*• - + - + T + 7 = (a-¥c—b) { —7 fx + -7 r\ ^ = : 

a c c-6 a-b ^ ^\a{c-b) c{a-b)) ' 

since c (a — 6) = a (6 - c). 
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358. 403. 

358. See Appendix. 359. Divide by (t? + '5) tlius : 



1 
-•5 



1- 5 -3 dbO -5 +2 

- -5 + 275 + 0125 -00625 + 2-53125 



1 - 55 - 0-25 + 0125 - 50625 + 453125 
Hence the value of the given expression is 4 '53 125. 
360. 158; 169; 56*92897104; 28-57983059. 361. '4161. 

362. 2; 00. 363. 11-60768. 364. -i 1567768576. 

365. 8*82489. 366. 10-5712248832. 367. - 12. 

368. See Appendix. 369. See Appendix. 

370. aj* - 6aj' + 6a;* + 34aj - 195 = 0. 371. - 13aj'. 

372. - ; c&nd-ad. 373. + 444aj. 374. 70. 

a 

375. X* - 5a;» - 1 1»» + 149a: - 230 = 0. 376. + 134a;. 

377, 3 and - 4. 378. 4 and - 7. 379. 6 and - 2. 

381. 3 and 2. 382. -14a;'. 383. See Appendix. 

384. 1; 2; S;-l; -3. 385. 3 is a root. 

386. 2±V-5 and 2*^5. 387. ^ = 4. 

388. See Appendix. 

389. a + 1 ^ch equal to^ ; 6+1 each equal to q; and so on. 

390. Three, each equal to 2 ; and two, each equal to — -• . 

1± /5 

391. Two pairs — ^ and - 2. 392. Two pairs 4 d=^S. 

393. - 2, - 2 and 5. 394. Two pairs — ^— ^ • 

395. Three, each equal to - 3; and two, each equal to 2. 

396. Two pairs 1*^-2. 

397. Common root, 3; other roots 2 and 1 ; 6 and 5. 

398. See Appendix. 399. See Appendix, 
ro;/ - 1 1 '9lx,' + 35-2827«, + 29930773 = 

*^* [x^J" + 4-5a;^/ - 5-25a;^^ - 29*625 = 0. 

401. Five roots each equal to — 2. 

A^^ 4 130 . 306 611 ^ 4AO a A A- 

402. x; — jg < - 64. ^' " 256 " ^- ^^' ^^'^ Appendix. 
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405. 436. 

405, See Appendix. 406. See Appendix. 

407. -^/(- 1), -^^^ i ^-^^, - V(- !)• 



408. Two pairs, (1) 



2 ' 2 

-1-^n/(-3) . 
2 ' 



409. (1) 3 =fe 2 V2, 2 =^ V3; (2) * V(- 1), — 1^, 1. 

410. -3=fc2^2, -2±V3, 1. 411. -1,3*2^2,2=1=73. 

412. 3*272,2=1=73,1. 413. 4*715,3=1=272,-1. 

414. -2=^73, *-^^\ 1. 

A^K ^+n/(-7)'^7{27(-7)-22} 1-7(-7)*7{-2 7(-7)-22 } 
410. J , J , 1. 

416. 1, =fe 7(- 1). i^^=^l 417. See Appeadix. 

See Appendix. 419. 4j ; and 6. 

420. Four imaginary. 421. Four imaginary. 

422. See Appendix. 423. 4. 

424. When the given roots are eliminated, the resulting equation 
is 05* — 4fQif + 7 = 0, which can be solved as a quadratic, and 
which gives the roots ± ^{2 «fc ^(— 3)}. 

425. =»=^/2. 

426. The roots lie between and 1 ; between 3*1 and 3*2, be- 
tween 3*8 and 3*9; and between 5 and 6, 

427. 2-4 and 2*7. 

428. Two roots imaginary; one real root —3*2842775377. 

429. Two imaginary; 2; --55402. 

430. Two imaginary -1-074340759. 

431. Between 1 and 2; 2 and 3; -3 and -4; 1*282823. 

432. 1-8514712. 433. -i*VH)* 

434. 1-21312775; 1*22952121; -19-44264896. 

435. Two imaginary; -3-396096121. 

4360 Two imaginary; one between and 1 ; 7-9877534345. 
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437. 469. 

437. Two imaginary; - 'T^TSS. 

438. 3-58578643; between 5 and 6; 6 and 7. 

439. 2*0591425; one between and — 1 ; two imaginary. 

440. 1 •1893274; 17205081 and two imaginary. 

441. 1 71522526; by De Gua. 442. Two pairs, 3 ± J5. 

443. Between 1 and 2; 2 and 3; two imaginary. 

444. (1) 1-4142136; - 1-4142136; two imaginary. (2) Two pairs, 

445. Two pairs, 2 «fa 5 J^- 1); '5 and '5. 

446. 1; -2-4288185; two imaginary. 

447. Two imaginary; one between —4 and —5; •27188248. 

448. -24673212; --41986821; two imaginary. 

..^^11111 ,,111 1 1 

^lAQ 4; "4 — — and 4 4- — — — - 

**^* 2+2 + 2 + 2+2 2 + 2+2+12 + 2' 

or 05=4*4143 and 03 = 4*4161. 
452. Irreducible. 453. a? =3. 454. 4-378765. 

455. -50794. 456. 2-3275. 457. 4-4641. 458. 5-7652. 

459. a;=14, y = 0; x=3, y = 5. 

460. 20 infantry regiments and 10 cavalry regiments. 
4 5 9 14 65 144 



461. 



5' 6M1M7' 79' 175* 



. 2 5 12 29 70 169 . 
4b2. p rj> 17. 4,1; 99. 239' 

1 21 64 213 ^ 1129 . 2741 

*^^* 4 ' 85' 259 ' 862 ' 4569 ' 10000 ' 

. . 3 4 11 48 107 262, 369^37 , 

*^* 4^ 5' 14' 61' 136' 333' 469 47 ^' 

viAK I 11 22 59. 81 140, 1761 

^^' 8' 17' 25' 67' 92' 159' 2000* 

*^^' 6' 25' 31' 87' 727' 2268' 

^firy 9^ L2 ?? 400 i . ^ . ^ . 3^ 

^'* 10' 11' 43' 441' *^' • 2' 15' 17' 1579* 

M^r^ n(n+iy j,^f. , .2ri+13 

468. ^ g * 469. w(n + i) — g — . 
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470. 493. 

470. '^IMLH^. 471. i5-s(5-3„)2-. 

472. 3"*'.(n-l) + 8. 

473^ 3.{3'.(2w-l) + l} n(n+\)(2n + l) ^ 

* 4 * 6 

.__ n(n+l)(n + 2) ._ n(» + l)(2w+ l)(3»*+S»-l) 
47&. g . 478. g5 . 

w(2n + ])(2>t-l) . 3 3 . 1 

*"• 3 • *'°* 2(a!-6) 5(a!-S) 10(a!+2)' 

479. 6^_^i^+ 12 



7(a;-5) 5 (a; -3) 35(a; + 2)' 

480. — -T + 



03 — 1 oj — 3 aj + 5 

481 1 ^ 3 103 

^^-^^ ll(3aj-l) aj-2 ll(a;-4)' 

*^^' a^-4aj + 5 aJ-2" *~* a»-5a; + 7 a;-2' 

484. -^-.-A^^. 485. zAt.-..^^ ' 



486. 



a;-5 a;-3 aj + 2 2(a;-4) 6(a;-2) 3(a; + 4)* 

64 9 6 

7(a;-4) aj-5 7(aJ + 2)' 



487. ,,1^+ ««7 5 11 



6(aj-l) 132 (ic- 7) 4 (a;- 3) iB + 4' 

^«« 1 4. 3 2 

488. — ^ + — -i:7-7r-— r + 



a;-3 a+7 2aj + l 2iB-l 

489. -— r - -T— i— — rs . 490. 3-^r— -^ + 



x-5 a'-4aj+13* * «'-4aj + 5 a?— 2' 

401 g^7 100 110 

^^-^^ 49 (a- 4) 7 (a? + 3) 49(a; + 3)' 

492. s * 1 1 



x-^3 8(a;-l) 2(a-4) 6(iB + 2)* 
^/^« 7 3 5 12 

493. -^-— ^-— -7 + 



a?-l » + 2 » + 4 2a; + 3 
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496. 503. 



xj2 ' [p 



5...{2p-3) faY'^ 
- 1 . 4^-* W * 



497. v^ --.vf . aV+---.t;^, aV-&c. 

2 8 



5.3.1.3. 5...(2j0 + 9) 



L^ 



1.2'' 



-1 



. -y-t*^-^'^. a»tt-»). a:«fr-*) (- \y'\ 



1.3' 



498. a«aJ^4-|aa)^6 + i^,.a-^cc-i6»-|^^ 

1.3.3.5.7>..(2y-7) ^.-.p ^^^ ^-i ^ ^_ ^^-i^ 



l£ 



- 1 . 2^" 



.^^ , 3 8 3a* a"* 3.1.1.3..5...(2/?-7) aj' 

499. o^-^^^'-^-^^ToTz- ~ ^ 



8a l6a' 



1 ^-1 . 2*^-* 



• ar^f^ • 



500. a- + 5a-V+?la-V.«* + :;^a-Va:« + 



4 



32 



128 



3.7. ll...(4i?-5) -'^ 



n .^«(p-i) 



501. a^+T-a •.^^ + 5~7«-® ^ .bV. 



3. 8. 13. 18...(5/>-7) 



4-1fli» 



LP 



-1.5' 



-1 



.a * .V.af-'. 



a ax 1.3 eras* 1.3.5 ooj' 

c"^'?"^"2"'"?"'*'"~[y~''7"'*" 

1.3.5.7...(2p--3) oaf 



-1 



p-1 



• c""^' • 



^^^ -i2 -4. 2.5 ., ^.2. 5.8 -10,/. 

503, a 'g^ y + ^r-si-a y+-Tr-5r-« -2^ + 



2.5.8...(3p-4) ,^, «^i, 
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504. 512 

^^ M 1«4«» 4.7 KT m 

504. a-^ +-a~^.a; + — -,.a-^.a*+ 



4.7. 10 » 13...(3p-2) ^-^* 



505. a'.aJ + 7a"^ •«''+^— Ta* a"^ .^5* + 



1 1 _11 , 1.5 98 

4 2.4* 



1.5.9.13...(4p~7) -^^ .^, 






2.5.8...(3p-4) _„ 



L^ 



507. « +2* •'^■^ITa''* "• 



1.3.5.7...(2/>-S) ^-<i!^' _^„ 



IP-La--' •" •* 



9 1 • 1 . 6 _« - 

508. (c^-^^x^-^.y+-^-j,,x^.2^. 



1.6. 11. 16... (5»- 9) -'Jipl 



4(1 10 1.4 9? 

609. a' + 3«"'--y + 273S'«~'^-y^ + 



1.4.7-(3p-5) -'i:^ 

IP- La-- •'" -J^- 






^ « ^ _V? 7 8 5.8 _93 

3C* .1/0 -fg^^, 



512. a.- ' + o a" ' . Jc" + . -5i «- ' . 6 V 



|»-1.3'-' •* -o^.e '. 
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513. 521. 



513. A-* - 1 a-h-K 6' + iff. . a-''V^. b*- 



4.7.10-(3p-5) -*r -"f-' j.,^, 



111 8»1.S 9» 

514. aj-5.y^-»--a:-^.y' + ^72^.aj-^.y^. 



3.5.7.9...(2;>-S) ^^ V 



L^ 



i.g*^^ 



515. No. 509. 516. y-* + T y~* . «^ + ^, . y-'^ . «• 



4^ 2.4^ 



1>5.9 . 13.. .(4 p - 7) '^ ,,^n 
a; la;' la' 1 . 3 a* 1 . 3 a;» 



14 



518. a^+-^a^.y' + 2^,.a^.y* + 



519. a* + -a-».fB ^« + ^-^,.a-*.a; '«» + 



6.11.l6...(5y-9).2^^ ^^ «(^„ 



4.7.10...(3/>-5) ^,j,^ J? ^ 



520. o^6* + ia"'.6*,c + 

3 



1.4.7.10...(3p-5) -^ 5^ , 

Ip-i.y-' •** •* -"^ • 



521. «*-i«-^&*-i^..«-*.J- 



l.a.5.8...(3p-7) -•-^' /-=i 



320 

522. 

522. 



AK8WBB& 



567. 



' 97 fl> OCT X a 3 SC _ 

a 2a" 2a* 2.2' a* 
but if a = 3 and aj = l : / = J2. 



S 
3 

3 
3 

9 
3 



5 15 1. 
1- 



•333333 '333333 



mill 



^x- '055556 

O 4, 



•037037 |xi 

8 3* 



•012346 ixi 

8 3* 



10 1 



•001372 



•000457 



4.8'3«' 
10 J^ 

478 '3^' 



•023148 

•001543 

•000430 

•000014 
1-414024 



13 



523. -^.a^-'^'.y'. 



524. 1956. 



525. 109600. 

526. 24. 527. 2520. 528. 420. 529. 244. 530. 24. 
531. 5040. 532. 170. 533. 645. 534. 45. 635. 15. 
536. 4989600. 537. 6720. 538. 725760. 539. 33. 



540. 



— days ; and _. ~. _ - times. 



641. 325. 



[70. [20 ' ' LZ2-li2 

642. 28 days. 543. 84. 644. 6*3. 647. 11. 

648. 626. 549. 11879. 650. 56lO; 5180. 561. 14492. 

652. 6. 553. 120. 554 6o. 556. 4. 556. i& 
557.4095. 668.1840. 669. 11940. 560. n-i. 

661. 190. 562. 1405. 563. 22. 564. 672. 

665. i^^; 728; 1218. 566. 25. 567. 5525. 
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568. 623. 

568. *±±J^^±1), ■ 569. 2639; 5019. 

670. 4960 ; 9455. 571. »40. 572. 5525 j 2925. 
673. 2639 J 5019. 674. 50. 576. 5763. 

577. Com. diff = rL<^ll) . 680. 4970. 

581. m=^^; 2024; S795. 682. 20540. 683. 330. 

586. 4250. 589. «*==ti. 592. a = € = 2-718281828459 <fca 

596. log(2V3)i44 = 4. 597. 4. 598. sss. 599. 2-5849. 

600. 0-2922560 ; 3-651 2780. 601. log. n = j^ . 

602. 10721. 603. 80618. 604. 1-76091S; 2-937531. 

605. -9542426; 1-4427; "91025; -16409. 

606. -447158; 289353. . 607. 1-90309. 608. 8-584963. 

609. 0-39794. 610. 369897; 0.8115752. 

611. -69897; 1-2552725; 2-1303338; 8750613. 

613. w = 8; «=«2. 

z 1 
615. If w= 1 and «= 1, = - ; and we get kg, 2 and then 

z 1 
log, 8 = 3 log, 2. Again, if n = 8 and « = 2, ~ = - and 

z 1 
we get log, 10. 616. gjj;^ = g . 

617. 3-54413. 618. a =-8796686; y = -26285. 

619. a = -10-73644; y«~19017. 620. aj=i; y = |. 

621. a? = -2-91481; y = 5-65678. 

logc 



622. « = 6; aj = 

623. X = 



2(log6 + 2loga)* 

7 log ( . log d 



(5 log a + S log b) log fl?- 8 log b log c ' 

^ Z8.(logb )' 

^ (5loga + 3log&)log<l-8log6.1ogo* 

C. nX 
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^25. 683. 

625. The 1V\ 626. 2-2872824. 627. -002481267. 

628. -00543928. 629. -108603. * 630. 6-19620102. 

63L -0005218504. 632. -0180448. 633. 33-035. 

634. 1-317372. 636. 12-58341; «=g|; y= \,^,,^tlogloga 

636. 3-080336. 637. -5095667. 638. -000000311481. 

639. 1-469493. 640. 04950141. 641. 43336970. 

642. 1-739405. 643. -4403654. 644. ^519. 2«. Id. 

645.?. 646.1?,. 647. ^^^^ 



4* "'''• 625' ""•• 42875: 

672. ^i^= 2-^2 — . 

^ , / / 2 \ a(a + h) h(a-hb) a5(a + 6) 

673. ""^'A^ya' + b')' J{a' + hy J(a' + by a'-^b' ' 

675. - {a * iy(2«' + a")} ; jj^ sr. 

2^ 

676. Distance from angle = —-, . * 

3 

677. The segments being e and /, and the ratio w : 1 ; 
i the sides are ( , ^ ) and n ( - '^ 1. 

\7l'-l/ \7J*-1/ 

I2MO ^^ 

^78. 4V{«(«-a)(«-6)(«-c)} • 

679. Length of line = | ^ ^ , ^ i where a is the longest line 
which can be drawn to the circle of which the radius is r. 

680. a=[|{cf*7(d'-6')}]*; 

681. Straight line meet^ base at distance , 6 or from foot 

of perpendicular on base. 

683. Trigonometrical question j p . P^^^' . . 

° 1 - .^ /- j9 + «tana 
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684v 810. 

684, -fc 20 or * 15 ; * 15 or i 20. 709. 33' and 1 5". 

711. 38" 1 1' 49"-7. 7ia ^ ; ^ ; 10 ^/2 i - 10 ^3, 

715. 21" 29'9''-6; -375. 

716. f ; V3; 1-; ^f^^3f ; 2-^3; 2W3. 

717. 114' 37' 33'\ 720. 5; 10" 42' 18". 732. 9J. 

734. For cos 23" SO' read cos 22" 30', 773. -»= "^^^t"^^^ • 

2 

774. a! = 8in-'-=iv(17*V869); y = cos-*?V(17*V869). 



776. co8<. = --^. 

777. (9 + <^ = tan-'(-2)i (tf - ^) = taa"' (- 1) j e + ^>|; d-^<0. 

778.tau«.- *^'^°*^-"'°°*\ 779.0=15\ 

2- 
780. ^ = to^ tan(a+/3)-taa(a-i8)-. 

782. tantf=^.cota. 783. t^.. 

784. tan^ = - or -. 785. i,^»^^« - 

786. sinM = ^*^V21; 8m«J? = l*lv6- 

787. ^ = 45'; ^ = 30". 789. 71' 28' 6"; 50" 5^ lO'T. 

790. 17-321 ; 90" and 30^. 

791. C = 546-8625 ; .1 = 76" 44' 45"; J? = 64" S3' O". 

793. 15^57'55"-2; 134" 54' 14"- 3; 29' 7' 50"- 5. * 794. 700-79. 

795. 381-14. 796. 288-7- 797. ifr7 799. 4009-5. 

800. 466-94. 802. PW^=2132; P^=: 1^07*3. 

803. 962-605. 804. 4188-597. 

806. ^(7=1626-636; J5J^= 1106-8562. 808. 608-584. 

809. 36 J3. 8iO. 4f3S'36; 177-14. 
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811. 878. 

8U. A-f-^^,- -^^l- 812. Equal 

(sin (j8- a) 8in(7-a)j ^ 

813. 555-765. 814. 3-8426; 3-8477; 8-3034. 

815. 51-08; 280-96. 816. 390-27; 345-15. 

817. 826-32; 9' 50' 58". 818. 1967-4. 

819. P-4 = 926-35; P5 = 783-5; PC -510-79. 820. 287-2. 

821* (A circle can he described about ABCD, •*. CDB is a rijg^ 
angle), (7i>= 353-5. 

822. 1897-2. 823. 2208-6; 178-73. 

824. 5176; 10; 14-141. 825. 219-81. 826« i77-5a«. 

827. 86-0904; 43-88534. 

828. (Take the horizontal plane, passing through the lower 

wire), 25^14'. 

829. (By Simpson's rule), 1 r. IS'lSlSpo. 

830. 2421024. 832. 10 r. Op. 19 5586 sq. yds. 
833. 44-85 acres. 834. 3:^21. 
836. 13926 ch.; 23.21 ch.; 32-494 ch. 
838. 3; 33. 839. 110-45. 
840. At base 30^; at vertex 120^ 

4 • 



842. £23. 68. 2|c?. 



843. 



846»^.cot ; 25 J3; 100; 17205. 

4 n 



885. 626-17. 
837. 5-78926. 

841. 20. 

845. -2146025. 

849. 625. 



850. 3-36 feet. 

851. (Distance lost, is difference of quadrantal arc and radius). 

852. 280. 854. 119-37 sq. ft. 855. 78-604; 26-376. 

856. 1253-88. 857. 61419. 858. 369-8. 

859. 200 V(3) - 150 J(3) = 50 J(3) = i {150 ^(3)}. 

862. 1 1 -454. 863. 464-1. 864. 172-966. 

865. 20781. 867. 761-811. 868. 184-2. 

871. 2827-4 sq. yds. 873. 6-O769. 
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874. 931. 

874. (The number of circular Bections in section of rope, is 

the same as the number of circumscribing hexagons) 

875. 60; 30^ 30*^; Q0\ 878. 271-69. 

878. Height : diameter :: I : 6. 879. 140*625 lbs. 

882. 347812 eub. in.; 11 -8338 cub. in. 883, 2*82454 in« 

884. r» 4-64 in.; 869 cub. in. 885. 61*552. 

886. 2664*2 galL 887. 14844ft. 888. 53M28cub.ft. 

889. 3*09. 890. 25000. 891. 5177*3. 

892. — ^. n/(s). 893. l7-3i4lbs. 894. 930597; 9-9954. 

895. 1*8522 in. 896. 7*32 tons. 897. 37811*3. 

3Qir 

898. -^. 899. 1*488 in. 900. 20124 oz. 

902. 134-3029; 3*9274 cwt 903. 942*211 cub. in. 

904. 207-88 lbs. 905. Iton 14cwt 2qrs. 10 lbs. 

906. 121 -86 lbs. 
0A7 J^-d* D^d jy 4- />flg ■>- (T J' 4- />cg ->•<£' _ frustum 

St 

908. Height of cone cut off by tangent plane of sphere = -^ ; 

3 5 

Volume of oone == ^ irr*; volume of segment = — wr* ; 

.*. volume of charge = ^ irr* =» - x - wi^ = - volume of shot, 

* 6 8 3 8 

909. 23*562 cub. in. 910. 11145*1013. 911. 294*8 lbs. 
912. 390-88. 913. 86*837 in. 914. 2*427 in. 

915. The segments of axis are \i/9] \ij'9^{S-l) and 



S'^^' 3 



|(3-V1«). 



922. 1551*4 sq. miles. 

93L A = 139* 5S' 55"; Bm Ul» 28' 57^ 



s~ 
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936. 998; 

936. 48' 11' 58"; 8V 8' 51"; 67* 21' 29". 

937. 45^20' 38"; 61* ff 54"; S6' 38' 56". 

939. B = 3l^ 58' 49"; (7=144* 57' 42"; c= 113* 50' 56". 

940. 11' 30'. 941. SS"" 0' 55". 

943. 64* 20'; 73* 54'; 33" 40'. 944. US' 48', 

945. 35"^ 16'. 

946. 64" 20'. 948. 92' 42' lO"; 29' 59' 44"; 310-28 sq. mflea 
951. 70* 32'; 258-8 sq. mi. 952. 8-38 sq. in. 953. 89*9 sq. ft. 
955. 85* 28' 26". 956. Lat. SS"" 38' 49" S., Dec. - 45" 51' 35\ 
957. ± 62* 48' 29". 958. 73* 5' 54". 

959. 55' 57' 35'' '5; 47' 13' 30"-5. 

960. 28* 10' 7"-i ; - 4* 9' 10"-1. 

961. 305* 47' 28"-65; 22* 25' 17". 

962. 42* 10' 12"-5; - 3* 46' 55". 

963. S3ff 12' 39"-7; - 4* 45' 10'^. 

964. 23^ 15"^ 39^. 965. 19** 49° 4r. 966. io*» io~ 15-. 
967. 12** 10" i8'-6. 968. + 4"^ 37'. 969. + 8" 53*'6. 

970. 8*^ 42°^ l'-2. 971. 17** 57"" 26'-52. 972. 13** 14* 44»-b2. 
973. 27** 15"^ 32'-14. 974. 20»* 9"* 39'-63. 975. 18' 57' 15" E. 
976. 7** 31~ 49*-87. 977. 58' 57' 17"; 8** 6™ 40'-8. 

978. 41* 21' 36". 979. - 58* 56' 18". 

980. 20' 48' 15"; 20** 40" 40'-2. 

981. - 60' 3ff 40"; 43' 50' 50". 982. 21' 32' 14". 
983. 3' 58' 16"; 56^ 38" 50'-4 W. 

985. 31' 27' 59"^4; 10*^ 55"^ 10*-4 W. 986. 64' IS' 1&'. 

987. 108* 28' 15". 988. 134'* 37" 13'-5 K 

989. 185* 49' 43"-5 W. 990. 155* 41' 36" E. 

991. 102* 40' 15" E. 992. 27' 11' 36" '33 W. 

993. 115* 9' 38" E. 994. 60' 7' 19"; 14** 58" 14'-S. 

995. Lat 26* 21' 11", Alt 29' 38' 44". 

996. Az. 51* 52' 10" E of N.; Lat 40* 20' 25". 

997. Sd"" & 1"; 9'' 3' 20" W. of S. 

998. 0) 7** 29" 37'; 60* ^l' 34"; (2) 4'» 22" 35\; 11 9« 48' 26". 
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999. 1053. 

999. 51" 54' 42". 1000. 52" 23' 15" or 7" 47' 47". 
1001. 4^" 16"^ 43". 1002. 17*^ 38"^ 53\ 1Q03. 9' 22' 24" 
1004. N. 5* 20' 36"-5 W. 1005. 60^ 53' 14". 1006. 48^ 4' 56". 
1007. 27' 43' 50"; 117' 7' 10"-5 E. 1008. S. 1' 3' 26" W. 

1009. 49° 21' 52"; 81' 49' 3" W. Bearing K 105' 53' 25" K * 
Distance 51 6*88 miles. 

1010. True dist. 20' 57' 34", Lon. 10»* 50"* 48 '7 E. 

1011. 35' 59' 14". 1012. 72' 33' 4". 1013. 80' 9' 34". 
1014. 19' 49' 10". 1015. 28' 8' 24". 1016. 97' 45' 4". 

1017. 120'1'45". 1018. 9y + 10a: + 13 = 0; -^; -~; -^^. 
53 1 7 

1019. 34n/17; tan-' -25. 1020. 5y+9aj = -:^. 

1021. 35. 1022. 6y + 1 las - 85 = 0. 

1023. (?; o); (-2, 0); (-g, ^). 1024. 7-6. 

1026. x-yj3 = 5 + js. 1026. j^ . 1027. (i ; - 1). 

1028. 2y-a; + 17 = 0. 1029. *an-'-ij tan-'-2; gj •^. 
1031. 2y - 7* + 25 = 0. 1032. -4 . 1033. tan- -778. 

1034. tan--^. 1037. (g;^). 

1038. 4y + 3iJ!- 5(1 = 0. 1039. 4y-a! + 5 = 0. 1040.^^17- 
1041. 15; 3 ^13. 1042. (II ; ^); at right angles. 

1043. 2 V2. 1045. tan-' 1 . 1046. (if J - *) **^~' " if • 

62 
1047. Equilateral A ; area 9 JS. 1048. 8-375 in. 1049. jj^ . 

3Q 

1050. 5. 1061. Y- 1053. y=-3a!. 
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1054. 1090. 

1054. s«?-58x + sy* = 0. 1055. g ; ^ s/29 ; (o, ^(i, - ?) . 
1056. r=-^^. 1057. 4^; 1(2*^7). 

1058. If base = b; perpendicular =/>, and segment of base = q. 
The locus is Sa!* + 8y'-2(6+j)a!-2py-»*=0, kckale. 

1059. (« - ^)'+ (y - ^y= 26-21. 

1060. (x - !)'+ (y - /-)'= ^ . 1062. 6. 



1063 



.(3,-i);Vi3;(-l i);fi. 



1065. (^-S) s- = !«; (5(7) 5y = - Saj + 18. 1066. 8y - 6a! = 25. 

1067. 2; 25y + 2 (37 T 3 ^41) x = 0. 1064 tan"' I . 

1069- y' + a!'+6y-2a! + ^=0. 

1070. (1,7); (--5, --5); 1^234. 

lfm,-{^;-'-^y 1072.*^. 

1073. If ^jB = aandi?(7=6; locus2^*--2a:'--6y + CM5 = 0. 
1075. aJ* - 2€UB + 4my = 0. 1078. ^5 ; JS; I ^10. 

1079. Circle. 1080. y'-12a + 36=0. 1081. a!" + y* = r. 

1083. 4aj« + V = a«; radius |. 

1084. (1) The ellipse becomes a circle; (2) it becomes a straigjtit 

line. 1086. -^. ; -^. lOffT. * ^ . 
1089. 8a 72. 1090. - ^•*"nJ;^'»'+^') ; 2 {« v'C*' + i') - «»•}. 
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1091. 1110. 

1091. Altitude of parabola being A; biBOcting line cuts it at dist- 
ance -qr from highest point 1093, P \^^ " y. ^ 

1094. y" = y . 1096. Circle. 

1098. If (A; Aj) (A'; A^ be two points in a parabola (of which the 
latuB-rectum is m) from which normals, perpendicular to one 
another, can be drawn, kkf^-~ 4m'. From the equations to 

the normals we obtain 2t/ k iS; + k\ and A + A' &= 2as — ^ — 4m. 

■^ m 

Squaring the first of these, and substituting, we get, finally, 

i^=^m{X'' 3m), a parabola having the same axis as the 

original, and a latus-rectum one-fourth of that of the given 

curve ; ita vertex being at a distance 3m from that of the 

original The result may also be obtained by means of 

the equation to the normal in terms of the tangent of its 

inclination to the axis, an 

1104. PiQ:W::l:j3:2. 1106. - -4.75. 

1106. tan-»^; tan"*?. 1107. 67-2 lbs. 

1108. 4-iii!> acting at B; by constructing the several parallelo- 
grams the proposition is obvious. 1109 CA. 

Q 
1110. If be the angle between P and i?, sintf=p.sina; also 

i? = - C cos a If. ^(P" - ^ sin"a). 
nil. 52-44 ; tan tf = - 6-4. 
1112. 32-247 lbs. inclination of pressure to horizon = 71*" 10' SO". 

lilZ.AG = lAB; sinC=?-^^^^; ^= |V(11 0-^6^1 37). 

1114. i2' = P"+C'+2PCcoso; sinfl«j.aincu 

1115. s/a; tf = 90^ 1116./.= ^; •^• = ^7l^--^-- 
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1117. 1145. 

14 

1117. -ygcwt. 1118. tan 5 = 3-27. 

1119. 1682 lbs. vertically downwards. 

1120. At A, F= W J2. AtB, F=W.J{2{4^-hj3)}; 

^ = tan-*i:l^. AtC,P=2jr; 5^ = 60^ 

1125. 12-5 lbs. 1126. 9-58 lbs.; 1-69 lbs.; 9*444 lbs.; -556 lbs. 

1127. 10-805 cwt.; 21-9S8cwt. 

1128. AtA,E==FJ{^^j3); O^ttiir'^^^. 

1129. Incl. to vertical = cos"* -■tJQ. 1130. 1 cwt. 

4 

1131. t = l6; «, = 12; w; = 12-8; w^ = 7'2. 1132. 9'68cwt. 

W 

1133. Tension AB = — - . tan a . cosec : 

2 

W 
pressure = -— . sec a . sin (a + 0) cosec 0. 

1134. 32*73 yds. from centre of stream. 

1135. The strings must be vertical^ and they will then sustain an 

additional weight of 4 lbs. if suspended at a distance - 

4 

from the stronger string. 

W 

1136. Tension of -4(7 = tension of BD=^--\ tension of GJS =ztenr 

2 

TF . W 

sion of ED = -,— ; compression of CD = - — j- . If the string 

Jo 2 J3 

were continuous, the bar would be forced upwards by a 

W 
pressure on each side equal to — (2 — JS), 

1137. 5:8. 1138. 6-276 cwt; 37*4192. 
1140. « = y;y=^. 1146. •589in, 
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lUe. 1168. 

^MM^ - 5a ^ 5b 
1146.a; = -;y=-. 

1148. From 1, i^lS; from 2, i^lO; from 3, -J5. 

1149^ l}^; ^ from base of cylinder; 1 : ^3. 
16 5 

1150. 61-76 in. 1151. ^ + 6x2^x18 ^ 77 • 

1153. 0" and 60^ 1154. tan tf = =-^ tan a. 

19a 
1155. 73-21 lbs. 1157. I>ist. from opposite angle ^TTg * 

1158. If the angular points and the points of bisection be joined, 
those lines will bisect the sides of the interior triangle. 
Whence the centre of gravity of the latter may be proved 
to be identical with that of the original triangle. 

7 

1159. Distance from side a = — 6. 

1160. Common side on the edge. 

1161. Distance from side of square '7384a. 

1162. 15-4 in. 1163. 4-8 ft.; 50 lbs. 

1164. Must balance on circumf of common base, ,\ r : h ::1 : ^3» 

1165. 40, 

1166. Draw through the centres of gravity lines parallel to the 
bases of the triangles. These will form a regular figure; 
whence the property in question may be deduced. 

1167. Taking the sides as axes, 

_ - >r+S(^ or O , 
^"^^- 3(r-fi-f^-fC) '(^"^^) 

h 
= gOr-; when -4 =5 = (7. 

1168.- At point of bisection of the line drawn parallel to axes, at 
a .distance -55 — -. ftt)m axis of exterior. 
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1169. 1218. 

1169. tan tf = ^ . 1170. Distance from vertex 7-609 in. 

U7L ?! from common b«a 

14 

1172. 6-6 lbs.; 4-6 lbs.; 88 lbs, 1173. h=^r^3. 

3 4R 

1174. = tan"* -. Dist. of point from circumf. of base is tan~* --- . 

1175. ,^. w.^ ; . h from surface of water. 

It) (63 +m) 

A,K K 

1177. 22 lbs. 1£AG and AB be taken as axes 5= — ; v = — . 

22' ^ 11 

1178. 6-21 and 23-79; 120^ 1179. Scwt. 1 qr. 

1180. 14 in. from weight 2. 1181. 12cwt. 1182. 20|in. 

1183. tan-* ^^3 and 60"^ tan-* il^S; ^ in. from angle. 

24^ 24^ 3 ^ 

1184. Distance fr'om point of suspension of F is tan"* _ — ^ — . 

Jr-^Q 008)8 

1185. 70^12' and 19^48'. 1186. {^ (^^^) " A <^^ 

1187. 45 lbs. 1188. 4-02 lbs. 1189. 56 lbs. 

1190. TT+WMJ + Por 2"P + (2"-X)t<^. 

am/ 

1191. 33 lbs. exclusive of pulleys. 1192. 



9-t 
1194 ^'^■^fi^^^-Og ^^QK wl,-^wl wU^ 

g ' * T "' to/^ + ufl* 

1196. 2 cwt. and 5-016 cwt. 1199, 569 lbs. 

•« A A/\ ^ ^ sin a — P . cos i 

1200. e= — . 1201. 3-8203 cwt.; 9*6733 cwt 

1202. 113-2. 1203. h. cot 15^ 1204. l 55 cwt. 
1205. 13-467 lbs. 1206. 841-5. 1207. Q=SP; i?=r4P. 
1208. W=5F', Tr=10P; W=UF. 1209. 8-415 tons. 

1210. 4-4563 lbs. 1211. tan"* 1-333. 1212. 47124 tons. 
1213. 38-27 cwt. 1214. -052 cwt. 1215. 215-42 cwt. 

1216. 724. 1217. ^^' 1218. 169-68 lbs. 
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1219. 1260. 

1219. oot-i *33. 1820. Height = 2r oot a. 

1221. ff^W. jfj^re) • 1222. ^ sec a. 

1223. Distance of one of the weights from highest point 

,-i2 + co»a 

ssr.cot — I . 

sina 

1224. ^. im c^0J^±^ir^:z^. 

5 Sao 

1286. OreatoA teiuion ^«b«gt bMua Itsftves wall) 

1227. tan-' 5^. 1228. 2^. p + (2" - 1) w. 

1229. 942*77 Iba 1280. 6^. 1231. 2« 42'. 

1232. — . 1233. 5760 Iba. 

n 

1234. Tr.|^^-^.^*^. 1235. 7-8 f.et 

1236. 132-44 tons. 1287. ^=2^' 1238. 1 : 6-88. 

1239. 2847 tona 124a (5 + f ) . -Jg . 1241. ^ Jl. 
1242.aax-=-lj^. 1244. -^ootu. 

1247. Strain at each lunge=-^. V(4i*+9a"); t«nfl= — . 

1248.^^8. 1249. 4|cwt 

1250. Inclination to £i€e of plane » - -> 2a» 

1251. <^« ^ = J5i5 • 1253. 4-814. • 

1254. cos-' -838; 52-22 lbs. 1255. IT.sinjS.cosec (« + j8). 

1257. 9*265 cwt. 1258. Vertical angle = 2 tan-y. 

1269. 2 (1 - /it*) tan'tf - 4/A taii'fl - seo'tf « 6. 1260. W^. sin 2f. 
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1261. 1291. 

1261. The compoimd solid will first begia to topple orver; and 
when the inclination of the base of the cylinder is tan~''4 
the cone will topple from the cylinder. 1263. tan~*'6S. 

1264. 5-905. 1265. 62cwt.; 72739 cwt, 

1266. 8164 cwt. 1267. It wiU fall over. 

1268. 353-5 lbs. 1269. '086. 

1270. The centre of gravity is not the centre of figure. If P 
be the point of contact with the plane, G the centre of 
figure and G the centre of gravity; the sphere will slide 
without rolling if GPG'>i and <e; and it will roll without 
sliding when GPG < % and i^ex e being the limiting angle 
and i the inclination of the plane. 
^. r> -vn- sin (t — f?) cos e — sin (t + e) cos (a + e) 

1271. P = r^ * s 7 ^ 7 — ; — ^^ » 

cos e — COS (a ~ 6) cos (a + e) 
n-W sin (t — e) . cos (a — e) — sin {i + e) cos e 
"" * cos (a — e) cos (a + 6) ~ cos'a 

1272. 30°. 1273. tan t = 3/1, 1275. ft = ^^rj5.tant. 

i-ii.ii: 



1276. 2e. 1277. -43. 1278. h 



2/Li6 + a(l +ft/x.') ' 



1279. ^n/21 > *«^"' ^ • 1280. 1 1 -03441 feet, 

,1 — uu 

1282. tan — ) this inclination will be the same for either 

side if the position of the centre of gravity be synuneirical 
for all sides, L e. if the board be uniform, but not otherwise. 

When the inclination is 45°, u = ? . 

"^ 2 + /A 

1283. Segments by centre of gravity are as 43 : 57 nearly. 

1284. /i=-- ^^^y"'^ . 1285. Not higher than 18-75 feet, 

1287. cos-»(ft . cot a). 1288. tanT\ —n^^, r • 

1289. 93-3 lbs, 1290. 7-212 lbs. 1291. tan"^ ^^^i-?. 11, 
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835 


1294. 

1294. 3-7 lbs. 


1295. 

• 


lAlb. 


1358. 

1296. 10-615 and 1SS85. 


1298. 


— from centre. 


1299. 


S 








1300. 


4* 

DistATice from centre = -^ . 




1301. 


I6m . 
—— va'. 
5 


1302. 


\*ab\ 


1303. 


x = y = Z' 


s 


1304. 


4*' 


3 



1305. 3 J cwt ; tension would be converted into compression* 

1307. Beam gives way at 8*38 tons; wire at 12*6 tons. 

1308. 3*7138 tons. 1809. 3*39 feet 1310. 23712*216, 
1311. 59M4 ; 60". 1812.3*76. 1313. •008in. 
1314. 65*29. 1815. 16756 lbs. 1816. 57 tons 1 1 -65 cwt. 
1317. -004012. 1818. 22*4 in. circumference; 3 tons 56 lbs. 

1319. X=j-y(!?y = -— . 1320. Circumference = 4*1 5 in. 

1321. 2*98 miles. 1322. '85 in. inside. 

1323. Diameter increased 1 : J2. 1824. 896OO. 

1325. 47 minutes. 1826.61*3. 1827.61*8. 

1328. 663 cub. feet 1829. 34*16 h. p.; 222*8 h. p, 

1330. 427 -8. 1331. -008 |- . (2 TF + a) - Tr| • 

1332. 61*09 cub. feet 1333. 41 h. p. 1334. ^^^?^^ . 

pin 
1335. 5*1 H. p. 1836. 85*3 H. p. 1387. 3*67 feet 

1338. 2 /— . 1340. 1500 tons. 1841. 43-2 bushels. 

1342. 160*7 bushels. 1343. 361-4 bushels. 

^^*** 528 ' JB ' 

1345. 230400. 1346. 16128O. 1847. 2*79 tons. 

1348. 1*1 ton. 1849. 2083 millions. 1350. 35733. 

1354. 38640. 1356. 57*14, 1357. 69 miles an hour. 

1358. tan~^ -5 ; 768 feet ; No, in a parabola. 
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1359. 1390. 

1359. -m- -^f-; p-^nunutes, 

1360* 83*33 and 416*66 from starting points. 
1861. 46*875 miles an hour; 18*75 miles an hour. 

1362. 115920. 1363. 16-1. 1364. 567 lbs.; 850*5 lbs. 

1365. 38400 tons at 1 foot per second. 1366. 4008*85 feet. 
1367. 13600 lbs. 1366. SOOoz.; 41216 oz. 

1370. J^^j^J-P^P^^^"^ . 1371^ 60*^ with line ; 10 mfles an hour. 

1372. '^ f^ fioxoL line of original rektiye motion; oblique relo- 

cdty44. 1373^ 11-67 feet per Beoond. 

1374. S4-64 feet 1375. 5'6^Q miles an hour; S.E. 

1376. ^9"" 13'; 8*84 feet 1377. 8*48 miles an hour. 

1378. Both bodies being su1:]^ected to the same velocity of metuni 
by stream^ their relative motion is unaffected by it^ and it 
may be disregarded. Angle with bank = 60®. 

1379. 101*62 feet from funnel 1380. 33*9 feet « aft.* 

1381. The motions are reversed, and each body moves with e 
times its original velocity. 

1382. 6*9 feet. 1883. 14*44 oz. 



1384. Velocities ^61 and ^91 at angles cot"* 9 JS and cot 



• ■mtm'w «'»»»yn^^^.# ^**i^w ^ f^ «^ »< » «»^» «#^^^ 

with tangent at impact. 

14 

1385. -4 : ^ :: 4 : 3. YeL of j5 = --- in direction of -4's motion. 

1386. 64-506. 1387. Vel. = 10*45 ; tan"* ^^ ^^V • 

1388. Spheres will recede on lines symmetrical wiUi original 
lines of motion. ^339^ 26 - 1 : 3. 

1390. Angle of incidence = tan** — \ — 3 — . 

^ 1 — e tan a 
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1392. 1442. 

1392. Velocity of C=^. (a' + b' + Zqi cosC)* ; 

1 'i,\. Art ' -I c.sin^ 
angle with AC = bid ^ , , j- . 

1393« 1 r02 feet from plane. 1394. 4 seconds; impossible. 

1395. \^ '_}]'!'!} * 1396. 21-33 feet. 1397. SO feet. 

1+6 + 6 

1398. 21-77,; 39-77. 1399. ^. {« +gt*J(a'+ Zagft)}. 

if 

1400. 179-2. 1401. 150 feet. 1402. 1031. 

1403. 100-3, 1404. 2-16 sec.; 1-467. 1405. 100-625 feet. 

1466. 205 feet below starting point. 

1 + e* 

1407. '878 foot; 8. 5. 1408. 20-23 miles per hour. 

1 •" 6 

1409. 4*443 below top of cliff; A will be falling, and -S rising. 
1411. 375 feet 1412. 7*3 sec. and 2-7 sec. 

1413. Height of tower 193*2; greatest height 257*6; 6 sec. 

1414. 115; 250; 415 sec 1415. 135-2; 76*2 feet 
1416. 4-98 sea ; 80-252. 1417. 229*056 feet from base. 

1418. 4-9-8 miles an hour; 6". 51'-5. 

1419. Acceleration = r, q • 9 ; tension = p q * 

1420. J. 1421. —* 1422. 32-2; s-75oz. 

o 7 

1423.812. 1424. ycwt. 1425. ^n/2^. 

1426. 4*91 oz. 1427. 4-69 sec; 21-44. 1429. 60*6. 

1430. 1-77 sec.; 9022 feet 1431. 35-35. 

1432. 2 tons; 890*76 yards. 1433. 16*1. 

1434. 47-1 miles per houi; 1436, 3975. 

1442. 3434-7 feet; 28-7 feec. 

c. ^^ 
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1446. ^ ^ 1477- 

1447« ^0 bodies will all be at equal distances \gf vertically be- 
low the extremities of equal lines drawn from the point of 
projection in the directions of projection. 

1448. 3084 yards. 1450. 7764 feet; 366 inched. 

1451. Resolve parallel to plana 1452. 16307 feet. 

1454. 14-314 feet 1455. - 4** 54'; -503 inch. . 

1456. I^ side = 2a and base = 2c ; velocity = -j- . / ( - ^^ , j . 

1457. i- ;.{F.sin(a-t)ifc Fr'.sin*(a-t)-2agr cost}. 

Q COS t 

1458. The gi*eatest distance is the same in each trajectory, viz. 

9*9/ *\ 

V sm ^g •- 1) ^ rpi^g times are also equal, therefore the veloci- 
2g cost 

ties are in A. P. ; ri = - cot (a - i) cot t. 

1460. j = cota. 1461. ^=^—^'y' 

1462. -79 inch. 1463. 4-0678 lbs.; 1574-9 yards. 

1464. 618 feet. ' 1466. It returns to A. 

1467. '5 and 1:2. 1468. 67-1 below the obstacle. , 

1469. J{Sgh). 

1470. g feet below, and g feet horizontally from starting point; 

1471. 3183-3 yards. . 

2i^ 

1473. Below ; 'error = — . sin' a . tan i . sec i, 

1474. BA > JBC; .-. BAG < BOA = CAH. 

1475. 13416-6 feet 1476. ^^^^- 1477* -S^SS'. 
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1478. 1520. 

1478. ff^ sea 1479. 12-27. 

1480. I^ ^^ 1^ ^ ^e actual numbers of vibrations, n and p being 
the true numbers, then ti — n \ p' —p :\n i p. But if a 

and B be the corrections of the pendulums = -r and 

^ — ^ = ^, nearly: whence a : j3 :: Z : Z'. 
p %l 

1481. Time of revolution 1-42 hours. 1483. S : 5. 
1484. 8-34 feet from ceiling. I486. 3980 feet; 144-85 feet. 
I486. 4000 miles. 1488. 8"64sec. 1489. 9787 inches. 
1490. 18°'r. • 1491. Sg^l 5 inches; 4-32 sec. 

1492. 1292-5 feet. 1493.24^25'. 1494. 17 times. 

1495. 3-036 inches. 

1496. If ^^© tlio measure of the force of gravity, when the mile 

and hour are taken as units ; and the required angle : 

ill' V/wi* \ 

tan^ = YTi tension=Tr /(^+lj; number of oscilla- 

tions per mmute = - ^[—^), where ^ = ^^ . 

1497. 1:n/2. 1498. 344 yards. . 1499. -112. 
1500. 12096 feet. 1501. ^2 : 1. 1502. cos"' -25. 

1506. (p?!^^!^!^) - 1507.. «' = *«'. 1508.231:89. 

1509. 1 : 17-28. 1510. 32ffoz. 1511. -ttT.* 

1512. 27 : 10. 1513. Copper 443-4 lbs. j tin 566 lbs. 

1514. /| <»' + (« + ^)' j_a. 1515, 678-8 grs. 1517. 35 : 3. 
1518. 5 : 17. 1519. 1 : 7. 1520. 527 : 623. 
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1521. 1563. 

1521. *J2-S:ZJ6. 1522. -g- . 1523. I : r. 

1524. When tlie depth of the centre is h; -— r — 7- 1 — • 

I • • • 

1526. 1 + JS:2 + JS. 1526. 1:2. 1527. r - 1 . 

1538. |; !«• . 1529. -|-.p. 

1530. If wde = Soj and base ^26; ratio = ^^ . ■ , _ , , - ; tension 

^"^ .14c' -56" 

1531. ^^z^- 1532. 61728 lbs. 

1533. y=f^5|S.'«. 1534. 8-67 feet. 1535. ?^. p. 
1536. -15. 1537. 120 lbs. in direction of axis ^ 28^5-5 ^ 

1538. 416-7 lbs. 1539. -4653 inch. 1540. 7168 sq. feet 
1541. Hemisphere in fluid; neutraL 1542. 6"7; 5*924. 

1543. 10-665 inohea. 1544. IS tons l-pcwt 

1545. 1 ton 15-6 cwt. 1646. 4 tons 77 owt 

1547. I (2 + Serf). 1548. 4,-65 feet. 1549. 82-83 feet 

1550. Volume increased by -rsT ; 4685-1 feet. 

2o0 

1651. 399-21 feet 1552. 2-5 sec. 1553. S6-8 feet 

1654. 107''. 1565. ^.p; 938''-45. 1656. agibs. 

1557.'^-. 1568.^. 



1559. «'.«'.{(« + 8) tana; +a!sec'a!}. 1562. 

1563. 



(l+a^ 



V 



ANSWERS. 341 

1564. 1592. 

aj-(l-i»^* 



1565. 



(l-«^*.{l + 2a;(l + iB')*}' 



1566. ae. ^'"'"'^. .(a'+g')*. 

1567. T 7— • 1568.' / • , _ — r« • 

2 (aj+ I)*. {« + («! +!)*}• (x+x-1) 

1569. ' ^^^Z!^. . 1570. (a' + a!^-». 1671. «?ia + bc^K 

» (1 - a!*y 



1572. '-^'-''l . 1573. _i^. 1574. , — 



1575. ^-j^.. 1576.|-8iniR 

1577. ar-'<^'.(m + xooBx). 1578. j^ • 

1579. n sin"-' a? . sill (n + 1) «. 1580. - ^-:j:^ • 

1581. er (cot a: + log sin x). • 1582. - -rV • 

Bin a? 

1683. —Attt- 1584. ^""^ 



1585. 



a — 5 cos a; avw». i_gf^^^* 

sin 2a; 



^{2 (cos 2a - cos 2aj)} * 

1586. e*. (log sin a; + 2 cot a? - cosec'a;). 

-tKotv sin a; _j icoo e^*. cosec2e^* 

1587. TT + sin 'aj . cos a?. 1588. ; . 

(1 - «")« V« 

15^^- (c' + aj + l* ^^2- «(! + » + «;• + »•)• 
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1594. X613. 

1594. -|'- g*-&c 1695. 5 -| + g + &<'. 

1597. l + aJ-iB*--g--&C. 1598. «+aj" + -|y + &C 

of of 
1599. a- 3-+ J -&c, 

1601. sin~* aj + r + 5 aj + -^ — r. a?-^ &c. 

1602. cos-* a; X : l^^- r^aj"-&c. 

(l-oO* 2.(1 -(«•)» [3(l-a0* 

1603. wloga+7i--Wj+W|— -Ac 

1604. tan aj + A sec'a? + A' tan a? . sec'a? .+ &C. 

1605. tan-a.ti4^-(5^.«:+3(^ 

1607. Vertical angle = tan"** \ . 

^2 

1608. If a be the distance of the given point from the vertex ; 
a; = a — 9,m ; if a < ^m^ x is negative and therefore impo8sibl& 
At vertex the radius of curvature is 2m; hence, for this and 
all smaller values of x, there is^ in the true sense, no mini- 
mum value of the distance. 

1609. ^our miles from nearest point. 

1610. Ratio of altitudes 1:3. 

1611. Base of rectangle = -j- x (base of parabola). 

1612. h:r::l : »/2. 1613. Height = | (radius of sphere). 
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1614. 1630. 

1614. Course N. 53' 8' W. 1615. Stt^I - ^ ^/6) . 

1616. Distance from A = -.— . 

1617. If oo-ordinates of given point referred to given lines be a 
and b, the segments are 6 + ij{i!t^) <^d a + J{ab). 

1618. If AI>Q and QF be rectangular co-ordinates of F, AB = 2r 
and^2) = aMC = 2^. 

1619. f. 1620. P(V2-i)- 

1621. Subtangent Sa ; asymptote y + « - — = 0. 

1622. y-i^=?*Md^>*.(«-A). 1623. y=«+?. 
1624. - ^ ; ^-^4^*- 16^- «»» i *»» N^«- 

1626, 4a; 2a V2. 

^^^■t- '■^' O-^' :-*»-'~J- 

(a-^) = ^^ ,^ J from these find the values of x and y, 
take the product, and substitute. 

1628. The asymptotes areya^oa;; p = - a% 

1629. Curve cuts axes at points (0; a*) and {c?; 0) which are 
points of inflexion. The asymptote is y b - as. 

1630. Two symmetrical asymptotes at right angles to one another : 
four infinite and opposite branches, two of which pass 
through the origin; the other two meet the axis of x at 
the point (— 4a; 0) . /> = 2a. 
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1631. 1651. 

1631« An asymptote parallel to axis of x, at a distance a; two 
infinite branches towards positive y's ; points of inflexion 

/?; «^and^?5: ^) . 

1632. ^wo infinite branches; one towards positive x and negative 
y ; the other towards negative x and positive y^ The other 
branches run into one another at the origin which is a 

11 

point of inflexion. Greatest ordinate ata5=-7;r; p = ^ J 3. 

1633. ^- r . 1634. {^rx - aO* 

S{a'{-Sxy 

1635. ^(4aL6-) '>"^"v^^-r if 4ac>6- 

1 , 2ca; + 6-(6'-4ac^* .^-rt ^ 
or -jjT-^ — — ^.log ^ — ^ '-' if6'>4a«. 

../.«/» t X"l + J{3s(?-2x+l) ^/w*-. , « 2 

1636. log ^ '-. 1637.log 



X w .. O^^J ^_^j 



1638. log (^-^)>-^^)' . 1639. I (a^ - a^r *^ 

1640. o. 1-"- 1641. logf— — ). 

3 (l+«)* Vc-fl/ 

1642.^ ^-^ '-. 1643. -^.^Y:;:^.+5iog(i+aO^ 

1644. -.T(^-- 1645.^Bin-?.|..(a-.«0*. 
1646. log ^^.^;^^^ > 1647. -i(«-4.2a-)(a-.^* 

1648. -^(3-.2«^* 1649. asin-'?+(a»-«^*. 
1650. (a + 6a:^r. 165L log(«-2)- ^ 



«-2 



ANSWEES, 345 



1652. 1674. 

1652. ^Iog(a! + S) + jlog(a!-2). 

1653. i(^.|^i^-|(a + &r)' + a'(a + 6a:)-a'}. 

1654. ^.(2««,-«')* + |(4a-3)yer8-'^. 1655. -^^^- 
1656. log-3^^^ . 1657. ^ vers-^ ?^ ~(2ry- 2/')*. 
1658. -7-.log[2caj + 6 + 2^{c(ca5* + 5aj + d)}]. 



. -a'^vers ^ .(Soaj-asy. 

2 a o ^ ^ 



1659 

1661. S?| + log^. 1662. g--log«^~"- 

1663. ^(log..^). • 1664. (,,,)(Lg.r> - 

1665. e'. (»» - 2aj + 2). 1666. log (^y. 

1667. e^* (2aj* - 6a! + .12iB* - 12). 

1668. Trtan'aj. 1669. sec a? + cos a?. 
2 

1670. ^tan'aj-yti^ii*a5 + -taii*;c + log.coBas, 

4 2 

1671. ^^ sin- « + 1 (!-«>•>*. 

1672. - J - 1 (1 - a;^* sin- <B + i (sin- a;)*. . • 

1673. I sin* ai - 1 Bin' x. 1674. | + i sin 2a^ 



346 ANSWERS. 

1675. 1689. 

1675. tanajf l + ~tan*a;j. 

1676. -tanaJsecaj + -logtaiiQ + |V 

1677. r(logtan- — cotaj.cosecajj. 

t 8 

1678. -tan'a-tanaj + aj. 1679. ^* 
3 46* 

1680. f^.dx = 2{2ax)i 1681. ^; |^(a' + a6 + 6»). 

1682. -g-'l^g — ^^-g — ^- 2 (» -^0- 

1683. j y e?aj = a vers-* - + (2aaj - aj*)^+ (7 ; 

1684. Jydb=|'log|±|+Cj .•.j"'y«fe=^-logS- 

f Q m /ft Q \ r<* O A 

1685. jye?aj=-(a;-a)^.Uic + gaj + e; .-. j y^=^a^ 

1686. /yda; = rvers"*-+(2raj-a')'+C; .-. / y^aj=r*(7r + 2) 
= area of generating circle + — square on diameter. 

1687. /yefe = ^ (i -^ + C; .-. fjdx = I . 

1688. jydiB = aMog(4a*+«^ + o".tan"' — + C; 

.'. jy das = a' (log2 + ^, 

1689. j y tfoi = I «4. (Sa - «) + ; .-, j y«fo = ^ a*. 
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1690. 1696. 

1690. jwa"e?y = -ir^| + |jaj*+C; .-. Tolume =-— Tra*, 

1691. /^..= |(J-f -|).(.a.-«0i4vers-'^, 

••. I 47ra?^t^ = — — (3ir + 4). 

1692. -y'^ = ~(6'-A«)*; 



«^ *«* 



Vol generated hjDFJE ahoiitFJE= I w(j^-hydxj 

J o 







= ir.Vx— IT —iO? — 2vh. - . (circ. area, rad. a) + 7r^'aj 



3a' a 



V of h 

= 7r.(6* + A').aj— TT-j.-^ — 2irA. - (circ. area, rad. a) 

=7r (6"+ A*)aj- w---; ic" - irftoi sin"* -+«■*-«?(»*- a')^ 

1694. wg-iioga}. 

1695. 27rm (6" - a") ; | ww* {(6 + m)^ - (a + m)^}. 



1696. |a^efo = «i(r»-a;«)»+Cj [yefe=^8m-*%|(r'-aO^^ 
.% X • -- , and from symmetry F= — . 
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1697. 1702. 

1697. jjOoae.de~^.Bit,e;J^-d0^le;X=p .5^ ; 



if a = - , for semicircle, X = -— . 



1698 



Taking these between the limits x = a and x = r and re- 

•2»' 1 

ducing, we get X= ^^^^ ^^ ^ " i ^^^^ ^'' if A be 

the height of the segment, a = r~-h; 

8 /. 




^ 2 VW 2 sin'a 

.'• X»-r. ^ , =- r. 



3 p r —h S a — am a . cos a 

a — — . • 

r r 

1699. jxi/dx = -m^x^; fydx = -m^x^ ; .\ X ^ — . 

1700. JXj'.dx = ''r{r^'-a^)^ + C; f^ . c?aj = r sin"* - . Hence, 
if the limits of integration be and r, we have for semicir- 
cular arc, X = — . And, if the limits be b and r, 

IT 

, (r'~6' )^ rad. x chd. 

1 _, 6 arc 

cos - 
r 

1701. \-«^ydy=^,: \-^'dy = ^.;.:Y=lvA. 

1702. If density at unit of distance = p; 

at distance x density = px'y .•. X = -^- ~ "3" • 

j pxdx ' ' 
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1703. 1715. 

1703., I^ensity at distance aj = -; therefore weight of elementaiy 
disc = wp . — dx'y therefore moment of elementaiy disc 

I irpy'dx ^ 
= Trpy*dx\ hence X= ^^^-—--y--- = - A. . 

1704. J^U im. ^ J\\^\''l\ . 

M — 4 3S SlogS — 2 

1706. ^** 



3 (a* + ft*)*. {{«• + 6') C08- — — f - a6} 
w + 2 



1707. ^ • ^ on the line (= h) drawn from the vertex to the 

point of bisection of the base. 

1708. By last question, distance of centre of gravity of element- 

w + 2 
ary sector from centre of circle = ~ . n Also weight of 

elementary sector = p. -—^c^tfj,*. moment of elementary 
sector about radius = p . cos d.dOx 

n+3 IT 

1709. -M^. J- 1710. -«^^. 1711. -w.^. 

1713. i/2r». (i -^) . 1714. Jf f^ . 1715. i^ ^ . 
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1716. 

171& M 



r'+r' 
~~2 



AM8WEBS. 



1717. M^. 



1718. M 



1724. 



At* MM ^Mt A*\S 

1719t By 1710 moment of lamina about axis = w».-^ ~ "o • ("T") ' 



and m = if.-— TfT— = if.-Tr o^i 



1720. I^et moment of sphere radius r = MK'y 

r,= Mj;, 

shell (radii r and E) = M^^^J^ 

then MKJ^MK^J = MK\ but from 1718^/ = -^, and 
Z' = ^; .-. if,^,; = Jf.|r'-Jlf;.5r;,buti/,Jf^andiC 

are as r^ r/ and 1^ - r^ \ .'. (»•'- 0-^//*= x(^- O; 



.5 -» 



.— - 2 r — r • • 



1721. ^^ 



1722. Expand 1720 and find the limit when r = rj MK* = ? Jfi^. 

3 

1723. ifr'. 

1724. If the elementary^ mass m be referred to the jutorsoction of 
the diagonals by lines parallel to the sides, and if r be its 
radius of gyration 3 mr" = moc^ + my' + 2mxy cos a, and 
therefore MIC' = S (wio;') + 2 {my') + 2S (ma?y) oos/i, btit 

m = M, . , . sina=-^. ax, ay} 



4ia6 bin a 



4a6 



ANSWERS. 351 

1725. 1726. 

J-.J-t4,ab ^ 4a6 3 3 

ft 

O 

1725. Moment about aids of parabola =^M —j and moment about 

5 

6a* 
tangent at vertex = M -— ; therefore required moment 

1726. If intersections of diagonals of opposite faces be joined, 
these will be the three principal axes, and therefore, as re- 
gards these axes, 2 {mxy\ 2 (mxz) and 2 {mys^ are seve- 
rally zero. Also, moment of side about edge = moment of 

a* 
edge about edge = M —■', therefore moment of cube about 

o 

2a* 
edge (= moment of side about perpendicular edge) = --- ; 

therefore moment of cube about one of the principal axes 

= M, -—■ — M^—szM. -^ . And diagonal makes with the 
3 2 o 

principal axes, the angles cos"* -7^; hence the general 

kJ3 

form I=A cos* a + J? . cos*)8 + C cos*y = 3 A cos'a gives, 

a* 1 a* 

moment about diagonal ^ 3 M -^ x -:=:M -^^ 
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1727. 1731. 

1727. Since the line drawn tlirough centre of cube parallel to 
diagonal of face makes angles of 45^; 45^ and 90^ with the 
principal axes, moment about that line 

= -af -^ (cos* 45 + cos' 45 + COS* 90) = Jf -^ . 

Henoe moment about OQ = — ^- + -r~ = ^ • rrr • 

6 4 12 

1728. See 1726. 

1729. Find the moments, M — ~ — ; M ^ — '' ^ ' lo 

about the three principal axes, and apply the general form 

as in 1726: M. —- X — - — rj : a being the altitude and h 
' 20 a* + 6 ® 

the radius of the base of the cone. 

Six? 

1730. Mass of element = M, -^ dy ; 



3M 
.*. moment = 



> [!P^'^ 



substitute for x^ from equation to ellipse, and we get 

2 
znoment about 9,h^M .-a\ 

5 

1731. Taking elliptical section parallel to axis 2a and calling the 

minor axis of this section Zy its mass will be represent- 

3xz 
ed by if. t~tz ^V' -AJso moment of ellipse about an axis 

through its centre perpendicular to its plane will be found 

to be Massx-^— — '-. Hence moment of ellipsoid about 

4 

26 = ^ , \ {01? + »*) xzdy. Substituting the values of x 
and z derived from the equations «J* = ts (6* — y*) and 
«* = rs (6* — y") "we get ultimately : — 
moment about 9h = 



a + c 
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1732. 1744. 

1732. ?V|. 1733... 71'. 1734 ..yg. 

1735. .. ^[s^^^^^y 1736. By 1713 and 1700. 

1739. If resistance for unit of velocity =i; -5- =s g* 

. f- 1 /!f loir n/??±!\/^ 

1740. » = Tr-* .^; •'• « = 2^7- . log; — =-». 

174a^..^(.-iF-). 1748. ^.^^'..). 

1744. « ', and by 1743 r=^ . log,^-2 — + 1 j; 

.-. »' = ^.log.^— sm2a + lj. 
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MEASURES OF WEIGHTS. . 

. ■ » 

English. 
Troy Weight. 

24= Idwt. 
480 = 20 = 1 oz. . 
5760 = 240 = 12 = l.Tr. lb. 

Avoirdupois Weight. 

drs. 

16«^ 1 oz. 
256=* 16= lib. 
7168 = 448 - 28 = 1 qr, 
28672 « 1792= 112= 4= Icwt 
57S440 = 35840 = 2240 = 80 = 20 = 1 ton. 



1 Milligramme = 
1 Centigramme '^ 
1 Decigramme « 
1 Gramme « 

1 Decagramme «= 
1 Hectogramme « 
1 Kilogramme = 
1 Myriagramme = 



French. 

•001 gramme 

*01 gramme 

•1 gramme 

1* gramme 

10' grammes 

100' grammes 

1000* grammes 

10000* grammes 



•0154326 ^ 
•154326 
1-54326 
15-4326 
154-326 
1543-26' 
15432-6 
15432-6 



a 

CO 

w 

s 
5* 



1(ABL£S. 



nn 



MEASURES OF LENGTH. 



Ekglish. 

1 foot. . 
S = 1 yard. 
le^m 5^» Irod. 
66 ^ ^2 ''9 4 »« 1 chain. 
660 = 220 ''^ 40 - 10 = 1 furlong. 

80 « 8 i« 1 mile. 



inches. 

12 = 

36- 

198- 

792 = 

7920 = 

63360-5280- =1760 =320 

French. 



1 Millimetre » 

1 Centimetre = 

1 D6cimdtre = 
1 Metre 

1 Dlcamdtre = 
1 Hectometres 

1 Kilometre = 



10 

100 

1000 



•001 metre 
*0l metre 
'1, . metre 

metre = 39*37009 English inches. 



metres 
lAetres 
metres 
1 Myriametre = 10000* metres 



MEASURES OF SURFACE. , 

Enqlish. 
sq. inches. 

144 = 1 square foot. 

1296 = 9=1 square yard. 
39204 ra 272i» 30 J = 1 pole. 
1568160 = 10890 -1210 = 40 = 1 rood. 
£272640 = 43560 -4840 » l60 = 4- 1 acre. 
Also; 1 acre = 4840 sq. yds. - 10 x (22)' sq. yds. = 10 sq. chains. 

French. ' 

•01 are 
•1 are 

1* are = *0247105 English acre. 
10* ares 
100* ares 
1000* ares 



1 Centiare = 
1 D6ciare = 
1 Are 

1 Decare = 
1 Hectare = 
1 Kiliare = 



1 Myriare - 10000* ares 



23~a 



dde 
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MEASURES OF CAPACITY. 



gills. 


jcjnvtuiottt 


4» 


1 pint. 


8- 


2 = 1 quart* 


32 = 


8 = 4 =» 1 gallon. 


64 = 


16« 8= 2= 1 peck. 


256- 


64 « S2=- 8=« 4= 1 bushel. 


2048 « 


512 « 256 - 64 => 32-1 8 » 1 quarter. 



10240 » 2560 » 1280 -» 320 - 160 =• 40 « 5 » 1 load. 
The Imperial gallon « 277*27^ cubic inches » 10 lbs. water. 



1 
1 
1 
1 
1 
1 
1 



Fb,bnch« 

•01 litre 
•1 litre 

1* litre = 1-76068 English pint. 
10» litres • 
100* litres 
1000- litres 
litres 






Centilitre - 
Decilitre « 
Litre *• 
Decalitre ' «« 
Hectolitre — 
Kilolitre «> 
Myrialitre- 10000- 

length is the M^e = 39*37009 £ng. inches, 
weight is the Gramme =e weight of Centimetre 

cubed of distilled water, 
surface is the Are &* 10 Mdtres squared, 
capacity is the Litre . » i D^dmdtre cubed, 
volume is the Stdre « 1 Cubic M^tre. 
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Abithmetical Pbooression. 



Geometric Progbebsion. 



« 



=«'7rT> ^=<^"> '-^^iTZi^ *aD = fr 



• 



Piles of Spherical Shot. 

Triangular "^"^y"^^>; Square ?^(^±iH?!i±l) j 

^ , 7i(n + l)(2w 4- 1 +Sm) 
Rectangular —^ '-^^^ • 

Permutations and Combinations. 

n things, r together, all different ; 

No. of Permutations = w(w-l)...(w-r + 1), 

'No. of Combinations =—^^ r^ . 

Lr 

n things, all together.; a klike, h alike, c alike; . .^^ . • 

^ 

Binomial Theorem. 

w(n-.l)(n-2)...(n-r + 2) ,_,+x ,+, 
••• + ^i '^ -"^ • 
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ExpoNENTUL Theorem. 

a'=l + ^iB + -— +-j— + -p-, 

2 [3 [w 

1 1 

where -4 = o-l --(a-l)* + - (a-l)'-&c. = log,a, 

6 =!+« + — + —+ r-5 

2 |3 [w* 

6=14-14-^ + ^4- — = 2718281828459, 

2 L? ^ 

, l4-a5 ^/ a? aj* a3"\ 



Plane Trigonometry. 

sin (il ^ jS) = sin il . cos ^ ± cos ii . sin B^ 
COB (ii 8t ^ = cos ui . cos ^ =F sin ^ . sin J?, 
sin 2ii = 2 sin ^ . cos ^, 

cos 2-4 = cos* -4 - sin*-4 = 1-2 sin'il = 2 cos'il — 1, 
sin il 4- sin -B = 2 sin ^ (-4 4- -B) cos ^ (-4 - jB), 
sin-4-sin^=:2cosi(.i4-J5)sini(il-^), 
8in(n4-l)^ = 2sin9L4. cos -4 — sin (w — 1) -4, 
cos (n 4- 1) -4 = 2 cos 71-4 . cos ^ - cos (w — 1) -4, 
2 sin' -4 = 1 — cos 2-4, 
4 sin' -4 = S sin -4 - sin 3-4, 
8 sin*^ = S - 4 cos 2-4 4- cos 4-4, 
l6sin*-4 = 10sin-4-5sui3-4 4- sin 5-4, 

&C. = &c. 
2cos*-4 = l4-cos2-4, 
4 cos' .4 = 3 cos -4 4- cos SA^ 
8 cos*-4 = 3 4- 4 cos 2-4 4- cos 4-4, 
16 cos' -4 = 10 cos -4 4- 5 cos 3-4 4- cos 5J, 
^. = (fee. 



9 

Sin" 
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. ,. l-co8 2i( . .. y^ tan A * tan B 

tan"-4 = - —J : tan(ii*^=-— .-- =, 

l+co82ii* ^ ' lTtan-4.tanjB* 

tan2.1 = -~*^^; 8in(^ + ii)8in(^ ~A)-8in«^-Bm«^ 

= 008* B — COS* X 

In any plane triangle, 

' a :b : e :: 8in il : sLnB : bviC; 

a-hh t&n^jA + B) V + jf-a* 

•tA=^ ^^ '-; co8'-^=— 4 — '; tan'-i4 = ^ — -/-^ — -^. 

2 6tf ' 2 6c ' 2 #,(tf-a) 



Sphebioal Tsigonometbt. Napier's Rulbs. 

(1) Sine of middle part = product of tangents of adjacent parts. 

(2) Sine of middle part = product of cosines of opposite parts. 

In any spherical triangle, 

cos as 008 &« 00S6 — sin (, sin c. cos ^ ; 

nil.'! -f « ia(*-^)8in(g-c) , , sing, sin ( #-«) 

sin *il = ; — I : } COS *'^= ; — =— r ; 

' Sin 6 . sin c ' sin o sin a 

^ 8in(,->)8m(«-c) 

' Bin « . sm (« - a) 

sin a : sin & : sin c :: sin^i : sin ^ : sin (7; 

teni(^+£)-~'4-r^-«'H<7. 
* ^ ' COS i (a + 6) * 

' ^ ^ Sin ^ (a + 6) * 
' ^ ' COS i (4 + jB) '^ 
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Table of AsraoKoiaoAL MeAk Befractioxs. 















Zenith 
Distance. 


Mean 
Befractlon. 


Zenith 
Distance. 


Mean 
BefractiOB. 


zenith 
Distance. 


Mean 
Eefraction. 


I 


1 


73 SO 


3 15 


o / 

85 10 


10 11 


10 


10 


74 


3 21 


85 20 


10 28 


20 


21 


74 30 


3 28 


85 SO 


10 46 


30 


34 


75 


3 35 


85 40 


11 € 


35 


41 


75 30 


3 42 


85 50 


11 26 


40 


49 


76 


3 50 


86 


11 47 


45 


58 


76 30 


3 59 


86 10 


12 10 


50 


1 10 


77 


4 8 


86 20 


12 34 


52 


1 15 


77 30 


4 18 


86 30 


13 


54 


1 20 


78 


4 28 


86 40 


IS 27 


56 


1 26 


78 30 


4 40 


86 50 


13 56 


58 


1 33 


79 


4 52 


87 


14 27 


60 


1 41 


79 20 


5 1 


87 10 


15 


61 


1 45 


79 40 


5 10 


87 20 


15 35 


62 


1 49 


80 


5^0 


87 30 


16 12 


63 


1 54 


80 20 


5 31 


87 40 


16 52 


64 


1 59 


80 40 


5 42 


87 50 


17 35 


65 


2 5 


81 


5 54 


88 


18 21 


66 


2 10 


81 20 


6 7 


88 10 


19 11 


67 


2 17 


81 40 


6 20 


88 20 


20 5 


68 


2 24 


82 


6 35 


88 30 


21 3 


69 


2 31 


82 20 


6 50 


88 40 


22 5 


69 30 


2 35 


82 40 


7 7 


88 50 


23 IS 


70 


2 39 


83 


7 25 


89 


24 27 


70 30 


2 44 


83 20 


7 45 


89 10 


25 47 


71 


2 48 


83 40 


8 7 


89 20 


27 14 


71 30 


2 53 


84 


8 30 


89 30 


28 50 


72 


2 58 


84 20 


8 55 


89 40 


30 33 


72 30 


3 3^ 


84 40 


9 23 


89 50 


32 15 


73 


3 9 


85 


9 54 


90 


34 32 
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Mensuration. 
Triangle = ^ ^ = 3 a^sin 0^ = V{«- (*-») («-"^)(« -<')}• 

Trapezoid = 5 (a + J) p. 

Area of regular polygon of n sides 

n , , 180* 1 «| . 360 , . 180* 
— a cot = - nBr sin = nr tan , 

R and r being the radii of the circumscribed and inscribed circles. 

180* 
Perimeter of regular polygon = 2nr tan • 

Perimeter of circle = 2irr : area of circle = nr* = -7- = -r- . 

ar Jl 
Area of sector of circle = -q- = ^^ 'rr' (a being the length of 



arc). 

Area of segment of circle = - (a - r . sin -4*) ; ring = tt (2? - r*). 

VoL of prism = ^. A (5* being area of base). 

VoL of cylinder =7rr'A; voL of cone = «r" ^ . 

YoL of pyramid = -B«. I; vol. of frustum = § (J« + -»* + il . ^). 

a. o 

Surface of prism=jpA + 2^ (p being perimeter and ^' the 
area of base). 

Surface of cone = wrA + nr*. 

Surfitce of sphere = 4Tri^; surface of segment = 9,wB,h. 

4 irV 

Vol. of sphere = - wr'; voL of sclent = -r- {SR - A). 

Vol. of circular ring (having circular section rad. a) 

= 2irV(a + r). 
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Oo-OBDIKATE GeOHETRY. EQUATIONS TO LiNES, &C 

(Kectangulab Co-obdinates.) 

Straight line ; y = ax + h. 

Straight line through point {h, k); j^ — i = a (a? — A). 

k'^k 
Straight line through poinfcs (h, k), {h\ k'); y — k^ aTZa ^* "" ^'^* 

Straight line perpendicular toy = aa; + 6isy = — x+h\ 
parallel to y=:aai + h is y = aaj + 6'. 

Perpendicular on y = oa; + 6 from (A, k) = -jr- j . 

Circle; origin at centre; y* + a;* = r*. 

circumference, centre on axis of a; 

y* + a;*-2ra; = 0. 

circumference, centre not on axis of a;; 

y* + a;*-2aa;-2)8y = 0. 

anywhere, (y - )3)* + (aj — a)' = r*. 

tangent, origin at centre; ky + hx^r% (h, k) I>eing a 

point on the circumference. 

Circle; chord of contact to tangents drawn from exterior 
point (h\ k'), k'y + h'x = r*. 

Conic sections, y'^px + qx* origin at vertex; axis on axis of 
Xj jt> = latus-rectum; in ellipse q is negative, in hyperbola q is 
positive; in parabola g' is 0; in circle g' is — 1. 

b' 
Ellipse, origin at centre; y' = -i (»*- ^)> 

» vertex; y" = -5(2aa;-«*). 
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Hyperbola, origin at centre ; ^ = -3 (»* — a*), 

it 

vertex ; y*=«-|(a5"+2aaj). 



Parabola, origin at verbex ; ^ = 4mas. 

Cissoid ; y* = -^ ; conchoid ; af^ = (5* - »^ (a + xy. 

Witch; ajy* = 4a*(2a-aj), 

i origin at base ; x-a vers"* — »J{^oby — y*), 
origin at vertex ; y = a vers"* - + J{2ax - a*). 

Tangent to any curve ; y — ^ = -^ (oj - A). 
Subtangent = y|. 

uX 

Normal to any curve; y — i = — -r- (« — A). 

fy-«^, wlienaj=oo, 
a — y-T-, when a? =00. 
If equation to curve be reducible to the form 

y = aa5 + D + - + -3 + dwj., 

then equation to rectilinear asymptote is 

y=iax + b. 
At a singular point, being 

a point of contrary flexure, -7-^ = 0, or - , and changes its sign ; 

a multiple point, ^= j:> and rr^ or —^ will have multiple 
values. 



1 
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A coojugate point; ;t^ = ;:> ^^ is in)pos8i|t>le for as = ai^i* 

A cusp; -^ will have but one value; .^ two, or more. . 
The radius of curvature is p = ra . 

Tofindtheevolute;)8-y = pi(^y , and a-aj = ^(y-^). 

Statics. 

Forces in one Plane. 

Conditions op Equilibrium. 

■CI 4.1. 1. • X f/.cosa +/'cosa +/cosa +&c.=0, 

Forces through one point : -{*7 . ' J* . ' i* . * , 

' (/j sin a^ +/;, sin a^+Zg sin a3 + <fca = 0. 

Forces not all meeting in one point; 

/j cos a, +/j cos a^^ +/3 cos ttg + &c. = 0, 
./, sina^ +/, sin a^ +f^ sin 03 + <fec = 0, 
, /i^i cos a, +/,y, cos a, ^-Zg^g cos 03+ &c. ^ ^ 
^ -/j»i sin a^ -/^a^ sin a^ -/a^^a sin ag - &c. J 



j 



Centre of Gravity. , 



I- w^x. + w.x^ + wjc. + &c. 
w + W +W -{• &c. ' 
_ ^ w^^±w^y^ + w^^ + &C. ^ 
^ «?j + Wj + W^a + &C. 

r (fif ^ f dM , 

^ f^^^ ,. J^ c^y ^y 

For any body; 0: = ^^; ^^^2/ = -™— 

] dxj J dy ^ 
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3 A 
^.^ ,^ h) parallelogram; x^-. 

Trapezoid; a = - . r- ; semicircle; «=»—, — (from centre). 

Sector of circle : « = • . 

3 a 

4* m 
sm A 
Segment ot circle; «?=«**• z =~"o~ (m^aatired from centre). 

. ^ . . - r. chord 2a - . . , _ 2r 

Arc of circle : x = ; arc of semicircle a: « — . 

2a TT 

Arc of semioyoloid ; x = -r; y=*(T — -Jr» 

Area of cycloid; y = g r ; area of parabola; 5 =a - A, 

4(1 
Area of semi-ellipse; x^-^ from centre* 

^ - SA .- — SA 

Oone;a?»— ; pyramid; «:= —• 

t 

^A ^f* 

Conical surface; i k -— ■ ; yolume of hemisphere ; £ » — « 

Volume of spherical segment; a? =7. ^ — -r- (from oentre)« 

A 
Sttr&ce of spherical segment; S «: - (from base). 

- B 
Spherical sector; aj * - . (2r - A) from centre# 

Conic frurtim; 3=. *^<^l±M±|g (from «•). 
Paraboloid J S >> ^ Ai 

o 
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Parabolic frustum: 5=- . ^ ^ ^,^ (from va'). 



\ 



- 2 
arc;a; = -r. 



Cycloid; i surfaceof solid of revolution; a = |^. '^^'^ 
V voL of solid of 



15 3ir-4' 
- r 9^-32 



revoL « = -. ^__ (from base). 



Machines. 

Pulley ; TTj = nP; TT, = 2"P; ^3 = (2" - 1) P ; 
and, if weight of each pulley be w^ 

Trj = w(P-F); F, = 2".P-(2"-l)fif; 

F3 = (2--1).P + (2--1-7?,)m;. 



Inclined plane, without friction; T^W, 



sin » 

cos a' 



with friction; P= IT. —!-!) . 

cos (a 7 e) 

Screw, without friction; P = TT. ^— d> 
with friction; P = TT. ^ . -=r . 



Dynamics. 



Impact, direct; r^^^^^^(^ 
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Impact, oblique; 

V nn^n^^V or^n ^ (^ ^ g) ' ( ^a ' ^^^ « ^ ^6 COS ff) 
Ka . COS a = r a COS » > ) 

r/sina's Fa. sin o. 

1 t7* 1 

Uniform acceleration : « = -/!}* = -y= - <v, 

If the body be projected,' with velocity F, in line of action of^ 

«=F{*iyi'; F,'=F"i2A 

Variable acceleration : /= ^ ; ^ ~ ^ ^ /~ ^ • 

Projectiles : y = a tan a - g^f ^^^.^ ; 

2 . F. sin (a — t) 2F'. sin (a - 1) cos .a 

I, — ——. i , T^ — B • > 

^ . cos « ^ . COS * 

sin (2a — *) = |^ cos'i + sin i 



Simple pendulum : t = ir, /- ; 
Conical pendulum : < =a 27r / - . 
Pressure on a cunre = (— J^ g cos 6j , m. 
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Moment of Inebtu« 



MK'^j^—.dx. 



For an arc of a plane curve; -^— = ] 1 + f-^j I , 

For an area of a plane curve; -^ = y. 

J- 

For a Burfiice of revolution; -y- ♦= 2wy . 1 1 + \-j-\ \ • 
For a solid of revolution ; -^- « ^ry". 
For any solid; -^ = \\dy. cU 



CfiKTRB OF OSOILLATIOK. 

When moment of inertia about axis of suspension = M£\ and 
distance of centre of gravity f^jn the same ajtiB ^ h, 
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Specific Gravities. 



Cork -240 

Larch '522 

Elm -588 

Teak -657 

Fir -753 

Beech '852 

Oak '934! 

Lignum YifcaB 1*334 

Coal 1-270 

Sand 1-886 

Clay 1-919 

Brick 2-000 

Portland Stone 2-145 

'Chalk 2-315 

Granite 2*651 



Zinc 7190 

Tin 7291 

Iron (cast) 7*207 

Iron (wrought) 7 778 

Steel 7*816 

Brass 7-824 

Copper (cast) 8*788 

Copper (wire) 8-878 

Silver 10474 

Lead 11-352 

Mercury 13*568 

Gold (standard) 17*486 

Gold (pure) 19*258 

Platinum (pure).... ^.... 19**500 

Platinum (laminated) .. 21*041 



One cubic foot of brickwork weighs 1 cwt. 

One linear foot of rope weighs in lbs. *045 x (circumf)* in inches. 

Proof strength of rope in cwt. = 2 x (circumf.)* in inches. 

Elasticity. Tenacity. Resistance. Expansion. 



lii*§^ 






aas 



«»<*3 



Elm 



10415 



10-52 



1*430 13500 10300 Mercury I 

Larch '950 10000 5500 in vol. J 

Fir 752 12000 6OOO 

Oak '690 17300 9500 

Brass -112 18000 ...... 10300 

Copi)er '059 6OOOO 9*44 

Iron (cast).... -059 16500 112000 6*17 

Iron(wrought) -035 67200 3600 6*42 

Steel -035 120000 6'36 

Lead 1*390 3300 15*92 

Glass -125 9400 4*05 



870 VABLsa 



THERVOiosrEii, Scales. 



lYeexine BoUInf 

pebiftei xoInt«f 

wateK water. 



Patrenlieit ......... S2 .-. 2121* \0=-{F-S2), 

Centigrade ^ lOolV-. | ^ 



Kormil. pressme on; » snrface =; area x depth pf cc^atre of 
gravity. 

Depth of centre of pressure = X; then ; 

PS-'** 



£>r &]ine; X== 



jr%'^' 



for a plane area : X= — ,^— . 

If ^ be the horizontal pressure npon the rertical projection 
of a giren surface immersed in a fluid, and W be the weight of 
the 'snperincnmbent fluid, the 

Hesultant pressure upon the surface = ^{IP-^ W^} 

W 

and. its inclination to the horizon » tan*^' -^ , 

Principle of Archimedes : " If a body be wholly or partially 
immersed in a fluid it will be pressed upwards with a force which 
is equal to the weight of the. fluid which it has displaced/' 
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Also, in the case of floatation : The whole volume of the body 
will be to that of the portion immersed as the specific gravity of 
the liquid to tho^t of the bodjr* 

Boyle's Law : '<Ihe. elastic force of a given mass of gas at a 
constant temperature varies inverseTy as the space it occupies." 

Dalton's Law ; '< The change in volume of a givea mass of gas 
under a constant pressure varies directly as the number of degrees 
of its temperature above 32° of Fahrenheit," The change in volume 
from 32" to 212* is F' - r= '366 V. 

If t and t" be the temperatures, p and p' the pressures, and V 
and V the volumes of the same mass of gas; 

m+tr p 



Heights of Mountaiks. 

Height, in feet, by Barometer = J5r= 60000 log^^ y^ in inches of 

mercury reduced to 32°; the temperature of the air being also 
supposed to be 32°. More accurately 

t and f being the temperatures of the air at the two stations; 
T and / the temperatures of the columns of mercuiy h and //. 
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Elastic force after n strokes 



S 






S being the volume of the receiver and connecting tubes, and C 
the volume of one cylinder minus the volume of the piston, 

24-2 
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In Diving Bell.: . : 

tntemal pressure == ^ atmospheres, 

V and V being the volumes of air in bell before and after immer- 
sion, or : 

Internal pressure = (l + i|) atmospteres, 
X being the depth of water from surface to surface. 
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APPENDIX L 
On Synthbtw Division; 

The process of Syuthotio Dmsion is d^riyed from th^ ordinary 
operation of algebraic division witli detached xsoefficients, hj ^ 
carefal rejection of all redundant details. The operation of sub- 
traction of the successive partial products Is converted into addi- 
tion by cbanging the signs of all the terms of the divisor, 'except 
the first (which is made unity), and the several coefficients of ibA 
qiMtieoLt ave evolved as ih« sums «f tibe siieoessive eohuiuui oC 
coefficients of the partial products which, in the ordinary pro- 
oes8» produce kj ^ubtraatLon* <the first tiNxns of tibe wloo^saivo 
remainders. 

ThuS| supposing it were required to divide 

making the "first coefficient -of the ^visor tmity md changing 
the signs of all the terms except the first, we have, by the ordinary 
process, 

31 

1 



s 



3+6+ 1-3 

I 

■ I ■ I ii 

23 

2 + — + 2-2 

2+4+3-2 



^4. 5-4 +10 
2 

«l ^, 93 31 

— + 31 +^--;r 

2 4 2 



4 2 
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and dividing the terms of the quotient bj 2, to compensate for 

the corresponding division of the original divisor, we have, for the 

3 31 

coefficients of the quotient, -+ 1 + -r- j ,and for those of the re- 

. . 2 -.4 

mainder (which are tinaffected hy the change in the divisor) 

^R 77 11 

By this example it is seen that the coefficients of the terms of 
the modified quotient are identical with those of the first terms of 
the successive remainders (converted into sums bj the change o^ 
the signs of the divisor), and that thej can readilj be obtained 
without the intervention of the subordinate summations : thus the 

coefficient — can be obtained from its components 7 4* - + 4 withn 

23 
out the intervention of the -^, and so of all others, to whatever 

extent we choose to carry the division. 

To put the matter in a general form let the coefficients of the 
divisor be represented by 1 +6 + c, and those of the dividend by 
A -h B + C •¥ IX-\' £ -h iF i- G y we may then symbplize the operations 

thus, 

•• . ' 

Farm 1. ; 

1 + 6 + cJA + B + C -k-D + E + F -^Gi^A +£^+C^+D^-^je^ 
A-\-Ab + Ac 

B^+ C^ + D 
B^^Bp-{-Bp 









E^^ + F^-^0 
E-+Eh-hEe 



F +e 
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using B^, C^, &c, io express the sums of the terms immediately 
above them j so that 

C^^:r,C'hAc+Bjb 

D^^= D -{■ Bfi + c'fi 
E..^E + C c + Dl 



And the operation might be arranged, more concisely, thus : 

F<yrm 2. 

l-k-h + cJA+B+G-^D + E + F-^G 

A -hAb + Ac 
B^ -^Bp+Bp 

E^^E^b^E^p 
^F,^G^ 

where each line, except the last, is obtained bj multiplying its 
first teim into the several terms of the divisor, those successive 
first terms being identical with the coefficients of the quotient. 
It thus becomes unnecessary to take the trouble to again write 
these coefficients of the quotient in their ordinary position on 
the right of the dividend. 

If now the successive lines be written diagonally instead of 
horizontally, and the divisor be written vertically downwards, the 
process will be precisely the same as before; but the arrangement 
will be very much more convenient, and the quotient will be 
exhibited in a more intelligible form, thus : 



Form 3, 



1 

+ b 



A + B+G-hD-hE + F±Q 
+ Ab + Bfi + C^fi+D^J)+E^]k 



M H 



A + B •¥ C +2) + E -^F +ff 
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Cam^Bxmg ikis witb Form ^ it is «eai that it diff<^ from 
that process merely in the arrangement of the terms; and by 
compisirison with Form 1, we see that, the divisor being of the 
n^ degree, the terms of the lowest line of Form 3, exc^t the 
hut (n - 1), will be the coefficients of the quotient; the last n — l 
being the coefficienbs of the remainder left when the process is 
stopped at the usual point : viz. when a continuation of the ope- 
ration would inrolv^ negative indices in the quotient, supposing 
the indices of the dividend and divisor to descend in order from 
m to and from n to 0, m being greater than n. This remain- 
der is called, for distinction, the *^ final remamdery \ 

It will be observed that the remainder at any point of the 
division beyond this,, is obtained in ptecisely the same manner, and 
that, in all casee^ its ikerms will involve the same indices as the 
terms of the dividend immediately over them ; which is not the 
case with the terms of the quotient, the indices of which are 
derived in succession from that of the first term, in the usual 
way^ er by fiubtraeting n from the exponent of the corresponding 
term of the dividend immediately aJboineu 

This is the operation of ** Synthetic Division,* so called from 
thB synthetic formation of the succeissive coefficients. If we app^ 
it to a few numerical examples it will help to familiai^e the 
process. 

Taking, first, the example «bove worked out by the ordinary 
method^ we have : . 



1 

+ 2 
3 

* 

^1 



3-4+ 7 + 5-2 +J0 
^ + 6+4+51 

31 
« 3 _ 2 

2 
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And dividing the terms of the quotieut by 2, the ooefficieikt of 
the first term of the original divisor, we have for quotient 

. S . SI 

— 0/ +(r -i — : 

2 4. ' 

and for final remainder 36 — -r- x — -^r-^, 

4 X 

liet it be required to divide 
af - 3«» - 31«' 4- e5ai» -i^aj' - 15sd* - 8ito"+ 19aj'+ to + 10 
by 3a;*-21aj'+ftB-6. 



1 

+ 7 
*0 
-3 

+ 2 



1-3-31+25+ 3-15- « + 19 + 3 +10 
+ 7 + 28-21+7**^ + 14 

lb D«b 0^ Oik 0^ jQik 

-3-12+ 5- 3* 0-6 

+ 2+8- 6+ 2J=0+ 4 

1+4- d+ 1-b 0+ 2- 3 + 21-3 + 14 



So that the quotient is 

-aj» + -aj*-a? + -a^ + 2, 

anA Ae ^final femainder 

-3a?+21a:"-Saj + 14. 

Supposing it were required to continue the division, it is only 
necessaiy to carry on the same process, thus: 



1 


...- 8 + 19 + 3 + 10 


+ 7 


... + 14-21*0-21 + 14 + 56 


*0 


...lb Oib 0>bO>b Oib Oib ib 


-3 


..... 3* 0-6+ 9* 0+ 9- 6-24 


+ 2 


...- 6+ 2*0+ 4- 6* 0- 6+ 4 + 16 




..." 3* 0-3+ 2+ 8 + 65-12-20 + 16 
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And so on, to anj extent, the remaining tenns of the quotient, 
thus far, being 

— X -X +-X +-r X . 

3 3 

And the remainder at this point, 

65x-^ - 12»-* - 20®-* + 16a;-*. 

There is one modification of this process which is of very great 
importance from its adaptation to the operation of the extraction 
of the rootis of numerical equations, of which we shall have to 
speak. It consists in placing (in the exceptional c<Me of division hy 
a binomiat) the second term of the binomial on the right-hand of 
the dividend in the place that is usually occupied by the quo* 
tient. Thus, supposing it were required to divide 

sc*-7aB?-4aj" + 5aj-2 by as -3, 

the work would be arranged thus : 

1*0-7-4+ 5- 2 (3 
+ 3 + 9 + 64- 6 + 33 

1 + 3 + 2 + 2 + 11 + 3X 

The quotient being 0;^+ 300* + 20^+^20; + 11, and the final re- 
mainder + 31. 

A little practice upon the examples given in the bo4y ^.the 
work will accustom the student to this elegant and most useful 
operation. 
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Theory and Numerical Solution of Equations or 
ALL Deqrses by Horner's Method. 

Prop. I 

If a polynomial in x he divided hy x-^r, the final remainder 
will be the same as the original poljnomiali only having r in the 
place of x^ 

Let aa' + 6aJ* + <ja5* + (fa^ + eaj*+jfe+^, 

be the given polynomial : then, dividing a; — r, we have 

a+6 +c +<l +€ +/ +^ {+r 

_+or_^jf(ar*+6r) +{a r^+bv*-^ +(ai4. . > +dr)+(a r^.. . •\^ )+{af^+.. . +J r) 

a^ar+^(ai^'^ir^i^ +t) +(a?. . . +/)+(ar^+.. .+^) 

The final remainder is therefore, 

ar^-^ir^-^cr*-^ dr* + «r* +/f + ^r, 

which is the same as the original dividend, only having r in the 
place of ox 

Cor. It follows from tliis that, r being any number, the final 
remainder arising from the division of a polynomial in a:, having 
numerical coefficients, by ft; — r, will be the numerical value of the 
polynomial when the number r is substituted for sc; 

Examples. 

1. What are the respective values of 

a* - 6x^ + 9«* + 2«* - *«• + 8a* - S» - 5, 
when X'^S, Xi^5y and x^^'i 

Ans. -4259; -49065; +978609- 
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2. Find the numerioal values of 

-when y = 2 j ^ = 4; y = 5; y=*5 ; and y = -'3. 

Ans. -lOj +S26j + 1367 x-J 15-90625; -18-17673. 

T 

Every general equation having real coefficients is supposed to 
be reduced to the ferm 

oaf* + 6a5"~**+ 005""*^+ da;"~* +^3;^+ & + m = 0. 

Def. A " Boot " of an equation is any quantity which, being 
substituted for the unknown quantity in it, verifies the equation. 

pnop. n. 

If 9* be a root of the equation Xib j, then X. will be divisible 
by 05 — r. 

For if X be divided by (aj-r) the final remainder is, by 
Prop. I, the numerical value of X when, in it, r is substituted for 
X ; but when r i& a root of the equation. X = 0^^ the result of this 
substitution must be ; and therefore the final remainder must 
be when the equation is divided by aj — r. 

Cor. 1. The converse of the proposition will also be true: viz. 
if an equation be divisible by a; — r, r is a root of that equation ; 
for the final remainder being shows that the substitution of r 
for X verifies the equation; and therefore r is a root. 

Cor. 2. If the quotient from the above division bo divisible 
by x—r^y then r^ will also be a root of the original equation; for 
that must also^ be divisible by a; — r,, and therefore by Cor* 1 
r, must be a root. 

Cor. 3. The quotient arising from the division of the equation 

aa;' + 6a;' + ca;*+c^+ea::^+^ + ^ = (1) 

by jc - i-j is 

ax'^ + {ar ■hb)x*+ {ar* ■hbr + c)x^-¥ (a/ + 6r''+ er^c^of 

+ (or* + 6/ + or" + Jr + ^) a; + {an* + 6/ + cr" + cfr" + er +/), 
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tnd this, when put equal to 0, wfll, according to the last corollarj, 
contaiir the? remaining roots of the equation. If tiierefbre we 
suppose that the original equation (1) have n ix>otB each equal to 
r, w — 1 of 'them will also Ibie roots of this new or " reduced " equa- 
tion, and conseqaently ii^ in it^ we subsfiatute at for r, we shall 
still retain r as the ralue of n-^l of the roots o£ the resulting 
equation : making this substitution w« have 

oaf 

-hcuc^ + ba^ 

+ oaJ* + Jaj* + caJ* + daf 

-hoof -^hx^+eaf^daf -hex +/ J 



y^^ 



or 6(ia'+5&B*+4a^+Scfo'+3ea?+/=0 (2) 

If therefore the original equation (1) haye n roots each equal 
to r, this last (which is called the " derived equation ") will have 
n-l roots each equal to r ; and therefore it and the original 
equation (1) will have a common measure (x-r)"'', since they 
must both be divisible bj that quantity. 

Now a little consideration will show that this derived equa- 
tion is immediately formed from the original by multiplying each 
term by the exponent of x in that term and diminishing the ex« 
ponent by tmity ; we have therefore a simple me^od of deter- 
mining the equal roots of an equation when any number of them 
are each equal to the same value r. 

The same investigation will hold true if^ besides the n roots 
each equal to r, there be p roots each equal to a and q roots each 
equal to t; for we shall arrive* at the derived equation whether 
we suppose the original to have been divided by a? — r, by a?— «, or 
by X'-t, and hence the derived equation must be divisible by 
(pf-r)"^, by {x-8)r^f and by {x-t)*^; consequently it and the 
original must have a common measure {x — r)""* . (« — sY"^ . {x — f)*~*. 
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Cor. 4. It is Qbvioas from Cor. S^ that any equation whose 
roots are r, r^, r^,, r^^^ &c. may be represented under the form 

and, by successively performing the multiplication indicated, and 
arranging the coefficients vertically, we have : 



«•- 


r 


05 +«•, 






— 


r 

4 








«"- 


T 


«"+ rr. 


a; - rr,r^ 




— 


r. 


+ rr^ 






— 


n. 


+ *■/„ 






«*- 


r 


«!•+ rr. 


«*— rrr 


» + »T r r 

/ // t 


— 


r 


+ rr„ 


^ ♦^/^ 




— 


»•« 


+ ♦•/« 


- '^,/,<, 






»•«. 




- ♦•/«'•«, 





Without carrying the process further, it will be obvious that 
the coefficients in the result of the continuous product will be as 
follows : 

The coeffiderU <\f the first ttrm being unity ^ 

The coefficient of the second term is the sum of all the roots^ 
with their signs changed. 

The coefficient of the ^irJ term is the sum of the products of 
the roots, taken two eixxiditvDO, with their signs changed. 

The coefficient of the ^bwr^A term is the sum of the products of 
the roots, taken tliree and tfiree^ with signs changed, and so on» 

The coefficient of x^^ or the laat term, being the product of all 
the roots with their signs changed. 

Cor. 5. Every equation has the same number of roots as 
there are units in the highest exponent of the unknown quantity 
in it. 
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Peop. III. 

If the signs of the alternate terms in any equation be changed, 
the signs of all the roots will be changed. 

For if, in any equation, we substitute - x for x, all the terms 
involving odd powers of x will be changed ; while all the terms 
involving even powers of x will retain their original signs. Con- 
sequently the effect of such substitution will be to change the 
alternate signs of the equation ; but the substitution of — a; for x 
is equivalent to changing the signs of all the roots. Hence, if an • 
equation have its alternate signs changed, the signs of all the roots 
will be changed. 

Prop. IV. 

Every equation, all whose roots are real, that is, which are not 
of the form asfc)3 ,y- 1, has the same number of positive roots as 
there are variations of sign, and the same number of negative 
roots as there are permanences of sign in passing successively 
from term to term of the equation. 

It is evident that the number of variations together with the 
number of permanences make up one less than the number of 
terms, and are therefore equal to the number of roots. 

Kow, supposing the series of signs in any equation to be 

+ +-+++-+ 

if we introduce a new positive root, by multiplying hy x-r, wo 
shall have 

+ +-+++-+ 

- + -I-- + + - 



+ -± + -4-±±- + - 



in which result the doubtful signs will depend upon the relative 
magnitude of the contiguous coefficients of the original equation. 
But we can see that the number of these doubtful signs will Lo 

c. 25 
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the same as the number of permanences in the original, and that 
thej- will moreover correspond to them ; consequently these signs 
can never tend to diminish the nnmber of variations. 

It is also evident that» the adcMtional sigOi isirodxtoed ; hj the. 
H^pltiplication musi be diJSerent from, thei laat^qf the original. aeries 
nfii. must therefore give aa additional vaidation, at the end of the 
re^^lt. Eadi positive root thexefore intrednces at lesa^t one. varia- 
t^n nrhich did nptr previon^jr exi^tin.tbe ecQiation^ 

Simihtrfy, tRhing* the same* series of signs and^ perlbrming- the- 
imilti^lication by x>9% which i» equivalent ti> introducing a new 
negative* root, we have 

+ + - + -f- -f - + 

+ + - + + +'- + 



+ db-^sk±«fe-f + sfesfe-»- 



I^^i^ the doubtful signs are. the same in number and correspond 
to the pfl/ria(ion$ of the original, and.theiy cannot, therefore tend to 
dinu^ish, the nomiber of: permanences; and the additional sign at 
the end of the series must have the effect of introducing a- new. 
pei:manence. Consequently this result must contain at least one 
more permanence than the original. 

We therefore find that each? positive root introduces at least 
one variation, and each negative root at least one permanence ; 
but the number of variations and the number of permanences 
together, being equal to the number of roots, it follows that each 
ppsitive root will introduce one, and only one, variation, and each 
negative root one, and only one, permanence ; that is, there must 
be the same number of positive roots as there are variations of 
sign, and the same number of negative roots as there are perma- 
nences of sign in the successive terms of the equation. 

Degua's Criterion tor Imaoiitab-t Eoots. 

Cor. It follows from the above. ]H?oposit]on, that if any. 
coefficient of an equation 6e * aind the^ sign of the preceding 
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term be the same as the sign of thai which foUovxt «^ ike eqvMum 
muei have two roots which {under the condition of all the roots 
being real) would be both positive and negative, a/nd which must 
ttuft^fbm be imaginc^fy, 

Pbop. V. 

Imaginary roots ekiter an equation' in pairs ; that is, if a root 
of an equation be- a + P J — 1^ then a ~ )3 ^ - 1 must also be a root 
of that equation. 

Let aa^+5x'*+caj + rf=0, 

be an equation one roofc of which is a-f )3 ,/— 1, tHen> diTiding hj 
«-(a + )8^-l) we have 

a+h +c -wl (a+j8,y-l 

but, since a + p J —\ isa root of the equation, we must have 

which can only "Be the case when oT^ and )8*'= 0. 

If now we proceed to divide hy x — {a- P J —\) \9Q shall have 
a+5 +c +rf {cL-PJ-l 

in which it will be observed that a , a", cT^ jS', )8^, p^ are precisely 
the same as in the preceding divisor ; but it has there been shown 
that a "= and /3'"= ; hence a"^- jST' ^ - 1 = 0, and therefore ther 
equation is divisible by a; - (a — ^ ,y - 1) ; and consequently, if 
a-^P J-^ be a root^ O'-'P t^—l will also be a root. 

Examples. 
1. Determine whether 8, 6, 4 or 2 are roots of the equation 

«*- 19»* -♦• 1 28aj* - 856a? + 336 = 0. 

Ans. 2, 4 and 6 are roots. 

25—2 
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2. Two roots of tlie equation 

a* - 2a;* - 67a;" + 200a;' + 588a; - 1440 = 0, 

are 2 and 6; determine the equation containing the remaining 
roots. Ans. a;' + 6a;' -31a;-120 = 0. 

3. One root of the equation 

a;*-19a;'+132a;'-302a; + 56 = 0, 
is 4 ; what is the equation containing the remaining roots ] 

Ans. a;'-15a;^ + 72a;-14 = 0. 

4. Two roots of the equation 

a;* - I6a;^ + 86a;' - 176a; + 105 = 0, 
are 1 and 5 j what are the other roots 1 Ans. 3 and 7. 

5. Has the equation a;' — 2a;'— 15a; + 36 = any equal roots 1 

Ans. 2, each equal to 3. 

6. Determine the equal roots of the equation 

a;«+ 3a;'- 6a;*- 6a;'+ 9a;'+ 3a;- 4 = 0, 
and thence the other roots. Ans. 1, 1, 1, —1, —1, -4. 

7. Determine the equal roots of the equation 

a;*- 6a;»+ 12a;'- 10a; + 3 = 0. 

Ans. 1^ 1, 1. 

8. By the application of the law of the coefficients, form the 
four equations whose roots are respectively (1, 2 and 3); (1, 2 —3 
and 4) ; (2, 3,-4 and 5) and (3 and 2 ± 3 ^1). 

(1) a;'-6a;'+lla;-6 = 0; (3) a;*- 6a;'+ 9**- 94a;- 120 = 0; 

(2) a;*-4a;^-7a;'+S4a;-24 = 0; (4) a;' - 7a;' + 25a; - 39 = 0. 

9. One root of the equation 

a;' - 12a;* + 67a;^ - 212a;' + 366a; - 260 = 0, 

is 2 + 3^—1; determine the equation containing the remaining 
roots ; and show, by division, that one of them is 2 — 3 ^— 1. 
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Prop. VI. 

Jf the coefficients of an equation be taken in inverted order, 
the roots of the new equation will be the reciprocals of those of 
the original: 

Let the given equation be 

r 

oo:" + 6a5"~* + cos""" + +^' + 7a; + m = ....{1), 

then the new equation will be 

»wy" + ^y""' + %""* +cy' + 6y + a = (2), 

or, dividing throughout by y", 

a h c Ic I 

and, comparing (3) with (1) we see that 03 = -, hence the values of 
y in (2) are the reciprocals of the values of a: in (1). 

Cor. 1. If the coefficients of the proposed equation be the same 
when taken in inverted order as when taken in direct order, it is 
clear that the new equation will be identical with the original and 
the roots of the equation and their reciprocals must furnish the 
same series of numbers ; that is, to each root there must be ^ 
corresponding root which is its reciprocal and the roots must 
'^therefore be of the form : 

1 1 1 1 . 

Equations of the above form are called " reciprocal equations," 
or "recurring equations." 

Cor 2. In a recurring equation of an odd degree one root will 
be + 1 or — 1 according as the sign of the last term is — or + ; for 
the equation must have one root which is the same as its recipro- 
cal and it must therefore be *!» 1 ; since also the other roots consist 
of pairs which- have the same sign, the last term of the equation. 
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which is the product of all the roots with their signs changed, 
must have a contrary sign to j&e voGJi unity. 

Cor. 3. Let <Mc" tf j^a;""* f 4J«J""*^.* . •^ +,«b" -f&p ii->a ^ a,..^.{l) 
be a recurring equation ; then dividing by or we have 



k + fx* + -^+Ilfot^'j^ma:0 .^J(2) 



if n "be even, which can always be ma<)e thp casq, since if n be 
odd one of the roots is known* 

But if aj + - = y, we hav« 

X 



y' = «^ + ^ + 2; 






#9dQp.oo, 



1 1 

Hence the values of a" + -= : oj' + -3 Aq. i;an be ,dei<er»une4 » 



terms of 

y*; y"; y*'; y^ 



5-1 •^ 



and tliose being sul^stituted in the equation (^) the resulting equa- 
tion will be of the form 



• 5-1 S-t 



and &om the values of y in this we shall obtain l!he vaUuBS of « in 
]t^^ p;%in«l (I) by wm» Pf ^e i^mtipu a? i*- - ^jr- 
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Hence, {jT.n 6e eedfii theiiolutianof (^ origwal equatiea ^ctei. 
lie made to <ie{)6iMl upon that of ihi «(|[uatMQi 'of ike degree ;- w 

Iff If %e Wdf, eHe tdet <9f this ie<|UiEiii6«L 'is 4-1 ot ^ 1, ttfii tlft 

sblutioiiL "of l3ie original may thei^foi^ he Mounie ^ ^ep^tid u^tk 

^■*- 1 
that of an equation of the degreee -— — , 6inoe n — 1 is even. 

Prop. VII, 

To transform an equation into another whose roots shall be 
greater or less bj a given qtiantitj, than those of the original. 

Let ax^ -i-bx^-i-ex^ + dx^-^ex* -k-fx + ^ = 0, 

be the given equation, it is reqtured to determine the coefficients 
of the equation 

3uioe both polynomials are equal to 0, they must be equal to one 
another ; if therefore ^i^ divide the origioal by ^ny quantity we 
must have a quotient and a remaincter the same in value as if 
we divide the other by that quantity. Consequently, if we divide 
the original by a? ^^ r we shall have, for quotient, the value of 

a, (aj±r)* + ij («=*» r)* *t <?, (**= f)' 4- d^ {x^ »*)' + «» (««*=r) -f/p 

«ad for remainder the value of ^,. 

Again, if m^ 4ivide Hkia i[uoti>etit by «; *tr we shall kfeive for m 
^«w qu^mt the Vttlue of 

and for remainder the value of /j. 

Thus, \^ continually dividing by a;^r we shall obtain the 
values of the remaining coe&cients e^, d^, c^, \ and (\. 

CoA. By a pf 6ce£B df tliis kitiS, th^ secbud term df ftti «qtm- 
tion may readily be eliminated, bint:^ In the ETucce^iv^ divhsiotts 
the value r will be added or subtracted n times to the 'C(>eAcient 
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of the second term; and ihe resnlting coefficient of the reduced 

equation will be if the value of r be taken equal to , b and 

a being the coefficients of the second and first terms of the original 
equation. Thus, to eliminate the second term from the equation . 

2a;'-12aj*-7aj + 2 = (1), 

12 

we have r = - — - = 2, and, dividing continuously by a? — 2, we get 

O X i«t 

2-12- 7+ 2 (2 
-f 4-16-46 



— 


8- 


-23- 


-44 


-f 


4- 


- 8 




* 


4- 


-31 




+ 


4 






2^ 


0- 


-31- 


-44 



So that the new equation 2a;,*— 3Ia?, — 44 = 0, will have its 
roots less by 2 than those of the original (1). 



Method op Solution. 

If we reduce the roots of an equation by a number which is 
greater than one^ only, of its positive roots, that root will appear 
as a negative root in the reduced equation, and consequently, as- 
suming all the roots to be real, the number of variations in the 
reduced eq;uation will be one less than the number in the original. 

Again, if we reduce the roots of this equation by a number 
which, added to the former number, is greater than two, only, of 
the roots of the original, another root will become negative, and 
we shall therefore, in this. reduced equation, find one variation less 
than in the last, that is, two less than in the original. 

And so on* 
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We can therefore determine the positions of the positive roots 
in the scale of numbers by continually diminishing them by 
unity; for when the roots have been diminished by a number 
which is greater than any one or more of the positive roots, we 
shall immediately be made aware of the fact by the loss of a cor- 
responding number of variations in the reduced equation. 

If we change the alternate signs of the equation, the negative 
roots will become positive and the positive negative, we can 
therefore determine the positions of the negative roots in precisely 
the same manner as we can those of the positive roots. 

If, in any such reduction of the equation, we should lose two 
or more variation)^ the roots thus indicated may be either equal, 
nearly equal, or, an even number of them may be imaginary. If 
they be nearly equal, we shall obtain their positions by reducing 
the roots of the equation by a number less than that last em- 
ployed. If they be equal, they will be determined by the aid of 
the derived equation. And if they be imaginary, we can have 
recourse to the equation whose roots are the reciprocals of those 
of the original : and the following considerations will show how 
it may be thus employed. 



Budan's Criterion for Imaginary Roots. 

If the roots of an equation be reduced by a number p which 
is greater than m of its roots, the reciprocals of those roots will 

bd greater than the reciprocal of that number, or -, and there- 

H 

fore, if those roots be real, the number of variations left when the 
reciprocal equation is reduced by - will correspond to the number 

of variations lost when the original is reduced by p : hence if m 
be the number of variations lost in the latter case and q the 
number left in the former, there must he q — m roots which are 
imaginary, since, if real, they must be less than p and their reci- 
procals also less than - , which is absurd. 



SdA AQPFEMBIX iU 



lExTEffsiON OF BuDAN^ Cbmerion; and 1$[ethod of Separatiok 

OF Keably Equal Hoots. 

It does not fcikiw tliat> yv^exL q-fn^O, i(t!ial is, wten tlie 
ntimber •of vamtione left dn tiM reduced t>eelprooal eqimtien is 
the same as the aanailier lost £rom the otig^^oal) 4hetie are no 
imagmary roots indicated hy the lost variatioos': bvH these will 
seldom fail to be made evident >h|r (oontinuiug the ^k«eduction of the 
reduced reciprocal equation untal aU ihe variations l^ disaj^ear, 
and then applying the same testasbafope; thus 

Let the given eq«fatkai be ti;* - 2«* - IS^ ^- Sga? - 20» +4^0. 

Heciprocal equation. 
1- 2-15 + 39-20+ 4(1 4-50 + 59-13- 5+ 1(1 

- 1-14 + 25+ 5+ 9 -16 + 23 + 10+ 8+ 9 

± 0-14 + 11 + 16 -12 + 11+21 + 29 

+ 1-13- 2 - 8+ 3 + 24 

+ 2-11 Two var. lost m=^. -4-1 Two var. left ^' = 2 
1+ 3-11- 2 + 16+ 9(1 4* 0- 1+24 + 29+ 9(1 

+ 4-7-9+7+16 +4+3+ + + Two lost. 

+ 5— 2 — 11— 4 Beciprocal of redux^ reciprocal 

+ 6+ 4— 7 equation. 

+ 7 + 11 9 + 29^1-24- 1* 04- 4(1 

1+ 8 + li- 7- 4'?H6<1 +»8+i62 +61 +«!-*■ 65 

+ 9 + 20+13+ 9 + 25 None left, ,\ roots imaginaiy. 

Two lost 
16_ 4- 7 + 114- ;84. 1(1 

+ 12+5+ + + None left. 

Shoidd it prove necessary to apply this extended criterion, it 
is quite certain that the roots, if real, must be very near^ equals 
and this process, if carried far enoi^gl^ cannot fail to separate 
them ; for suppose two roots tr and r,, each less than 1, to be veiy 

nearly equal, then the diSereace 4)£ their reciprocals — ^ , or 
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-* is eyidently greater than their difference r — r; and so it 

will be also in every successive reciprocal transformation. It will 
appear moreover that the positions of these corresponding roots 
in the successive reduced equations will enable us to determine 
dakmr fMstoal values; for, calling the origiual equation A, we will 
jupposethat two vanaitions are lost between d.and 4; then, calling 

1 

the reciprocal equation B or -j-, (the subscript 3 indicating fhat 

the roots of A have been z«4uoed hj S) we will suppose ib»t, the 
corresponding roots of this reciprocal equation lie between .2 and 
.3^ and taking the equation which has the roots of equation M 
reduced hj 2 and indicating it as before by JB^^ its reci|H:ocal 

equation may be indicated by (? or •^. Supposing the roots of 

(7 to be between 5 and 6, we should have the roots of the ori- 
ginate Af between the values expressed by the two continued 
fractions 

S + r and 3 4- 



5 o 

38 45 

that is, between the values -— and — , or between 3*45 and 3*46. 

11 13 



By continuing this process we must at length arrive at a stage 
where one variation is lost between two pai*ticular numrbers, and 
the other between two other numbers; and the position of each 
root can therefore be obtained. Thus, supposing the above opera- 
tion had been carried a step further, and we found that one of the 
variations in C disa,ppeared between 2 and 3, and the other between 4 
and 5, we abould then have the first root limited by the fiLUctions 

3 + L-. and S + » 



2 + r 2 + 



5 + - J 5 + -rf 

2 S 
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and the other by tlie fractions 

1 



3 + 



and 



3 + 



2 + 



. 1 



2 + 



-1- 



that is, one of the roots would lie between 3*458 and 3*457 ; and 
the other between •3*4565 and 3 -4560. The roots would thus be 
separated, and we could obtain their actual values, either by con- 
tinuing the process, or by using the initial figures above obtained, 
in Horner's process upon the original equation. 

Homer's process for obtaining the roots of a numerical equa- 
tion consists in finding figure by figure a value which, when used 
in diminishing the roots of the given equation, will tend, more 
nearly than any other value, to make the last term of the reduced 
equation equal to zero, without necessitating the loss of the parti- 
cular variation which is dependent upon the root of which we are 
in search. It is thus, in fact, a mere extension of the prociBSS al- 
ready pointed out for the determination of the position of the 
roots. Thus, supposing we had to find one of the roots of the 
equation a;^ — 7^5 + 7 = 0. For the determination of the positions 
of the roots we have : 



Positive roots. 
(A) l±0-7 + 7 (,1 
-1-1-6+1 
+ 2-4 
(Aj) 1+3-4+1 (J. 
+4±0+l 
+ 5-^5 
1+6+5+1 
Two variations lost 



( 



B or 



^^1-4 + 3 + 1 (1 
"^^^ -3*0 + 1 
-2-2 
1-1-2+1 
Two variations left. 



Negative root. 

I=p0- 7-7 (3 

3+ 9^6 

+ 3+ 2-1 
+ 3 + 18 

+ 6 + 20 
+ 3 

l+p + 20-1 

The root is evidently between 
— 3 and — 4. 



.*. these roots are not imaginary. 
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la order tb find further figures of the negativ^e root, to which we 
will first turn our attention, we must employ a figure in the first 
place of decimals which will diminish the terminal coefficient - 1 
as much as possible without changing its sign. A little consider- 
ation will show that •! is too large a value for this purpose, for, 
proceeding as before; we have 

1 + 9+20 -1 {jl 
+ -1 -I- '91 +2091 



9-1 + 20*91 + 
and the variation upon which everything depends is gone. 

We must therefore in this case use a figure in the second place 
of decimals, and a few trials made mentally will show that 04 is 
the value to be used; thus^ 

1+9 +20 -1 (^-04 

+ -04+ -3616+ -814464 



+ 904 + 20-3616 - -185536 
•04 + '3632 



9-O8 + 20*7248 
•04 



912 



So that the reduced equation having its roots less by 3 04 
than those of the original, is 

a;j' + 9-12aj,* + 20*7248a, - -185536, 

and, if this last term had been reduced actually to zero, the value 
of the root would have been exactly 3*04. 

We may continue the same process to any extent, and the 
next stej) would be the employment of the digit 8 in the third 
place of decimals, since the -185 of the last coefficient divided by 
the 20*7 of the preceding sum gives -89 as an approximate multi- 
plier. Using this figure we now get : 
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1 + 9^3. +20-724.»-^.- -185536. -.. ^-006;: 
•008 -0730^4 + -l 663 88598 . 

+ 9-128 + 20^?97824<-. •0T9l5340fik 
■¥ -008+ -073088 



■h 9 136 + 20-87091 2. 
•008 



91 44 + 20-870912 - -019153408 

It is obvious that a continuation of this process will encumber 
us with a large number of decimalis which have no influence on the 
result, imless it be required in a very extended form ; we may 
therefore contract the work by cutting off the same number of 
figures from each coefficient, allowance being made for the increase 
in each which would otherwise take place, that is,, 3' in the last, 
2 in the last but one, and 1- in the last but two, or secoiud coefliicif 
ent. So that in order to prevent any further increase in the 
figures of the last term we have only to cut off one figure from the 
last term but one; 2 fi-om the last but two; 3 from the last but 
three, and so on, according to the degree of the equation ; thus, 



1 + 91 



44 + 20-87091 
SQ3 



20-87914 
823 



2- -019153408 ^-0009 
+ 18791226 



362182 



20-88737 

Since the two remaining figures of the second term will be 
cut off at the next step, the process now becomes one. of simple 
contracted division, and we have 

20-8;8|7|3|7- -000362182 (-00001734^ 

20S874 



I5SS08' 
146211 

7097 
6266 

831 
835 



and the complete root is — 3-04891734. 
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Thisrisiher process for the determination of any real root of an 
equation,. and.it may be carried out to any required, extent: but 
it is obvipuslj unnecessary to interrupt the continuity of the 
operation at each successive figure of the root by bringing down 
into, a horizontal line, the coefficients o£ the; redueed equatian.; 
omitting this the work would stand. thus: 



lifeO 
+ 3 



+ 3 

+ 3 

+ 6 

+ 3 

+ 9.. 

+ 04 

+ 9*04 
+ 04 


4.9'08 
+ 04 


+ 9*12 
8 


+ 9-128 
8 


+ 9-136 
8 



- 7 
+ 9 

+ 2 
+ 18 

+ 20 

+ 3616 

+ 20-3616 
+ -3632 

+ 20-7248 . . 
+ 73024 

+ 20-797824 
+ 730S8 



+ 20-87091 
823 

+ 20-87914 
823 

+ 20-818i7|3|7 



- 7 (,3^04891754 
+ 6 

-1 

8^14464 


185536... 
166382592 


19153408 
18791226 


362182 
208874 


153308 
146211 


7097 
6266 


831 
835 



+ 9-144 



The successive double lines in the several columns indicate the 
terminations in those columns, of the successive stages of the ope- 
ration as the root is evolved figure by figure. 



Beverting now to the two positive roots between 1 and 2, we 
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► , • • . ■ • 

a. I ' ■ • 

may attempt to separate them either by the use of decimal reduc- 
tions or by employing the extension of Budan's Criterion, which 
has already shown them to be probably real and nearly, if not 
quite, equal. By the first method we have only to look for a 
change of sign in the last term, since, if the roots be separable, 
one of the variations must disappear without the other, and this 
too will be shown by the change of sign above mentioned. Using 
therefore decimal reductions, we have ' 

1 + 3 -4 +1 (-1 
•1+ -31- -369 

+ 3- 1 - 3'69 + too small, 



1 + 3-4 +1 (,-2 
+ -2+ -64- -672 



+ 3*2 -3-36+ too small, 



1+3 _4. +1 (,-3 
+ -3+ ^99- -903 
+ 3-3 -301+ too small, 



1+3-4 +1 (^-4 
+ -4 + 1-36-1056 



+ 3-4-2-64- too great, /. root between 1*3 and 14, 



1+3-4 +1 (j5 
+ -5 + 176 -1-125 

— — 

+ 3 -5 - 2 -25 - too small. 



1+3 -4 +1 (,-6 
+ •6 + 2-16-1-104 

+ 3-6-1 '84 - too small. 



1 + 3-4 +1 (,'7 
+ •7 + 2-59- '987 
+ 3-7 - 1*41 + too great, .% root between 1 6 and 1 '7. 



APPENDIX II. 401 

By the method of reciprocals, we have, in eontinnatioii of that 
portion of the process already worked at p. 396 : 

(Bj) 1 — 1-24-1(1 One root of this equation less than 1 ; 

«fc - 2 — 1 /. one root of reciprocal equation (B) at p. 396, 

+ 1 — 1 less than 2. 

(Bj) 1+2-1 — 1 {1 One root of this equation less than 1 ; 

+ 3 + 2 + 1 .\ one root of reciprocal equation (B) at p. 396* 

less than 3. 

The roots of the original are therefore separated, and are con- 
sequently neither equal nor imaginary; and, in order to find their 
approximate distinguishing values, we have only to revert to the 
original equation and, by noting the successive steps of our trans- 
formations, find the continued fractions which express the approxi- 
mate values of the two roots: we thus find one of the roots to be 
nearly 

1 1 

;b = 1 + - , and the other nearly, x=l +-; 

or x= 1*5 and a; = 1 -3. 

These values cannot of course be viewed as more than a some- 
what rough approximation to the true values; but if we choose 
to carry the process a step further we can readily obtain more com- 
plete results ; thus, 

fo or ^^ 1-2-1 + 1 (1 ("Dor 4-^ 1 + 1-2-1 (1 

^ ^^^ -1-2-1 ^ ^-^ +2*0-1 

«fc - 2 One root of (C) less than 1 , and one 

(C,) 1 + 1-2-1 (^1 root between 2 and 3; the first of 

+ 2*0-1 these refers to the positive root of (B,) 

and the latter to that of (B^). 

c. 26 
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And the approximate vahies will now be 

x=l + -^— and a: = 1 + -^— , * 
2 1 

or a;=l*6l and x=l*S3. 

The equation (D) is the reciprocal of (B^), but it happens ' to 
be identical with (CJ; hence it appears that from this point the 
process for both roots gives identical results. It will be found 
in fact that one of the roots is represented by the continued 
fraction 

^"" "*'T-»- 2 + 5+20+ 2+3-1- 1 + 6+ 1+2' 
which gives the value x = 1-692021473 ; 

And the other by the continued fraction 

1112. 1111 11^ 

2 + 1+4 + 20+2+3+1 + 6 + 1 + 2' 

which gives the value x= 1*35689587. 

The sum of these values is 3-04891734, the value of the nega- 
tive root, as it ought to be, fcince the coefficient of the second 
term of the original equation is ± 0. 

To obtain these roots by Homer's operation is now quite sim- 
ple ; since we have previously determined the first decimal of each 
root, we have only to make use of it, and act, afterwards, according 
to circumstance, as in the determination of the negative root. 
The operation will stand thus : 
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1*0 


-7 


+ 1 


+ 1 


+ 1 


-6 


+ 1 


+ 2 


+ 2 


-4 .. 


+ 1 


+ -99 


-f S-3 


- 301 


+ -3 


+ 108 




+ 36 


-193 


+ -3 


+ 1975 


+ 3-95 


-1*7325 


+ 5 


+ 2000 




+ 400 


-1-5325 


+ 5 


+ 2433 


6 

4 


+ 4-0 56 


-1-50816 


+ 6 


+ 2437 


2 

2 


+ 4- 062 


-1-48379 


+ 6 


+ 325 


i 


+ 4 0168 


-1-48054 


h 




+ 32£ 


i 




-1-4772 


9 




+ 3 






-1-4769 






+ 3 
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+ 7 
-6 

+ 1. . . 



(^1-356895867 



903 

^9f.. 
86625 

10375. . . 
9048984 

1326016 
1184429 

141587 
132922 

8665 
7382 

1283 
1181 

102 

89 

13 
10 



- 1 -47616 



-104 
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And, for the root between 1*6 and 1'7, thus: 



l±o 
+ 1 

+ 1 
+ 1 

+ 2 
+ 1 



-^3-6 
+ 6 

+ 4-2 

+ 6 



-7 
+ 1 

+ 2 



+ 7 
-6 



0-69202147 



+ 1 ... 
I 104 



-r-4.. 

+ 2-16 


4,4 


-1-84 
+ 252 


+ 68.. 
+ 4401 


+ 11201 
+ 4482 


+ 15683 
+ 101 


+ 1578444 
+ 10148 


+ 15885 
+ 1 


92 


15886 
1 





•104... 
100809 

3191... 
.'^ 156888 

34112 
31772 

2340 
1589 

751 
635 

116 
111 



5 



+ 4-89 

+ 9_ 

+ 4-98 
+ 9 

+ 5 072 
+ 2 

5 074 
2 

15 0176 



158871 

For further examples, the student is referred to the body of 
the work. 
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